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14.8 Itô integralof a generalintegrand. . . . . . . . . . . . . . . . . . . . . . . . . . . 162



5
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Chapter 1

Intr oduction to Probability Theory

1.1 The Binomial AssetPricing Model

The binomialassetpricing modelprovidesa powerful tool to understandarbitragepricing theory
andprobabilitytheory. In thiscourse,weshalluseit for boththesepurposes.

In thebinomialassetpricing model,we modelstockpricesin discretetime,assumingthatat each
step,thestockpricewill changeto oneof two possiblevalues.Let usbegin with aninitial positive
stockprice +-, . Therearetwo positivenumbers,� and . , with

$/�0���1.2) (1.1)

suchthatat thenext period,thestockpricewill beeither �3+4, or .5+-, . Typically, we take � and .
to satisfy $6�7�6�8	9�7. , so changeof the stockprice from +-, to �:+-, representsa downward
movement,andchangeof the stockprice from + , to .;+ , representsan upward movement. It is
commonto alsohave �<� �= , andthis will be thecasein many of our examples.However, strictly
speaking,for whatwe areaboutto doweneedto assumeonly (1.1)and(1.2)below.

Of course,stockpricemovementsaremuchmorecomplicatedthanindicatedby thebinomialasset
pricing model.We considerthis simplemodelfor threereasons.First of all, within this modelthe
conceptof arbitragepricingandits relationto risk-neutralpricing is clearlyilluminated.Secondly,
themodelis usedin practicebecausewith a sufficientnumberof steps,it providesa good,compu-
tationally tractableapproximationto continuous-timemodels.Thirdly, within thebinomialmodel
we candevelop the theoryof conditionalexpectationsandmartingaleswhich lies at the heartof
continuous-timemodels.

With this third motivation in mind, we develop notationfor the binomial model which is a bit
differentfrom thatnormallyfoundin practice.Let usimaginethatwe aretossinga coin,andwhen
we geta “Head,” thestockpricemovesup, but whenwe get a “Tail,” thepricemovesdown. We
denotethepriceat time 	 by +"�>�#?@�"��.5+-, if thetossresultsin head(H), andby +"�>��A(�"���:+-, if it

11
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Figure1.1: Binomialtreeof stock priceswith +-,(�CB , .���	ED%�
��F .
resultsin tail (T). After thesecondtoss,thepricewill beoneof:+2G%�#?@?@�H��.;+"�I�#?@�J��. G +-,K)L+2G%�#?MA(�"���3+N�O�#?@�J���:.5+4,>)+2G%��A(?@�"��.5+"�>��A(�J��.5�:+-,K) +2G%��APA(�J�Q�3+"�I��A(�J�Q� G +-,%R
After threetosses,thereareeightpossiblecoinsequences,althoughnotall of themresultin different
stockpricesat time S .
For themoment,let usassumethatthethird tossis thelastoneanddenotebyT �VUK?W?@?M)*?@?MAP)�?MAX?M)*?YAPA()�AP?@?M)�A(?MAP)�APA(?M)�APAPA[Z
the setof all possibleoutcomesof the threetosses.The set

T
of all possibleoutcomesof a ran-

domexperimentis calledthesamplespacefor theexperiment,andtheelements\ of
T

arecalled
samplepoints. In this case,eachsamplepoint \ is a sequenceof lengththree.We denotethe ] -th
componentof \ by \J^ . For example,when\_��?MA(? , wehave \`�a��? , \NGP�bA and \Hc(��? .

Thestockprice + ^ at time ] dependson thecoin tosses.To emphasizethis,we oftenwrite + ^ �d\a� .
Actually, this notationdoesnot quite tell the whole story, for while +-c dependson all of \ , +2G
dependson only thefirst two componentsof \ , +N� dependson only thefirst componentof \ , and+ , doesnotdependon \ atall. Sometimeswewill usenotationsuch+ G �d\ � )e\ G � just to recordmore
explicitly how +fG dependson \_�g�d\h�i)e\NGI)e\HcI� .
Example1.1 Set + , �gB , .9�LF and �j� �G . We have thenthebinomial “tree” of possiblestock
pricesshown in Fig. 1.1. Eachsamplepoint \Q�k�d\`�l)�\NGK)e\Hci� representsa paththroughthe tree.
Thus,we canthink of thesamplespace

T
aseitherthesetof all possibleoutcomesfrom threecoin

tossesor asthesetof all possiblepathsthroughthetree.

To completeour binomialassetpricing model,we introducea money marketwith interestrate � ;
$1 investedin themoney marketbecomesm5��	hn0�K� in thenext period.We take � to betheinterest



CHAPTER1. Introductionto ProbabilityTheory 13

ratefor bothborrowingandlending. (This is not asridiculousasit first seems,becausein a many
applicationsof themodel,anagentis eitherborrowing or lending(not both)andknowsin advance
which shewill bedoing; in suchanapplication,sheshouldtake � to betherateof interestfor her
activity.) We assumethat �o��	`n0�p�0.fR (1.2)

Themodelwouldnotmakesenseif wedid nothave thiscondition.For example,if 	"nq�pr0. , then
therateof returnon themoney marketis alwaysat leastasgreatasandsometimesgreaterthanthe
returnon thestock,andnoonewould investin thestock.Theinequality �<r�	`n1� cannothappen
unlesseither � is negative(whichneverhappens,exceptmaybeonceuponatimein Switzerland)or�9rL	 . In the lattercase,thestockdoesnot really go “down” if we geta tail; it just goesup less
thanif we hadgottena head.Oneshouldborrow money at interestrate � andinvestin the stock,
sinceevenin theworstcase,thestockpricerisesat leastasfastasthedebtusedto buy it.

With the stock as the underlyingasset,let us considera Europeancall option with strike priceskt $ andexpirationtime 	 . Thisoptionconferstheright to buy thestockat time 	 for
s

dollars,
andsois worth +"�`� s at time 	 if +"�`� s is positiveandis otherwiseworthzero.We denotebyu �I�d\a�J�g�#+N�O�d\a�"� s �wv6x�Qy�zK{�U>+N�O�d\a�|� s )*$:Z
thevalue(payoff) of this optionat expiration. Of course,

u �O�}\a� actuallydependsonly on \h� , and
wecananddosometimeswrite

u �>�}\`�e� ratherthan
u �I�d\a� . Ourfirst taskis to computethearbitrage

priceof thisoptionat timezero.

Supposeat time zeroyou sell thecall for
u , dollars,where

u , is still to bedetermined.You now
have anobligationto pay off �#.;+-,(� s � v if \`�~�L? andto payoff �#�:+-,(� s � v if \`�~��A . At
the time you sell theoption,you don’t yet know which value \`� will take. You hedgeyour short
positionin theoptionby buying � , sharesof stock,where� , is still to bedetermined.Youcanuse
theproceeds

u , of thesaleof theoption for this purpose,andthenborrow if necessaryat interest
rate � to completethe purchase.If

u , is morethannecessaryto buy the �/, sharesof stock,you
investtheresidualmoney at interestrate � . In eithercase,youwill have

u , ��� , + , dollarsinvested
in themoney market,wherethisquantitymight benegative. Youwill alsoown �/, sharesof stock.

If thestockgoesup,thevalueof yourportfolio (excludingtheshortpositionin theoption)is� , + � ��?W�-nV��	Jn0�K�I� u , �9� , + , �l)
andyou needto have

u �I�#?@� . Thus,you wantto choose
u , and ��, sothatu �I�#?@�J���/,l+"�>�#?@�-n���	`n6�K�I� u ,��9�/,I+-,l�lR (1.3)

If thestockgoesdown, thevalueof yourportfolio is�/,I+"�>��A(�-n���	`n6�K�I� u ,��9�/,I+-,l�l)
andyou needto have

u � ��A(� . Thus,youwantto choose
u , and � , to alsohaveu �I��A(�J���/,l+"�>��A[��nV��	Jn0�K�I� u ,`���/,l+-,I�lR (1.4)
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Thesearetwo equationsin two unknowns,andwesolve thembelow

Subtracting(1.4)from (1.3),weobtainu � �#?@�H� u � ��A(�J��� , �#+ � �#?@�H�9+ � ��A(���l) (1.5)

sothat �/,P� u �I�#?@�"� u �O��A(�+ � �#?@�"�q+ � ��A(� R (1.6)

This is a discrete-timeversionof thefamous“delta-hedging”formulafor derivativesecurities,ac-
cordingto which thenumberof sharesof anunderlyingasseta hedgeshouldhold is thederivative
(in the senseof calculus)of the valueof the derivative securitywith respectto the price of the
underlyingasset.This formula is sopervasive thewhena practitionersays“delta”, shemeansthe
derivative (in thesenseof calculus)just described.Note,however, thatmy definitionof �/, is the
numberof sharesof stockoneholdsat time zero,and(1.6) is a consequenceof this definition,not
the definition of � , itself. Dependingon how uncertaintyentersthe model, therecan be cases
in which thenumberof sharesof stocka hedgeshouldhold is not the(calculus)derivative of the
derivativesecuritywith respectto thepriceof theunderlyingasset.

To completethesolutionof (1.3) and(1.4), we substitute(1.6) into either(1.3) or (1.4)andsolve
for
u , . After somesimplification,this leadsto theformulau ,P� 		`n6� � 	`n0�[�9�.��9� u �O�#?@�-n .��b��	Jn0�K�.o�q� u �>��A(���aR (1.7)

This is thearbitrageprice for theEuropeancall optionwith payoff
u � at time 	 . To simplify this

formula,wedefine �� x� 	`n0�[�9�.��q� ) �� x� .��0�e	`n6�K�.o�9� ��	P� �� ) (1.8)

sothat(1.7)becomes u ,P� 		Jn1�H�
�� u �I�#?@�-n �� u �O��A[����R (1.9)

Becausewe have taken �9�g. , both

�� and

�� aredefined,i.e.,thedenominatorin (1.8) is not zero.
Becauseof (1.2),both

�� and

�� arein the interval ��$�)I	I� , andbecausethey sumto 	 , we canregard
themasprobabilitiesof ? and A , respectively. They arethe risk-neutral probabilites.They ap-
pearedwhenwe solvedthe two equations(1.3) and(1.4), andhave nothingto do with the actual
probabilitiesof getting ? or A on thecoin tosses.In fact,at this point, they arenothingmorethan
a convenienttool for writing (1.7)as(1.9).

We now considera Europeancall which paysoff
s

dollarsat time F . At expiration,thepayoff of

this option is
u G x�8�#+ G � s � v , where

u G and + G dependon \ � and \ G , thefirst andsecondcoin
tosses.Wewantto determinethearbitragepricefor thisoptionat timezero.Supposeanagentsells
theoptionat time zerofor

u , dollars,where
u , is still to bedetermined.Shethenbuys ��, shares
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of stock,investing
u ,P���/,l+-, dollarsin themoney marketto financethis. At time 	 , theagenthas

a portfolio (excludingtheshortpositionin theoption)valuedat� �(x���/,I+N�Hn���	`n6�K�I� u ,��9�/,I+-,l�lR (1.10)

Althoughwe do not indicateit in thenotation,+"� andtherefore
� � dependon \`� , theoutcomeof

thefirst coin toss.Thus,therearereally two equationsimplicit in (1.10):� �O�#?@��x� �/,i+N�>�#?@��n��e	`n6�K�I� u ,a�9��,I+-,i�O)� �I��A(��x� �/,i+N�>��A(�-n���	Jn6�K�I� u ,��9�/,I+-,I�lR
After thefirst coin toss,theagenthas

� � dollarsandcanreadjustherhedge.Supposeshedecidesto
now hold � � sharesof stock,where � � is allowedto dependon \ � becausetheagentknowswhat
value \`� hastaken.Sheinveststheremainderof herwealth,

� �`�6�<��+"� in themoney market.In
thenext period,herwealthwill begivenby theright-handsideof thefollowing equation,andshe
wantsit to be

u G . Therefore,shewantsto haveu G����<�*+2GJn���	hn6�>�E� � �J�9�<�*+"���lR (1.11)

Althoughwedonot indicateit in thenotation,+2G and
u G dependon \`� and \NG , theoutcomesof the

first two coin tosses.Consideringall four possibleoutcomes,wecanwrite (1.11)asfour equations:u G �#?@?@��� � � ��?W�w+ G ��?W?@�;n���	Jn0�K�I� � � �#?@�"�9� � �#?@��+ � �#?@���l)u G%��?�A[��� �<�O��?W�w+2G>��?�A[��n��e	`n6�K�I� � �i��?W�"���<�O��?W�w+"�O��?W�w�l)u G%��A(?@��� �<�O��A(��+2GK��A(?@�-n���	`n6�K�I� � �O��A[�H���<�I��A(��+"�I��A(�w�l)u GK��APA(��� �<�O��A(��+2GK��APA(�-nV��	Jn0�K�I� � �l��A(�J�9�<�>��A(��+"�i��A(���lR
We now havesix equations,thetwo representedby (1.10)andthefour representedby (1.11),in the
six unknowns

u , , �/, , ���O�#?@� , �<�>��A(� , � �>�#?@� , and
� �>��A[� .

To solvetheseequations,andtherebydeterminethearbitrageprice
u , at timezeroof theoptionand

thehedgingportfolio � , , � � �#?@� and � � ��A(� , webegin with thelasttwou G>��A[?W��� ���>��A(��+2GE��A(?@�-n���	Jn0�K�I� � �i��A(�"���<�O��A(��+"�I��A(���O)u G>��APA(��� ���>��A(��+2GE��APA(�2n��e	`n6�K�I� � �i��A(�J�9�<�>��A[��+"�I��A(���lR
Subtractingoneof thesefrom theotherandsolvingfor �<�O��A(� , we obtainthe“delta-hedgingfor-
mula” �<�I��A(�J� u G%��A(?@�"� u GK��APA[�+fG%��A(?@�"�9+2G%��APA(� ) (1.12)

andsubstituting this into eitherequation,wecansolvefor� � ��A(�"� 		`n0� �
�� u G ��A(?@�-n �� u G ��A�A(����R (1.13)
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Equation(1.13),givesthevaluethehedgingportfolio shouldhave at time 	 if thestockgoesdown
betweentimes $ and 	 . We definethis quantityto bethearbitragevalueof theoptionat time 	 if\`�a�CA , andwe denoteit by

u �O��A[� . We have justshown thatu �O��A[�Px� 		`n6�"�
�� u G%��A(?@�5n �� u GK��APA(����R (1.14)

The hedgershouldchooseher portfolio so that her wealth
� � ��A(� if \ � ��A agreeswith

u � ��A(�
definedby (1.14). This formula is analgousto formula(1.9),but postponedby onestep.Thefirst
two equationsimplicit in (1.11)leadin a similarway to theformulas�<�>��?W�"� u G%��?W?@�f� u G>��?�A[�+2G%��?W?@�f�q+2GK�#?MA(� (1.15)

and
� �I�#?@�J� u �O�#?@� , where

u �O��?W� is thevalueof theoptionat time 	 if \`�a�Q? , definedbyu �I�#?@��x� 		`n0�f�
�� u GK�#?@?W�-n �� u G>��?�A[����R (1.16)

Thisisagainanalgousto formula(1.9),postponedbyonestep.Finally, weplugthevalues
� � �#?@�J�u �O��?W� and

� �I��A(�P� u �O��A[� into thetwo equationsimplicit in (1.10). Thesolutionof theseequa-
tions for �/, and

u , is the sameasthe solutionof (1.3) and(1.4), andresultsagainin (1.6) and
(1.9).

Thepatternemerging herepersists,regardlessof thenumberof periods.If
u ^ denotesthevalueat

time ] of a derivative security, andthis dependson thefirst ] coin tosses\`�I)ERIRER�)�\N^ , thenat time]<�b	 , after thefirst ]<��	 tosses\h�I)IRIRER�)�\J^l�-� areknown, the portfolio to hedgea shortposition
shouldhold � ^O�-� �d\ � )IRERIR�)e\ ^O��� � sharesof stock,where� ^O�-� �d\ � )ERIRIRw)�\ ^O�-� �J� u ^%�}\`�I)IRERIR�)e\N^l�-�I)�?W�f� u ^3�}\`�i)ERIRER�)�\N^O�-�I)�A(�+2^3�}\`�I)IRERIR�)e\N^l�-�I)�?W�f�q+2^:�d\`�I)ERIRIR�)e\N^l�-�I)wA(� ) (1.17)

andthevalueat time ]o�b	 of thederivative security, whenthefirst ]��b	 coin tossesresultin the
outcomes\h�I)IRIRER�)�\N^O�-� , is givenbyu ^l�-�>�d\`�l)IRERIR�)e\N^O���*�J� 		`n6�"�

�� u ^3�d\h�i)ERIRIRw)�\N^O�-�I)*?@�5n �� u ^:�d\`�l)IRIRER�)�\J^l�-�I)�A[���
(1.18)

1.2 Finite Probability Spaces

Let
T

bea setwith finitely many elements.An exampleto keepin mindisT �VUK?W?@?M)*?@?MAP)�?MAX?M)*?YAPA()�AP?@?M)�A(?MAP)�APA(?M)�APAPA[Z (2.1)

of all possibleoutcomesof threecoin tosses.Let � bethesetof all subsetsof
T

. Somesetsin �
are � , U>?@?@?�)�?W?MAP)�?jA(?M)�?MAaA�Z , UIAPAPA�Z , and

T
itself. How many setsaretherein � ?
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Definition 1.1 A probability measure � � is a function mapping � into � $�)E	�� with the following
properties:

(i) � ��� T �J��	 ,
(ii) If ���I)*�[GI)ERIRIR is asequenceof disjoint setsin � , then� �g�Y��^* f� �[^l¡b���¢^� 2� � ���#�[^K�lR
Probabilitymeasureshave the following interpretation.Let � bea subsetof � . Imaginethat

T
is

thesetof all possibleoutcomesof somerandomexperiment.Thereis acertainprobability, between$ and 	 , that whenthat experimentis performed,the outcomewill lie in the set � . We think of� ���#�[� asthisprobability.

Example1.2 Supposea coin hasprobability �c for ? and Gc for A . For the individualelementsofT
in (2.1),define � �pU>?@?@?£Z(��¤ �cK¥ c ) � �pU>?@?MA
Z(��¤ �cK¥ G ¤ Gc%¥ )� �pU>?MA(?£Z(��¤ �c¦¥ G ¤ Gc%¥ ) � �pU>?MAPA
Z(�§¤ �c%¥ ¤ Gc>¥ G )� �pUIA[?W?£Z(��¤ �c¦¥ G ¤ �c%¥ ) � �pUIA(?MA
Z(�§¤ �c%¥ ¤ Gc>¥ G )� �pUIA�A(?£Z~��¤ �c ¥ ¤ Gc ¥ G ) � �pUIAPA�A
Z~��¤ Gc ¥ c R

For ��¨<� , we define � ���#�[�`� ¢©«ª>¬ � �pUl\PZ3R (2.2)

For example,� �pU>?@?@?�)�?@?�A[)�?jA(?M)�?MA�A
Za�8­ 	S-® c n1F�­ 	S;® G ­ FS-® n7­ 	S-® ­ FS;® G � 	S )
which is anotherwayof sayingthattheprobabilityof ? on thefirst tossis �c .
As in theaboveexample,it is generallythecasethatwespecifyaprobabilitymeasureononly some
of thesubsetsof

T
andthenuseproperty(ii) of Definition1.1to determine� ���#�[� for theremaining

sets�V¨j� . In theaboveexample,wespecifiedtheprobabilitymeasureonly for thesetscontaining
asingleelement,andthenusedDefinition1.1(ii) in theform (2.2)(seeProblem1.4(ii)) to determine� � for all theothersetsin � .

Definition 1.2 Let
T

be a nonemptyset. A � -algebrais a collection ¯ of subsetsof
T

with the
following threeproperties:

(i) �/¨M¯ ,
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(ii) If �V¨�¯ , thenits complement�(°�¨M¯ ,

(iii) If ���i)��(GE)*��cK)IRIRER is a sequenceof setsin ¯ , then ± �^� 2� �(^ is alsoin ¯ .

Herearesomeimportant� -algebrasof subsetsof theset
T

in Example1.2:� , � ²J�«) T�³ )�
�´� ²J�«) T )OU>?@?W?M)�?@?jAP)�?jA(?M)�?MAaA�Z3)�UIA(?M?�)wAX?MAP)�APA[?�)�APA�A
Z ³ )�(Gµ� ²J�«) T )OU>?@?W?M)�?@?jA
Z:)�U>?jA(?M)�?MA�A
Z3)�UIA(?M?�)wAP?�A[Z3)OUlAPA(?M)�APAPA
Z3)
andall setswhich canbebuilt by takingunionsof these

³ )�Pc¶� �g� Thesetof all subsetsof
T R

To simplify notationa bit, let usdefine�P·�x�VU>?@?@?�)�?W?MAP)�?MAP?�)�?jAPA�Z|�¸U>? on thefirst tossZ:)�P¹qx�VUEA(?@?�)wA(?MA()�APAP?M)�A�APA
Za�¸UIA on thefirst tossZ3)
sothat �
�`�VU>��) T )*��·()��P¹"Z3)
andlet usdefine ��·�·¸x�VU>?@?@?M)*?@?jA
Z��VU>?@? on thefirst two tossesZ3)� ·�¹ x�VU>?MA(?M)*?MAPA
Z`�VU>?MA on thefirst two tossesZ3)� ¹5· x�VUIA(?@?M)�A(?MA
Z`�VUIA[? on thefirst two tossesZ3)� ¹5¹ x�VUEAPA(?M)�APAPA�Za�VUIAPA on thefirst two tossesZ3)
sothat �(Gº� U>��) T )*��·a·[)*��·�¹H)*��¹5·
)��P¹;¹N)� · )*� ¹ )*� ·a· ±M� ¹;· )*� ·�· ±M� ¹;¹ )*� ·a¹ ±�� ¹5· )�� ·�¹ ±�� ¹5¹ )� °·�· )�� °·�¹ )*� °¹5· )*� °¹5¹ Z3R
We interpret � -algebrasasarecordof information.Supposethecoin is tossedthreetimes,andyou
arenot told theoutcome,but you aretold, for every setin �
� whetheror not theoutcomeis in that
set.For example,you would betold thattheoutcomeis not in � andis in

T
. Moreover, you might

betold that theoutcomeis not in � · but is in � ¹ . In effect, you have beentold that thefirst toss
wasa A , andnothingmore.The � -algebra�
� is saidto containthe“information of thefirst toss”,
which is usuallycalledthe“information up to time 	 ”. Similarly, �[G containsthe“information of



CHAPTER1. Introductionto ProbabilityTheory 19

thefirst two tosses,” which is the“informationup to time F .” The � -algebra�Pc(�Q� contains“full
information”abouttheoutcomeof all threetosses.Theso-called“tri vial” � -algebra� , containsno
information.Knowing whethertheoutcome\ of thethreetossesis in � (it is not)andwhetherit is
in
T

(it is) tellsyounothingabout\
Definition 1.3 Let

T
beanonemptyfiniteset.A filtrationisasequenceof � -algebras�P,%)����*)��(GE)IRERIR�)w�P»

suchthateach� -algebrain thesequencecontainsall thesetscontainedby theprevious � -algebra.

Definition 1.4 Let
T

be a nonemptyfinite setandlet � be the � -algebraof all subsetsof
T

. A
randomvariableis a functionmapping

T
into � ¼ .

Example1.3 Let
T

begivenby (2.1)andconsiderthebinomialassetpricing Example1.1,where+-,9��B , .V��F and �b� �G . Then +-, , +"� , +2G and +4c areall randomvariables. For example,+2G%�#?@?MA(�J�V. G +-,[�L	I½ . The“randomvariable” +-, is really not random,since +-,¾�}\a�`�VB for all\¿¨ T . Nonetheless,it is a functionmapping
T

into � ¼ , andthustechnicallya randomvariable,
albeita degenerateone.

A randomvariablemaps
T

into � ¼ , andwe canlook at thepreimageundertherandomvariableof
setsin � ¼ . Consider, for example,therandomvariable+2G of Example1.1. Wehave+2GK�#?@?@?W�"��+2GK�#?@?MA(�"��	I½�)+2GK�#?MA(?@�H�Q+2G%�#?MAPA(�"��+2G%��A[?W?@�2�Q+2G%��A(?MA(�"�bB5)+2GK��APA(?@�J��+fG>��A�APA(�J��	%R
Let usconsidertheinterval � B5)�F%ÀE� . Thepreimageunder +2G of this interval is definedto beUO\�¨ T
Á +2GK�d\a��¨ � B5)*F%À>�ÂZa�VUl\0¨ T�Á B/Ã0+2G[Ã0F%À:Z(�Q� °¹;¹ R
Thecompletelist of subsetsof

T
we cangetaspreimagesof setsin � ¼ is:��) T )��P·�·[)*��·a¹�±j��¹5·�)��P¹;¹H)

andsetswhich canbebuilt by takingunionsof these.This collectionof setsis a � -algebra,called
the � -algebra generatedby the randomvariable +2G , andis denotedby �`��+2G*� . The information
contentof this � -algebrais exactly the information learnedby observing+2G . More specifically,
supposethecoin is tossedthreetimesandyou do not know theoutcome\ , but someoneis willing
to tell you, for eachsetin �h�#+2G�� , whether\ is in theset.Youmight betold, for example,that \ is
not in � ·�· , is in � ·�¹ ±j� ¹5· , andis not in � ¹;¹ . Thenyou know thatin thefirst two tosses,there
wasa headanda tail, andyou know nothingmore. This informationis thesameyou would have
gottenby beingtold thatthevalueof +fG>�d\a� is B .
Note that �(G definedearliercontainsall the setswhich arein �`�#+2G�� , andevenmore. This means
thattheinformationin thefirst two tossesis greaterthantheinformationin + G . In particular, if you
seethefirst two tosses,you candistinguish�P·�¹ from ��¹5· , but you cannotmakethis distinction
from knowing thevalueof +2G alone.
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Definition 1.5 Let
T

bea nonemtpyfinite setandlet � bethe � -algebraof all subsetsof
T

. Let
�

bearandomvariableon � T )w��� . The � -algebra �h� � � generatedby
�

is definedto bethecollection
of all setsof theform Ul\b¨ T
Á � �d\a�J¨@�
Z , where � is a subsetof � ¼ . Let ¯ bea sub-� -algebraof� . Wesaythat

�
is ¯ -measurableif every setin �`� � � is alsoin ¯ .

Note:We normallywrite simply U � ¨���Z ratherthan UO\�¨ T
Á � �d\a�J¨M�
Z .
Definition 1.6 Let

T
bea nonempty, finite set,let � bethe � -algebraof all subsetsof

T
, let � � be

a probabiltymeasureon � T )w��� , andlet
�

bea randomvariableon
T

. Givenany set �gÄV� ¼ , we
definethe inducedmeasureof � to beÅhÆ ���(� x��� �pU � ¨���Z3R
In otherwords,theinducedmeasureof a set � tells ustheprobabilitythat

�
takesa valuein � . In

thecaseof +2G abovewith theprobabilitymeasureof Example1.2,somesetsin � ¼ andtheir induced
measuresare: ÅaÇlÈ ���%�J��� ���#�¦�J��$�)Å ÇlÈ ��� ¼
�J��� ��� T �`��	%)Å ÇlÈ � $�)*É6�"��� ��� T �`��	%)Å ÇlÈ � $�)*SE�5��� �pUK+2G���	KZ~�b� �����P¹;¹H�J�8­ FS ® G R
In fact,theinducedmeasureof + G placesamassof size ¤ �c¦¥ G � �Ê at thenumber 	I½ , amassof sizeËÊ at the numberB , anda massof size ¤ Gc%¥ G � ËÊ at the number 	 . A commonway to recordthis

informationis to give thecumulativedistribution function Ì ÇlÈ �#Í;� of +2G , definedby

Ì ÇlÈ ��Í5�Px��� ����+2G
Ã0Í;�J��ÎÏÏÏÐ ÏÏÏÑ
$�) if ÍM��	%)ËÊ ) if 	�Ã1Íj�6B5)ÒÊ ) if B�Ã1Íj��	I½�)	%) if 	I½/Ã0ÍfR (2.3)

By the distribution of a randomvariable
�

, we meanany of the several waysof characterizing
Å`Æ

. If
�

is discrete,asin thecaseof +fG above, we caneithertell wherethemassesareandhow
largethey are,or tell whatthecumulative distribution functionis. (Laterwe will considerrandom
variables

�
whichhavedensities,in whichcasetheinducedmeasureof aset �QÄ0� ¼ is theintegral

of thedensityover theset � .)

Important Note. In orderto work throughthe conceptof a risk-neutralmeasure,we setup the
definitionsto makea cleardistinctionbetweenrandomvariablesandtheir distributions.

A randomvariable is a mappingfrom
T

to � ¼ , nothingmore. It hasanexistencequiteapartfrom
discussionof probabilities. For example,in the discussionabove, +2G%��APA(?@���k+2G>��APAPA(�/��	 ,
regardlessof whethertheprobabilityfor ? is �c or �G .
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Thedistributionof a randomvariableis a measure

Å`Æ
on � ¼ , i.e.,a way of assigningprobabilities

to setsin � ¼ . It dependsontherandomvariable
�

andtheprobabilitymeasure� � weusein
T

. If we
settheprobabilityof ? to be �c , then

Å ÇlÈ
assignsmass�Ê to thenumber	I½ . If wesettheprobability

of ? to be �G , then

Å ÇlÈ
assignsmass �Ë to thenumber 	I½ . Thedistributionof +2G haschanged,but

therandomvariablehasnot. It is still definedby+2GK�#?@?@?W�"��+2GK�#?@?MA(�"��	I½�)+2GK�#?MA(?@�H�Q+2G%�#?MAPA(�"��+2G%��A[?W?@�2�Q+2G%��A(?MA(�"�bB5)+2GK��APA(?@�J��+fG>��A�APA(�J��	%R
Thus,arandomvariablecanhavemorethanonedistribution(a“market”or “objective” distribution,
anda “risk-neutral”distribution).

In a similar vein, two different randomvariablescanhave the samedistribution. Supposein the
binomial modelof Example1.1, the probability of ? andthe probability of A is �G . Considera
Europeancall with strikeprice 	lB expiring at time F . Thepayoff of thecall at time F is therandom
variable �#+ G �0	lB:� v , which takesthevalue F if \£�Q?W?@? or \_��?@?MA , andtakesthevalue $ in
everyothercase.Theprobabilitythepayoff is F is �Ë , andtheprobabilityit is zerois cË . Consideralso
a Europeanput with strikeprice S expiring at time F . Thepayoff of theput at time F is �#S
��+2G*� v ,
which takesthevalue F if \��gA�A(? or \��gA�APA . Like thepayoff of thecall, thepayoff of the
put is F with probability �Ë and $ with probability cË . Thepayoffs of thecall andtheputaredifferent
randomvariableshaving thesamedistribution.

Definition 1.7 Let
T

bea nonempty, finite set,let � bethe � -algebraof all subsetsof
T

, let � � be
a probabiltymeasureon � T )w��� , andlet

�
bea randomvariableon

T
. Theexpectedvalueof

�
is

definedto be � Ó � x� ¢©�ª>Ô � �}\a��� �pUl\PZ3R (2.4)

Noticethattheexpectedvaluein (2.4)is definedto beasumoverthesamplespace
T

. Since
T

is a
finite set,

�
cantakeonly finitely many values,whichwelabel Í-�l)IRERIR�)�Í�» . We canpartition

T
into

thesubsetsU � �J��Í-�lZ:)IRIRER�)lU � »~�QÍ�»;Z , andthenrewrite (2.4)as� Ó � x� ¢©�ª>Ô � �d\a��� �pUl\PZ� »¢^* f� ¢©«ª¾Õ ÆJÖ  ;× Ö�Ø � �d\a��� �pUO\PZ� »¢^* f� Í;^ ¢©�ª%Õ ÆJÖ  ;× Ö�Ø � �pUl\PZ� »¢^* f� Í ^ � �pU � ^ �QÍ ^ Z� »¢^* f� Í;^ ÅhÆ U>Í;^KZ3R



22

Thus,althoughtheexpectedvalueis definedasasumover thesamplespace
T

, wecanalsowrite it
asa sumover � ¼ .

To maketheabove setof equationsabsolutelyclear, we consider+2G with thedistributiongivenby
(2.3). Thedefinitionof � Ó/+2G is� Ó/+2GÙ� +2G%��?W?@?@��� �pUK?W?@?£ZHn6+2G%�#?@?MA(��� �pU>?@?�A�Zn
+2G%�#?MA(?@��� �pU>?MA(?£ZHn1+2G>��?�A�A(��� �pU>?MAPA�Zn
+ G ��A(?@?@��� �pUIA[?W?£ZHn1+ G ��A(?MA(��� �pUIA[?�A�Zn
+2G%��APA(?@��� �pUIAPA(?£ZNn6+fG%��APAPA(�w� �pUIAPAPA�Z� 	I½�ÚI� ���#��·�·(�2n6B
ÚI� ���#�P·�¹�±j��¹5·
�-n�	PÚl� �����P¹;¹H�� 	I½�ÚI� �pU>+2G���	E½:Zan�B�ÚI� �pU>+2G��bB�Zanb	�ÚI� �pU>+2G���	KZ� 	I½�Ú ÅaÇOÈ U3	I½:Z`n�B�Ú Å�ÇlÈ UIB«Z|nQ	�Ú ÅaÇOÈ U3	KZ� 	I½�Ú 	Û n6B�Ú BÛ n�B~Ú BÛ� B3ÜÛ R
Definition 1.8 Let

T
beanonempty, finite set,let � bethe � -algebraof all subsetsof

T
, let � � bea

probabiltymeasureon � T )��<� , andlet
�

bea randomvariableon
T

. Thevarianceof
�

is defined
to betheexpectedvalueof � � �9� Ó � � G , i.e.,

Var� � �Px� ¢©�ªKÔ � � �d\a�2��� Ó � � G � �pUl\PZ3R (2.5)

Oneagain,we canrewrite (2.5)asa sumover � ¼ ratherthanover
T

. Indeed,if
�

takesthevaluesÍ � )ERIRER�)*Í » , then

Var� � �"� »¢^* f� �#Í5^��9� Ó � � G � �pU � �QÍ5^KZ
� »¢^� 2� �#Í5^��9� Ó � � G ÅhÆ �#Í;^I�lR
1.3 LebesgueMeasureand the LebesgueIntegral

In thissection,we considerthesetof realnumbers� ¼ , which is uncountablyinfinite. We definethe
Lebesguemeasureof intervalsin � ¼ to betheir length.Thisdefinitionandthepropertiesof measure
determinethe Lebesguemeasureof many, but not all, subsetsof � ¼ . The collectionof subsetsof� ¼ we consider, andfor which Lebesguemeasureis defined,is thecollectionof Borel setsdefined
below.

We useLebesguemeasureto constructthe Lebesgueintegral, a generalizationof the Riemann
integral. We needthis integral because,unlike theRiemannintegral, it canbedefinedon abstract
spaces,suchas the spaceof infinite sequencesof coin tossesor the spaceof pathsof Brownian
motion. This sectionconcernsthe Lebesgueintegral on the space� ¼ only; the generalizationto
otherspaceswill begivenlater.
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Definition 1.9 TheBorel � -algebra, denotedÝ
�#� ¼
� , is thesmallest� -algebracontainingall open
intervalsin � ¼ . Thesetsin Ý
�#� ¼
� arecalledBorel sets.

Everysetwhichcanbewrittendown andjustabouteverysetimaginableis in Ý
�#� ¼
� . Thefollowing
discussionof this factusesthe � -algebrapropertiesdevelopedin Problem1.3.

By definition,everyopeninterval �#Þ;)*ßl� is in Ý~��� ¼
� , whereÞ and ß arerealnumbers.SinceÝ~�#� ¼
� is
a � -algebra,every unionof openintervalsis alsoin Ý
�#� ¼
� . For example,for every realnumberÞ ,
theopenhalf-line ��Þ5)�É6�H� ��»K f� �#Þ;)*Þ�n6à��
is aBorel set,asis ���PÉb)*Þ:�J� ��»K 2� �#Þ��9à")�Þ3�lR
For realnumbersÞ and ß , theunion ���PÉb)*Þ:�2±9�#ßK)�É6�
is Borel. SinceÝ~��� ¼
� is a � -algebra,every complementof a Borelsetis Borel,so Ý
�#� ¼
� contains� Þ;)*ßw���§¤>���PÉb)*Þ:�2±9�#ßK)�É6� ¥ ° R
Thisshowsthateveryclosedinterval is Borel. In addition,theclosedhalf-lines

� Þ;)*É6�J� ��»> f� � Þ;)*ÞPn1à«�
and �e�PÉb)*Þ¾��� ��»> f� � Þp�9à")*Þ¾�
areBorel. Half-openandhalf-closedintervalsarealsoBorel,sincethey canbewritten asintersec-
tionsof openhalf-linesandclosedhalf-lines.For example,�#Þ;)*ßw�5�g���PÉb)�ßw�3á9�#Þ5)�É6�lR
Everysetwhich containsonly onerealnumberis Borel. Indeed,if Þ is a realnumber, thenU>Þ«Z(� �â»> f� ­3Þp� 	à )*ÞPn 	à ® R
This meansthatevery setcontainingfinitely many realnumbersis Borel; if ���ãU>Þ � )�Þ G )IRERIR�)�Þ » Z ,
then �0� »�^� f� U>Þ:^KZ:R
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In fact,everysetcontainingcountablyinfinitely many numbersis Borel; if �b�VU>Þ«�i)�Þ3GE)IRERIR�Z , then�0� »�^� f� U>Þ:^KZ:R
This meansthat the set of rational numbersis Borel, as is its complement,the setof irrational
numbers.

Thereare,however, setswhich arenot Borel. We have just seenthatany non-Borelsetmusthave
uncountablymany points.

Example1.4 (TheCantorset.) Thisexamplegivesa hint of howcomplicateda Borel setcanbe.
Weuseit later whenwediscussthesamplespacefor an infinitesequenceof coin tosses.

Considertheunit interval � $�)E	�� , andremovethemiddlehalf, i.e., removetheopeninterval�
�
x�ä­ 	B ) SB2® R
Theremainingset å �`� � $�) 	B � ± � SB )E	 �
hastwo pieces.Fromeach of thesepieces,removethemiddlehalf, i.e., removetheopenset�[G
x� ­ 		I½ ) S	I½ ® � ­ 	IS	I½ ) 	Iæ	I½ ® R
Theremainingset å G�� � $�) 		I½ � � � S	I½ ) 	B � � � SB ) 	IS	I½ � � � 	Iæ	I½ )E	��aR
hasfour pieces.Continuethis process,soat stage] , theset

å ^ has F ^ pieces,andeach piecehas
length �Ë Ö . TheCantorset å x� �â^� 2� å ^
is definedto bethesetof pointsnot removedat anystageof thisnonterminatingprocess.

Notethat thelengthof ��� , thefirst setremoved,is
�G . The“length” of �(G , thesecondsetremoved,

is �Ò n �Ò � �Ë . The“length” of thenext setremovedis B�Ú �c�G � �Ò , andin general, thelengthof the] -th setremovedis F �«^ . Thus,thetotal lengthremovedis�¢^* f� 	F ^ ��	¦)
andsotheCantorset,thesetof pointsnot removed,haszero “length.”

Despitethefact that theCantorsethasno“length,” thereare lotsof pointsin thisset.In particular,
noneof theendpointsof thepiecesof thesets

å � ) å G )ERIRIR is ever removed.Thus,thepoints$�) 	B ) SB )E	%) 		E½ ) S	I½ ) 	IS	I½ ) 	Iæ	I½ ) 	½KB )IRIRER
are all in

å
. This is a countablyinfinite setof points. We shall seeeventuallythat theCantorset

hasuncountablymanypoints. ç
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Definition 1.10 Let Ý~�#� ¼
� bethe � -algebraof Borel subsetsof � ¼ . A measure on �#� ¼/)wÝ~�#� ¼
��� is a
function è mappingÝ into � $�)�É£� with thefollowing properties:

(i) è`�#�¦�J��$ ,
(ii) If ���I)*�[GI)ERIRIR is asequenceof disjoint setsin Ý~�#� ¼
� , thenè � ��^* f� �[^ ¡ ���¢^� 2� è`�#�(^E�lR
Lebesguemeasure is definedto bethemeasureon �#� ¼/)wÝ~�#� ¼
��� which assignsthemeasureof each
interval to beits length.Following Williams’sbook,wedenoteLebesguemeasureby è , .
A measurehasall thepropertiesof aprobabilitymeasuregivenin Problem1.4,exceptthatthetotal
measureof thespaceis notnecessarily	 (in fact, è-,3�#� ¼
�J��É ), oneno longerhastheequationè`�#� ° �J��	P�@è`�#�[�
in Problem1.4(iii), andproperty(v) in Problem1.4needsto bemodifiedto say:

(v) If �
�I)��(GE)IRERIR is a sequenceof setsin Ý~�#� ¼
� with �
�[é0�(G[é�ÚEÚIÚ and è`�#���*���0É , thenè � �â^* f� �[^ ¡ �ºêìëíy»>î � è|���P»��lR
To seethattheadditionalrequirmentè`�#���*���0É is neededin (v), consider���a� � 	¦)*É6�l)��(GJ� � F�)*É6�l)��Pc`� � S�)*É6�O)IRIRER�R
Then á �^� 2� �[^
��� , so è-,3�#á �^� 2� �[^K�J��$ , but êìëíyo»>î � è�,3���P»3�J�QÉ .

WespecifythattheLebesguemeasureof eachinterval is its length,andthatdeterminestheLebesgue
measureof all otherBorel sets.For example,theLebesguemeasureof theCantorsetin Example
1.4mustbezero,becauseof the“length” computationgivenat theendof thatexample.

TheLebesguemeasureof asetcontainingonly onepointmustbezero.In fact,sinceU>Þ«ZïÄ ­ Þp� 	à )*Þ�n 	à ®
for every positiveinteger à , we musthave$/Ã6è-,KU>Þ«Z�Ã6è-, ­ Þ/� 	à )*Þ[n 	à ® � Fà R
Letting àjð�É , weobtain è�,KUKÞ�Z(��$«R
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The Lebesguemeasureof a setcontainingcountablymany pointsmustalsobe zero. Indeed,if�b�VU>Þ � )�Þ G )IRERIR�Z , then è-,3�#�[�J� �¢^� f� è-,KU>Þ:^KZ~���¢^� f� $��Q$�R
TheLebesguemeasureof asetcontaininguncountablymany pointscanbeeitherzero,positiveand
finite, or infinite. We maynot computetheLebesguemeasureof anuncountablesetby addingup
the Lebesguemeasureof its individual members,becausethereis no way to addup uncountably
many numbers.Theintegralwasinventedto getaroundthis problem.

In orderto think aboutLebesgueintegrals,wemustfirst considerthefunctionsto beintegrated.

Definition 1.11 Let ñ be a function from � ¼ to � ¼ . We saythat ñ is Borel-measurable if the setU>Í£¨q� ¼ Á ñN��Í5�
¨��
Z is in Ý
�#� ¼
� whenever �L¨9Ý
�#� ¼
� . In thelanguageof Section2, we wantthe� -algebra generatedby ñ to becontainedin Ý~��� ¼
� .
Definition 3.4 is purely technicalandhasnothingto do with keepingtrack of information. It is
difficult to conceive of a functionwhich is not Borel-measurable,andwe shallpretendsuchfunc-
tions don’t exist. Hencefore,“function mapping � ¼ to � ¼ ” will mean“Borel-measurablefunction
mapping� ¼ to � ¼ ” and“subsetof � ¼ ” will mean“Borel subsetof � ¼ ”.

Definition 1.12 An indicator function ò from � ¼ to � ¼ is a functionwhich takesonly thevalues$
and 	 . We call ��x�VU>ÍY¨�� ¼ Á òH�#Í;�H��	¾Z
thesetindicatedby ò . We definetheLebesgueintegral of ò to beó:ô õ òX�¦è-, x�Cè�,3���(�lR
A simplefunction ö from � ¼ to � ¼ is a linearcombinationof indicators,i.e.,a functionof theformö"�#Í5�J� »¢^* f��÷ ^iò3^3�#Í;�l)
whereeachò3^ is of theform ò3^3�#Í;�J�g² 	%) if ÍM¨��[^:)$�) if Í�D¨��[^:)
andeach÷ ^ is a realnumber. WedefinetheLebesgueintegral of ö to beó õ ö[�%è-,�x� »¢^� 2��÷ ^ ó ô õ ò3^E�%è-,(� »¢^� f��÷ ^Oè�,3���(^E�lR
Let ñ be a nonnegative function definedon � ¼ , possiblytaking the value É at somepoints. We
definetheLebesgueintegral of ñ to beó%ô õ ñ
�%è-,�x�bø*ù�úpû ó%ô õ ö[�¦è�, Á ö is simpleand öH��Í5��Ã0ñJ�#Í;� for every Í�¨M� ¼�ü�R
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It is possiblethatthis integral is infinite. If it is finite, we saythat ñ is integrable.

Finally, let ñ bea functiondefinedon � ¼ , possiblytakingthevalue É atsomepointsandthevalue�PÉ atotherpoints.We definethepositiveandnegativepartsof ñ to beñ v �#Í;�Px��y�zK{�UKñN��Í5�l)�$:Z3)�ñ � �#Í;�Px��y�zK{;U3�PñJ�#Í5�O)*$:Z3)
respectively, andwedefinetheLebesgueintegral of ñ to beó ô õ ñ(�¦è-,ïx� ó ô õ ñ v �¦è�,��0� ó ô õ ñ � �%è-,K)
providedtheright-handsideis notof theform Éý�MÉ . If both þ ô õ ñ v �%è-, and þ ô õ ñ � �%è-, arefinite
(or equivalently, þ ô õ�ÿ ñ ÿ �¦è�,[�0É , since

ÿ ñ ÿ ��ñ v n6ñ � ), wesaythat ñ is integrable.

Let ñ beafunctiondefinedon � ¼ , possiblytakingthevalue É atsomepointsandthevalue �PÉ at
otherpoints.Let � bea subsetof � ¼ . Wedefineó ¬ ñ[�¦è , x� ó ô õ��� ¬ ñ
�¦è , )
where �� ¬ ��Í5�Px�g² 	%) if ÍM¨��p)$�) if Í�D¨��p)
is the indicator functionof � .

TheLebesgueintegral just definedis relatedto theRiemannintegral in onevery importantway: if
theRiemannintegral þ ��PñJ�#Í5���:Í is defined,thentheLebesgueintegral þ�� ��� �	� ñ[�¦è�, agreeswith the
Riemannintegral. TheLebesgueintegralhastwo importantadvantagesover theRiemannintegral.
The first is that the Lebesgueintegral is definedfor morefunctions,aswe show in the following
examples.

Example1.5 Let 
 bethesetof rationalnumbersin � $«)I	�� , andconsiderñWx� ���� . Beingacountable
set, 
 hasLebesguemeasurezero,andsotheLebesgueintegralof ñ over � $�)I	�� isó � , � � � ñ
�¦è-,X�Q$�R
To computethe Riemannintegral þ �, ñJ�#Í5�w�3Í , we choosepartition points $��8Í�,M�7Í-���8ÚEÚIÚJ�Í�»b��	 anddivide the interval � $�)E	�� into subintervals � Í�,K)*Í4�Â��) � Í4�*)*Í;G���)ERIRER�) � Í�»¦�-�I)*Í�»E� . In each
subinterval � Í5^O�-�I)*Í5^i� thereis a rationalpoint � ^ , where ñN� � ^I�[� 	 , andthereis alsoan irrational
point � ^ , where ñJ�#� ^ �h��$ . We approximatetheRiemannintegral from above by theuppersum»¢^* f� ñJ� � ^ �I��Í ^ �qÍ ^l�-� �h� »¢^* f� 	aÚ:�#Í ^ �qÍ ^O�-� �J��	%)
andwealsoapproximateit from below by the lowersum»¢^* f� ñJ�#�E^I�I��Í5^P�9Í;^l�-�*�h� »¢^* f� $(Ú:�#Í5^��qÍ5^O�-�*�J��$�R
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No matterhow fine we takethepartitionof � $�)I	�� , theuppersumis always 	 andthelower sumis
always $ . Sincethesetwo do not converge to a commonvalueasthepartitionbecomesfiner, the
Riemannintegral is notdefined. ç
Example1.6 ConsiderthefunctionñJ�#Í5��x� ² Éb) if Í��Q$�)$�) if Í�
�Q$�R
This is not a simple function becausesimple function cannottake the value É . Every simple
functionwhich lies between$ and ñ is of theformö"�#Í5�[x�g²�� ) if Í<��$�)$�) if Í�
��$�)
for some� ¨ � $�)*É6� , andthushasLebesgueintegraló ô õ ö[�%è-,P� � è-,KU>$:Z(��$�R
It followstható ô õ ñ
�%è-,P�bø*ù�ú û ó ô õ ö[�%è-, Á ö is simpleand öH�#Í;��Ã0ñJ�#Í5� for every Í�¨�� ¼ ü ��$«R
Now considerthe Riemannintegral þ �� � ñJ�#Í;�5�:Í , which for this function ñ is the sameas the

Riemannintegral þ ��-� ñJ�#Í5�;�3Í . Whenwepartition � �
	¦)I	�� into subintervals,oneof thesewill contain

the point $ , andwhenwe computethe upperapproximatingsumfor þ ��-� ñJ�#Í5�;�3Í , this point will
contribute É timesthelengthof thesubintervalcontainingit. ThustheupperapproximatingsumisÉ . On theotherhand,thelowerapproximatingsumis $ , andagaintheRiemannintegraldoesnot
exist. ç
TheLebesgueintegralhasall linearity andcomparisonpropertiesonewouldexpectof anintegral.
In particular, for any two functions ñ and ò andany realconstant÷ ,ó%ô õ �#ñ/n£ò5�5�¦è-,µ� ó¦ô õ ñ(�¦è-,`n ó%ô õ òP�%è-,%)ó ô õ ÷ ñ
�%è , � ÷ ó ô õ ñ
�%è , )
andwhenever ñJ�#Í;��Ã�òf��Í5� for all Í�¨�� ¼ , wehaveó%ô õ ñ
�¦è-,~Ã ó%ô õ ò5�a�¦è-,IR
Finally, if � and � aredisjoint sets,thenó ¬���� ñ
�¦è-,X� ó ¬ ñ
�¦è-,`n ó � ñ
�¦è�,%R
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Therearethreeconvergencetheoremssatisfiedby the Lebesgueintegral. In eachof thesethe sit-
uationis that thereis a sequenceof functions ñ » )*à£� 	¦)*F�)ERIRlR converging pointwiseto a limiting
function ñ . Pointwiseconvergencejustmeansthatê ëíy»>î � ñ » ��Í5�J��ñJ�#Í;� for every Í�¨M� ¼/R
Thereareno suchtheoremsfor the Riemannintegral, becausethe Riemannintegral of the limit-
ing function ñ is too oftennot defined. Beforewe statethe theorems,we giventwo examplesof
pointwiseconvergencewhicharisein probabilitytheory.

Example1.7 Considera sequenceof normaldensities,eachwith variance	 andthe à -th having
meanà : ñE»��#Í;�Px� 	� F���� �������! #"

ÈÈ R
Theseconvergepointwiseto thefunctionñJ�#Í5�J��$ for every ÍM¨�� ¼/R
We have þ ô õ ñI»:�%è-,(��	 for every à , so ê ëíy<»>î � þ ô õ ñE»��%è-,P��	 , but þ ô õ ñ(�¦è-,(��$ . ç
Example1.8 Considerasequenceof normaldensities,eachwith mean$ andthe à -th having vari-
ance �» : ñ » �#Í5�Px� $ àF�� � � �

ÈÈ  R
Theseconvergepointwiseto thefunctionñJ�#Í5��x��² Éb) if Í��Q$�)$�) if Í�
�Q$�R
We have again þ ô õ ñE»��%è-,@��	 for every à , so êìëíyo»>î � þ ô õ ñE»��%è-,���	 , but þ ô õ ñ
�¦è�,@�ý$ . The
function ñ is nottheDiracdelta;theLebesgueintegralof this functionwasalreadyseenin Example
1.6to bezero. ç
Theorem 3.1 (Fatou’s Lemma)Let ñE»-)*à@��	%)*F«)IRIRlR bea sequenceof nonnegativefunctionscon-
verging pointwiseto a function ñ . Thenó ô õ ñ
�%è-,
Ã6ê ëíy6ë&%�'»>î � ó ô õ ñE»a�¦è�,%R
If ê ë yo»>î � þ ô õ ñI»��%è-, is defined,thenFatou’sLemmahasthesimplerconclusionó%ô õ ñ
�%è-,
Ã�êìëíy»>î � ó3ô õ ñE»a�¦è-,%R
This is thecasein Examples1.7and1.8,whereê ë y»>î � ó%ô õ ñE»a�¦è-,P��	%)
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while þ ô õ ñ
�¦è-,ï��$ . We couldmodify eitherExample1.7 or 1.8 by setting ò¾»j�gñE» if à is even,
but ò » � F%ñ » if à is odd. Now þ ô õ ò » �%è , �ä	 if à is even,but þ ô õ ò » �¦è , �7F if à is odd. The
sequenceU>þ ô õ ò%»a�¦è-,KZ �»> f� hastwo clusterpoints, 	 and F . By definition, the smallerone, 	 , isê ëíy6ë&%�'i»Kî � þ ô õ ò%»a�¦è-, andthelargerone, F , is êìëíy�ø*ù�ú »>î � þ ô õ ò%»a�¦è�, . Fatou’sLemmaguarantees
thateventhesmallerclusterpointwill begreaterthanor equalto theintegralof thelimiting function.

Thekey assumptionin Fatou’sLemmais thatall thefunctionstakeonlynonnegativevalues.Fatou’s
Lemmadoesnotassumemuchbut it is is not verysatisfyingbecauseit doesnotconcludetható ô õ ñ
�%è-,P�ºêìëíy»>î � ó ô õ ñE»a�¦è-,%R
Therearetwo setsof assumptionswhich permitthisstrongerconclusion.

Theorem 3.2 (MonotoneConvergenceTheorem)Let ñE»5)*à@� 	%)*F�)ERIRER bea sequenceof functions
convergingpointwiseto a function ñ . Assumethat$/Ã1ñ%�>��Í5��Ã0ñKG%�#Í;��Ã0ñEc3�#Í5��Ã�ÚEÚIÚ for every Íj¨�� ¼/R
Then ó%ô õ ñ
�%è-,P�ºêìëíy»>î � ó3ô õ ñE»a�¦è-,%)where bothsidesareallowedto be É .

Theorem 3.3 (DominatedConvergenceTheorem)Let ñE»5)�à��ã	%)*F�)ERIRER bea sequenceof functions,
which maytakeeitherpositiveor negativevalues,converging pointwiseto a function ñ . Assume
that there is a nonnegativeintegrablefunction ò (i.e., þ ô õ òP�%è-,��0É ) such thatÿ ñE»��#Í5� ÿ Ã�òf��Í5� for every ÍM¨�� ¼ for every à"R
Then ó%ô õ ñ
�%è-,P�ºêìëíy»>î � ó3ô õ ñE»a�¦è-,%)andbothsideswill befinite.

1.4 GeneralProbability Spaces

Definition 1.13 A probabilityspace� T )���)�� �
� consistsof threeobjects:

(i)
T

, a nonemptyset, called the samplespace, which containsall possibleoutcomesof some
randomexperiment;

(ii) � , a � -algebraof subsetsof
T

;

(iii) � � , aprobabilitymeasureon � T )��<� , i.e.,afunctionwhichassignsto eachset ��¨j� anumber� ���#�[��¨ � $«)I	�� , which representstheprobabilitythat theoutcomeof therandomexperiment
lies in theset � .
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Remark 1.1 WerecallfromHomeworkProblem1.4thataprobabilitymeasure� � hasthefollowing
properties:

(a) � ���#�%�J��$ .
(b) (Countableadditivity) If � � )*� G )ERIRER is asequenceof disjoint setsin � , then� �g�Y��^* f� �[^l¡b���¢^� 2� � ���#�[^K�lR
(c) (Finiteadditivity) If à is a positiveintegerand ���I)IRERIR�)��P» aredisjoint setsin � , then� ���#� � ±£ÚIÚEÚ*±j� » �J��� ���#� � �-n�ÚIÚEÚ*n6� ����� » �lR
(d) If � and � aresetsin � and ��Ä(� , then� ���)������� �����(�2n1� ���)�+*P�[�lR

In particular, � ���)����r0� ���#�[�lR
(d) (Continuityfrom below.) If ���I)*�[GI)ERIRER is asequenceof setsin � with ���PÄ0�[G(ÄQÚIÚIÚ , then� � � ��^* f� �[^ ¡ �ºêìëíy»>î � � ���#��»5�lR
(d) (Continuityfrom above.) If � � )*� G )ERIRER is a sequenceof setsin � with � � é0� G é�ÚIÚEÚ , then� �g� �â^* f� �[^l¡b�ºêìëíy»>î � � ���#��»5�lR
We have alreadyseensomeexamplesof finite probabilityspaces.We repeattheseandgive some
examplesof infinite probabilityspacesaswell.

Example1.9 Finitecoin tossspace.
Tossa coin à times,so that

T
is the setof all sequencesof ? and A which have à components.

We will usethis spacequitea bit, andsogive it a name:
T » . Let � bethecollectionof all subsets

of
T » . Supposetheprobabilityof ? on eachtossis � , a numberbetweenzeroandone. Thenthe

probabilityof A is � x�ã	a� � . For each\£���d\`�I)�\JGI)ERIRIRw)�\H»3� in
T » , wedefine� �pUl\PZïx� �-, =/. �)0)13254 ·�6 » © Ú �7, =/. �)0)18294 ¹�6 » © R

For each�V¨j� , wedefine � ���#�[� x� ¢©«ª>¬ � �pUl\PZ3R (4.1)

Wecandefine� ���#�[� thiswaybecause� hasonly finitely many elements,andsoonly finitely many
termsappearin thesumontheright-handsideof (4.1). ç
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Example1.10 Infinite coin tossspace.
Tossa coin repeatedlywithout stopping,sothat

T
is thesetof all nonterminatingsequencesof ?

and A . We call thisspace
T � . This is anuncountablyinfinite space,andwe needto exercisesome

carein theconstructionof the � -algebrawewill usehere.

For eachpositive integer à , we define�P» to bethe � -algebradeterminedby thefirst à tosses.For
example,�[G containsfour basicsets,��·a· x� Ul\q�g�}\`�i)e\NGK)�\"c>)ERIRIR�� Á \`�J��?M)�\NG���?£Z� Thesetof all sequenceswhich begin with ?W?M)��·�¹ x� Ul\q�g�}\`�i)e\NGK)�\"c>)ERIRIR�� Á \`�J��?M)�\NG��bA
Z� Thesetof all sequenceswhich begin with ?�A[)��¹5· x� Ul\q�g�}\`�i)e\NGK)�\"c>)ERIRIR�� Á \`�J�bA()e\NG`�Q?9Z� Thesetof all sequenceswhich begin with A(?�)�P¹;¹ x� Ul\q�g�}\`�i)e\NGK)�\"c>)ERIRIR�� Á \`�J�bA()e\NG`�CA
Z� Thesetof all sequenceswhich begin with APA(R
Because�(G is a � -algebra,we mustalsoput into it thesets� , T , andall unionsof the four basic
sets.

In the � -algebra � , we put every set in every � -algebra� » , where à rangesover the positive
integers.We alsoput in every othersetwhich is requiredto make� bea � -algebra.For example,
thesetcontainingthesinglesequenceUK?W?@?@?@?VÚIÚIÚeZ~�VU>? onevery tossZ
is not in any of the � » � -algebras,becauseit dependson all thecomponentsof thesequenceand
not just thefirst à components.However, for eachpositiveinteger à , thesetU>? on thefirst à tossesZ
is in �P» andhencein � . Therefore,U>? onevery tossZ
� �â»> f� UK? onthefirst à tossesZ
is alsoin � .

We next constructthe probability measure� � on � T � )��<� which correspondsto probability � ¨� $�)E	�� for ? andprobability � � 	(� � for A . Let �L¨9� begiven. If thereis a positive integer à
suchthat �Q¨j�P» , thenthedescriptionof � dependsononly thefirst à tosses,andit is clearhow to
define� ���#�[� . For example,suppose�b��� ·�· ±/� ¹;· , wherethesesetsweredefinedearlier. Then� is in �(G . We set � ���#��·a·
�`� � G and � ���#��¹5·
�J� ��� , andthenwehave� �����(�h� � ���#�P·�·6±���¹5·(�J� � G n ��� �g� � n � � � � � R
In otherwords,theprobabilityof a ? on thesecondtossis � .
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Let usnow considera set � ¨q� for which thereis no positive integer à suchthat �L¨�� . Such
is thecasefor theset UK? onevery tossZ . To determinetheprobabilityof thesesets,we write them
in termsof setswhich arein �P» for positive integers à , andthenusethepropertiesof probability
measureslistedin Remark1.1. For example,UK? on thefirst tossZ é U>? on thefirst two tossesZé U>? on thefirst threetossesZé ÚIÚIÚ;)
and �â»K f� U>? on thefirst à tossesZ
�VU>? onevery tossZ3R
Accordingto Remark1.1(d)(continuityfrom above),� �pUK? onevery tossZ(��ê ëíy»Kî � � �pUK? on thefirst à tossesZ(�ºê ëíy»>î � � » R
If � ��	 , then � �pU>? onevery tossZ(��	 ; otherwise,� �pU>? onevery tossZ(��$ .
A similarargumentshowsthatif $/� � ��	 sothat $/� � � 	 , theneverysetin

T � whichcontains
only oneelement(nonterminatingsequenceof ? and A ) hasprobabilityzero,andhencevery set
which containscountablymany elementsalsohasprobabiliyzero.We arein a casevery similar to
Lebesguemeasure:every point hasmeasurezero,but setscanhave positive measure.Of course,
theonly setswhich canhave positiveprobabiltyin

T � arethosewhich containuncountablymany
elements.

In theinfinite coin tossspace,wedefineasequenceof randomvariables&2�I)w&�GE)IRIRER by&-^3�d\a��x��² 	 if \ ^ ��?�)$ if \N^[�bA()
andwealsodefinetherandomvariable� �d\a�"� »¢^� 2� &�^:�d\a�F ^ R
Sinceeach&-^ is eitherzeroor one,

�
takesvaluesin theinterval � $�)I	i� . Indeed,

� ��APAPAPA@ÚIÚEÚ��J��$ ,� �#?@?@?W?QÚIÚEÚ��@�º	 and the other valuesof
�

lie in between. We definea “dyadic rational
number”to bea numberof the form

.G Ö , where ] and : areintegers. For example, cË is a dyadic
rational.Every dyadicrationalin (0,1)correspondsto two sequences\�¨ T � . For example,� �#?@?�A�APAPAPA�ÚEÚIÚ��J� � �#?MA(?@?@?W?M?�ÚEÚIÚ��J� SB R
Thenumbersin (0,1)whicharenotdyadicrationalscorrespondto asingle \0¨ T � ; thesenumbers
have auniquebinaryexpansion.
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Wheneverweplacea probabilitymeasure� � on � T )���� , wehaveacorrespondinginducedmeasure
Å Æ

on � $«)I	�� . For example,if weset� � � � �G in theconstructionof thisexample,thenwe haveÅhÆ � $«) 	F �ï�Q� �pU First tossis A
Z(� 	F )ÅhÆ � 	F )I	��~�Q� �pU First tossis ?9Z(� 	F )ÅhÆ � $«) 	B �ï�Q� �pU First two tossesare A�A
Z(� 	B )ÅhÆ � 	B ) 	F � �Q� �pU First two tossesare A[?9Z(� 	B )Å Æ � 	F ) SB � �Q� �pU First two tossesare ?MA
Z(� 	B )ÅhÆ � SB )I	��~�Q� �pU First two tossesare ?@?£Z(� 	B R
Continuingthisprocess,wecanverify thatfor any positiveintegers] and : satisfying$/Ã :L�0	F ^ � :F ^ Ã�	¦)
wehave Å`Æ � :L�1	F ^ ) :F ^ ��� 	F ^ R
In otherwords,the

Å`Æ
-measureof all intervalsin � $�)E	�� whoseendpointsaredyadicrationalsis the

sameastheLebesguemeasureof theseintervals.Theonly waythiscanbeis for

ÅhÆ
to beLebesgue

measure.

It is interesingto considerwhat

Å Æ
would look like if we takea valueof � otherthan �G whenwe

constructtheprobabilitymeasure� � on
T

.

We concludethis examplewith anotherlook at theCantorsetof Example3.2. Let
T<; � 6 1>= be the

subsetof
T

in which every even-numberedtossis thesameastheodd-numberedtossimmediately
precedingit. For example,?W?MAPA�APA(?@? is thebeginningof asequencein

T?; � 6 1>= , but ?MA is not.
Considernow thesetof realnumberså ! x�VU � �}\a� Á \q¨ T?; � 6 1>= Z3R
The numbersbetween� �Ë ) �G � canbewritten as

� �d\a� , but the sequence\ mustbegin with eitherA(? or ?MA . Therefore,noneof thesenumbersis in

å ! . Similarly, thenumbersbetween� ��A@ ) c�A@ �
canbewritten as

� �d\a� , but thesequence\ mustbegin with APAPA[? or APA(?MA , sononeof these
numbersis in

å ! . Continuingthisprocess,weseethat

å ! will notcontainany of thenumberswhich
wereremoved in the constructionof the Cantorset

å
in Example3.2. In otherwords,

å ! Ä å .
With a bit morework, onecanconvinceonselfthat in fact

å ! � å , i.e., by requiringconsecutive
coin tossesto bepaired,we areremoving exactly thosepointsin � $«)I	�� which wereremovedin the
Cantorsetconstructionof Example3.2. ç
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In additionto tossinga coin, anothercommonrandomexperimentis to pick a number, perhaps
usinga randomnumbergenerator. Herearesomeprobabilityspaceswhich correspondto different
waysof pickinga numberat random.

Example1.11
Supposewe choosea numberfrom � ¼ in sucha way that we are sureto get either 	 , B or 	I½ .
Furthermore,weconstructtheexperimentsothattheprobabilityof getting 	 is

ËÊ , theprobabilityof
getting B is

ËÊ andtheprobabilityof getting 	I½ is �Ê . We describethis randomexperimentby takingT
to be � ¼ , � to be Ý
�#� ¼
� , andsettingup theprobabilitymeasuresothat� �pU3	KZ
� B Û )(� �pUIB«Z(� B Û )P� �pU3	E½:Z~� 	Û R

This determines� ���#�[� for every set ��¨@Ý~��� ¼
� . For example,theprobabilityof theinterval �#$�)*æ>�
is
ÒÊ , becausethis interval containsthenumbers	 and B , but not thenumber	I½ .

Theprobabilitymeasuredescribedin this exampleis

Å ÇOÈ
, themeasureinducedby thestockprice+2G , whentheinitial stockprice +4,X�CB andtheprobabilityof ? is �c . Thisdistributionwasdiscussed

immediatelyfollowing Definition2.8. ç
Example1.12 Uniform distributionon � $�)E	�� .Let

T � � $�)I	�� andlet �§��Ý~� � $�)I	i��� , thecollectionof all Borel subsetscontaininedin � $�)I	i� . For
eachBorelset �VÄ � $«)I	�� ,wedefine� �����(�h�bè-,��#�[� tobetheLebesguemeasureof theset.Becauseè , � $�)E	��«�ã	 , thisgivesusa probabilitymeasure.

This probabilityspacecorrespondsto therandomexperimentof choosinga numberfrom � $�)E	�� so
thateverynumberis “equallylikely” to bechosen.Sincethereareinfinitely meannumbersin � $«)I	�� ,thisrequiresthateverynumberhaveprobabiltyzeroof beingchosen.Nonetheless,wecanspeakof
theprobabilitythat thenumberchosenlies in a particularset,andif thesethasuncountablymany
points,thenthis probabilitycanbepositive. ç
I know of no way to designa physicalexperimentwhich correspondsto choosinga numberat
randomfrom � $«)I	�� so thateachnumberis equallylikely to bechosen,just asI know of no way to
tossa coin infinitely many times. Nonetheless,bothExamples1.10and1.12provide probability
spaceswhichareoftenusefulapproximationsto reality.

Example1.13 Standardnormaldistribution.
Definethestandardnormaldensity

 P�#Í5��x� 	� F��B� � Í GF R
Let

T ��� ¼ , �g�CÝ~�#� ¼
� andfor everyBorel set �VÄ0� ¼ , define� �����(�[x� ó ¬  o�%è-,KR (4.2)
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If � in (4.2)is aninterval � Þ;)*ßw� , thenwecanwrite (4.2)asthelessmysteriousRiemannintegral:

� � � Þ;)*ßw�Nx� ó �� 	� F�� � � Í GF �3ÍfR
Thiscorrespondsto choosingapointat randomontherealline,andeverysinglepointhasprobabil-
ity zeroof beingchosen,but if a set � is given,thentheprobabilitythepoint is in thatsetis given
by (4.2). ç
The constructionof the integral in a generalprobabilityspacefollows the samestepsasthe con-
structionof Lebesgueintegral. We repeatthisconstructionbelow.

Definition 1.14 Let � T )���)�� �
� beaprobabilityspace,andlet
�

bearandomvariableonthisspace,
i.e.,a mappingfrom

T
to � ¼ , possiblyalsotakingthevaluesC
É .D If

�
is an indicator, i.e, � �d\a�"� �� ¬ �d\a�J� ² 	 if \ ¨M��)$ if \ ¨M�(°�)

for someset �V¨j� , wedefine ó Ô � �:� �gx��� ���#�(�ORD If
�

is asimplefunction, i.e, � �}\a�J� »¢^* f� ÷ ^ �� ¬ Ö �}\a�l)
whereeach÷ ^ is a realnumberandeach�[^ is a setin � , we defineó Ô � �:� �Lx� »¢^* f� ÷ ^ ó Ô �� ¬ Ö �3� ��� »¢^� 2� ÷ ^I� �����(^K�lRD If
�

is nonnegativebut otherwisegeneral,we defineó Ô � �3� �x� ø*ù�ú û ó Ô &6�:� � Á & is simpleand &��d\a��Ã � �}\a� for every \0¨ T ü R
In fact,we canalwaysconstructasequenceof simplefunctions&5»5)�àj��	%)*F«)IRIRlR suchthat$oÃ6&2�>�d\a��Ã�&�G%�d\a��Ã6&;c3�d\a��Ã�RERIR for every \ ¨ T )
and &j�d\a�J�bê ëíy�»Kî � &;»4�d\a� for every \ ¨ T . With thissequence,wecandefineó Ô � �:� ��x� êìëíy»>î � ó Ô &5»��3� ��R
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�

is integrable, i.e, ó Ô � v �3� �ã�0Éb) ó Ô � � �:� ���0Éb)
where � v �d\a�Px��yozK{�U � �d\a�l)�$:Z3) � � �}\a�Px��y�zK{;U3� � �d\a�l)�$:Z3)
thenwe define ó Ô � �3� ��x� ó Ô � v �3� �b�1� ó Ô � � �:� ��R

If � is asetin � and
�

is a randomvariable,we defineó ¬ � �3� ��x� ó Ô �� ¬ Ú � �3� ��R
Theexpectationof a randomvariable

�
is definedto be� Ó � x� ó Ô � �3� ��R

Theabove integral hasall thelinearity andcomparisonpropertiesonewould expect. In particular,
if
�

and & arerandomvariablesand ÷ is a realconstant,thenó Ô � � n�&��;�3� � � ó Ô � �:� �6n ó Ô &_�:� ��)ó Ô ÷ � �:� � � ÷ ó Ô � �:��)
If
� �d\a�`Ã�&��d\a� for every \0¨ T , thenó Ô � �:� ��Ã ó Ô &_�:� ��R

In fact,wedon’t needto have
� �d\a�`Ã�&��d\a� for every \�¨ T in orderto reachthisconclusion;it is

enoughif thesetof \ for which
� �d\a�PÃQ&��d\a� hasprobabilityone.Whena conditionholdswith

probabilityone,we sayit holdsalmostsurely. Finally, if � and � aredisjoint subsetsof
T

and
�

is a randomvariable,then ó ¬E��� � �:� ��� ó ¬ � �3� �1n ó � � �3� ��R
We restatetheLebesgueintegral convergencetheoremin this moregeneralcontext. We acknowl-
edgein thesestatementsthatconditionsdon’t needto hold for every \ ; almostsurelyis enough.

Theorem 4.4 (Fatou’s Lemma)Let
� »5)�àW��	%)�F�)IRERlR bea sequenceof almostsurely nonnegative

randomvariablesconvergingalmostsurelyto a randomvariable
�

. Thenó Ô � �3� ��Ã6ê ëíy6ë&%�'»>î � ó Ô � » �:� ��)
or equivalently, � Ó � Ã6ê ë y�ë&%�'»>î � � Ó � »5R
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Theorem 4.5 (MonotoneConvergenceTheorem)Let
� »;)*à�� 	¦)*F�)ERIRlR bea sequenceof random

variablesconvergingalmostsurely to a randomvariable
�

. Assumethat$/Ã � �XÃ � G[Ã � c
Ã�ÚIÚEÚ almostsurelyR
Then ó Ô � �3� ���ºê ëíy»Kî � ó Ô � »:�3� ��)or equivalently, � Ó � � êìëíy»>î � � Ó � »5R
Theorem 4.6 (DominatedConvergenceTheorem)Let

� »;)*à@�L	%)*F«)IRIRlR bea sequenceof random
variables,converging almostsurely to a randomvariable

�
. Assumethat there existsa random

variable & such that ÿ � » ÿ Ã6& almostsurelyfor every à"R
Then ó Ô � �3� �Q�µê ëíy»>î � ó Ô � »`�:� ��)or equivalently, � Ó � � êìëíy»>î � � Ó � »5R
In Example1.13,we constructeda probabilitymeasureon �#� ¼/)�Ý~��� ¼
��� by integratingthestandard
normaldensity. In fact,whenever  isanonnegativefunctiondefinedon ¼ satisfyingþ ô õ  ��¦è�,P��	 ,
wecall  a densityandwe candefineanassociatedprobabilitymeasureby� ���#�[�[x� ó ¬  ��¦è-, for every �Q¨jÝ~�#� ¼
�lR (4.3)

We shalloftenhave a situationin which two measurearerelatedby anequationlike (4.3). In fact,
themarketmeasureandtherisk-neutralmeasuresin financialmarketsarerelatedthisway. We say
that  in (4.3) is theRadon-Nikodymderivativeof �:� � with respectto è-, , andwewrite 9� �:� ��¦è-, R (4.4)

Theprobabilitymeasure� � weightsdifferentpartsof therealline accordingto thedensity  . Now
supposeñ is a functionon �#¼/)�Ý
�#� ¼
�l)�� �
� . Definition1.14givesusa valuefor theabstractintegraló%ô õ ñ
�:� ��R
We canalsoevaluate ó ô õ ñ� o�%è-,K)
which is anintegralwith respecto Lebesguemeasureover therealline. We wantto show tható%ô õ ñ
�:� ��� ó¦ô õ ñ- ��%è-,K) (4.5)
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anequationwhich is suggestedby thenotationintroducedin (4.4)(substituteF ô GF>H�I for  in (4.5)and
“cancel” the �¦è , ). We includea proof of this becauseit allows us to illustratethe conceptof the
standard machineexplainedin Williams’sbookin Section5.12,page5.

Thestandardmachineargumentproceedsin four steps.

Step1. Assumethat ñ is an indicator function, i.e., ñN��Í5�P� �� ¬ ��Í5� for someBorel set ��Ä�� ¼ . In
thatcase,(4.5)becomes � ���#�[�`� ó ¬  ��¦è-,>R
This is truebecauseit is thedefinitionof � ���#�[� .

Step2. Now that we know that (4.5) holdswhen ñ is an indicator function, assumethat ñ is a
simplefunction, i.e.,a linearcombinationof indicatorfunctions.In otherwords,ñJ�#Í5�J� »¢^* f� ÷ ^Eö5^��#Í;�l)
whereeach÷ ^ is a realnumberandeachö;^ is anindicatorfunction.Thenó ô õ ñ
�3� � � ó ô õKJ »¢^� 2��÷ ^Iö;^�LW�:� �� »¢^� 2� ÷ ^ ó%ô õ ö;^H�:� �� »¢^� 2� ÷ ^ ó ô õ ö;^K ��%è-,� ó ô õ J »¢^� 2��÷ ^Iö;^ L  ��¦è�,� ó ô õ ñ- ��¦è-,>R

Step3. Now that we know that (4.5) holdswhen ñ is a simple function, we considera general
nonnegativefunction ñ . Wecanalwaysconstructasequenceof nonnegativesimplefunctionsñ » )*à<��	%)*F«)IRIRER suchthat$�Ã6ñ¦�>�#Í5��Ã1ñ>G%��Í5��Ã0ñEc3�#Í;��Ã�RIRER for every Í�¨�� ¼/)
and ñJ�#Í;�J�bê ëíy�»Kî � ñI»2�#Í;� for every Íj¨M� ¼ . We havealreadyprovedtható:ô õ ñE»��3� �V� ó%ô õ ñE»� ��%è-, for every à"R
Welet àjð�É andusetheMonotoneConvergenceTheoremonbothsidesof thisequalityto
get ó¦ô õ ñ
�:� ��� ó%ô õ ñ- ��¦è�,KR
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Step4. In the last step,we consideran integrable function ñ , which cantakeboth positive and
negativevalues.By integrable, we meantható%ô õ ñ v �3� �ã�0Éb) ó%ô õ ñ � �:� ���0ÉbR
¿FromStep3, we have ó ô õ ñ v �3� � � ó ô õ ñ v  ��¦è�,K)ó ô õ ñ � �3� � � ó ô õ ñ �  ��¦è�,KR
Subtractingthesetwo equations,we obtainthedesiredresult:ó ô õ ñ
�:� � � ó ô õ ñ-v��3� �b� ó ô õ ñ � �:� �� ó%ô õ ñ v  ��%è-,�� ó%ô õ ñ �  ��¦è-,� óKõ ñ- ��¦è-,%R

1.5 Independence

In this section,we defineanddiscussthe notion of independencein a generalprobability space� T )w��)*� �
� , althoughmostof theexampleswegivewill befor coin tossspace.

1.5.1 Independenceof sets

Definition 1.15 Wesaythattwo sets��¨j� and �g¨Y� areindependentif� �����6áM���h��� ���#�[��� ���N���lR
Supposea randomexperimentis conducted,and \ is theoutcome.Theprobability that \¸¨6� is� ���#�[� . Supposeyou arenot told \ , but you aretold that \�¨O� . Conditionalon this information,
theprobabilitythat \ ¨�� is � ���#� ÿ ���[x� � ���#�6áB�p�� ���)�p� R
Thesets� and � areindependentif andonly if this conditionalprobability is theuncondidtional
probability � ���#�[� , i.e.,knowing that \C¨�� doesnot changetheprobabilityyou assignto � . This
discussionis symmetricwith respectto � and � ; if � and � areindependentandyou know that\ ¨j� , theconditionalprobabilityyou assignto � is still theunconditionalprobability � ���)��� .
Whethertwo setsareindependentdependsontheprobabilitymeasure� � . For example,supposewe
tossa coin twice, with probability � for ? andprobability � �L	P� � for A on eachtoss.To avoid
trivialities,weassumethat $/� � ��	 . Then� �pU>?@?£Z(� � G )P� �pU>?MA
Z(��� �pUIA[?9Z
� �5� )P� �pUIA�A
Z~� � G R (5.1)
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Let �b�VUK?W?M)*?MA
Z and ���VUK?�A[)�A(?£Z . In words, � is theset“ ? on thefirst toss”and � is the
set“one ? andone A .” Then ��áM�V�VU>?MA
Z . We compute� ���#�(�h� � G n �5� � � )� ���)������F �;� )� ���#�(�w� ���)������F � G � )� ���#�6áB���h� �5� R
Thesesetsareindependentif andonly if F � G � � �5� , which is thecaseif andonly if � � �G .
If � � �G , then � ���)��� , theprobabilityof oneheadandonetail, is �G . If you aretold that the coin
tossesresultedin a headon thefirst toss,theprobabilityof � , which is now theprobabilityof a A
on thesecondtoss,is still �G .
Supposehowever that � ��$«R $�	 . By far themostlikely outcomeof thetwo coin tossesis APA , and
theprobabilityof oneheadandonetail is quitesmall; in fact, � ���)���p�L$�R $�	 Û Ü . However, if you
aretold thatthefirst tossresultedin ? , it becomesvery likely thatthetwo tossesresultin onehead
andonetail. In fact,conditionedon gettinga ? on thefirst toss,theprobabilityof one ? andoneA is theprobabilityof a A on thesecondtoss,which is $�R Û%Û .
1.5.2 Independenceof P -algebras

Definition 1.16 Let ¯ andQ besub-� -algebrasof � . Wesaythat ¯ andQ areindependentif every
setin ¯ is independentof every setin Q , i.e,� ���#�6áR���h��� ���#�[��� ���)�p� for every �V¨BQM)S��¨�¯�R
Example1.14 Tossa coin twice, and let � � be given by (5.1). Let ¯����
� be the � -algebra
determinedby thefirst toss: ¯ containsthesets��) T )OU>?@?�)�?MA[Z3)�UIA[?�)�APA�Z3R
Let Q bethe � -albegradeterminedby thesecondtoss: Q containsthesets��) T )OU>?@?�)�A[?@Z3)�U>?MAP)�APA�Z3R
Thesetwo � -algebrasareindependent.For example,if we choosetheset U>?@?M)*?MA
Z from ¯ and
theset U>?@?�)wA(?£Z from Q , thenwe have� �pU>?@?M)*?MA
Z>� �pUK?W?M)�A[?9Z`�g� � G n �5� �I� � G n �5� �J� � G )� � ¤ UK?W?M)*?MA
ZHá U>?@?�)wA(?£Z ¥ ��� �pU>?@?£Z(� � G R
No matterwhichsetwechoosein ¯ andwhichsetwechoosein Q , wewill find thattheproductof
theprobabiltiesis theprobabilityof theintersection.
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Example1.14illustratesthegeneralprinciplethatwhentheprobabilityfor a sequenceof tossesis
definedto be theproductof theprobabilitiesfor the individual tossesof thesequence,thenevery
setdependingon a particulartosswill be independentof every setdependingon a differenttoss.
We saythatthedifferenttossesareindependentwhenwe constructprobabilitiesthisway. It is also
possibleto constructprobabilitiessuchthat the differenttossesarenot independent,asshown by
thefollowing example.

Example1.15 Define � � for theindividualelementsof
T �VU>?@?M)*?MA()�A(?M)�APA[Z to be� �pU>?@?£Z(� 	Û )(� �pUK?�A�Z(� FÛ )P� �pUIA[?9Z(� 	S )P� �pUIAPA�Z~� 	S )

andfor everyset ��Ä T , define� �����(� to bethesumof theprobabilitiesof theelementsin � . Then� ��� T �P�g	 , so � � is a probabilitymeasure.Notethat thesetsU>? onfirst tossZï��U>?@?�)�?MA
Z andU>? onsecondtossZ�� U>?@?�)wA(?£Z have probabilities � �pU>?@?M)*?MA
Z�� �c and � �pU>?@?M)�A(?£Z��ËÊ , so the productof the probabilitiesis
ËG>T . On the otherhand,the intersectionof U>?@?M)*?MA
Z

and U>?@?M)�A(?£Z containsthe singleelementU>?@?£Z , which hasprobability �Ê . Thesesetsarenot
independent.

1.5.3 Independenceof random variables

Definition 1.17 We saythattwo randomvariables
�

and & areindependentif the � -algebrasthey
generate�`� � � and �`��&ï� areindependent.

In the probability spaceof threeindependentcoin tosses,the price +2G of the stock at time F is
independentof

Ç/UÇlÈ
. This is because+2G dependson only the first two coin tosses,whereas

Ç/UÇlÈ
is

either . or � , dependingonwhetherthethird coin tossis ? or A .

Definition 1.17saysthatfor independentrandomvariables
�

and & , every setdefinedin termsof�
is independentof everysetdefinedin termsof & . In thecaseof +2G and

Ç�UÇOÈ
justconsidered,for ex-

ample,thesetsU>+2G
��.5�:+-,EZï��U>?MA(?M)*?MAPA
Z and V Ç/UÇlÈ �Q.XW���U>?@?@?M)*?MA(?M)�AP?@?�)�APAP?£Z
areindepedentsets.

Suppose
�

and & areindependentrandomvariables.Wedefinedearlierthemeasureinducedby
�

on � ¼ to be
Å`Æ �#�(��x�Q� �pU � ¨���Z3)P�VÄ0� ¼/R

Similarly, themeasureinducedby & isÅ3Y �N���[x�Q� �pUI&7¨M��Z3)Z�LÄ0� ¼/R
Now thepair � � )�&�� takesvaluesin theplane � ¼ G , andwe candefinethemeasureinducedby the
pair

Å`Æ � Y � å �J��� �pU�� � )�&/��¨ å Z:) å Ä0� ¼ G R
Theset

å
in this lastequationis a subsetof theplane � ¼ G . In particular,

å
couldbea “rectangle”,

i.e,asetof theform �\[]� , where �QÄ0� ¼ and �gÄ0� ¼ . In thiscase,U�� � )�&���¨��\[M�/Z��VU � ¨��
Z�áMUI&¿¨R�/Z3)
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and
�

and & areindependentif andonly ifÅ`Æ � Y �#�\[]�p�Ù� � �M¤EU � ¨��
Z`á UI&¿¨R�/Z ¥� � �pU � ¨��
ZK� �pUI&L¨M�/Z (5.2)� ÅhÆ �#�[� Å?Y �)�p�lR
In otherwords,for independentrandomvariables

�
and & , thejoint distributionrepresentedby the

measure

Å Æ � Y factorsinto the productof the marginal distributionsrepresentedby the measures
Å`Æ

and

Å?Y
.

A joint densityfor � � )�&�� is a nonnegativefunction ñ Æ � Y �#Í2) � � suchthatÅ`Æ � Y �#�\[M���h� ó ¬ ó � ñ Æ � Y �#Íf) � �5�:Í(� � R
Not every pair of randomvariables� � )w&�� hasa joint density, but if a pair does,thentherandom
variables

�
and & havemarginal densitiesdefinedbyñ Æ �#Í;�J� ó �� � ñ

Æ � Y �#Í2)�^��5�_^5)ºñ Y � � � ó �� � ñ
Æ � Y �a`«) � �;�b`5R

Thesehave theproperties Å`Æ �#�[� � ó ¬ ñ Æ �#Í;�5�:Í2)��VÄ0� ¼/)Å?Y �)���Ù� ó � ñ Y � � �;� � )<�LÄ1� ¼/R
Suppose

�
and & have a joint density. Then

�
and & are independentvariablesif andonly if

the joint densityis the productof the marginal densities.This follows from the fact that (5.2) is
equivalentto independenceof

�
and & . Take �0�g���PÉb)�Í:� and ���g���PÉb) � � , write (5.1)in terms

of densities,anddifferentiatewith respectto both Í and � .
Theorem 5.7 Suppose

�
and & are independentrandomvariables.Let ò and ö befunctionsfrom� ¼ to � ¼ . Thenòf� � � and ö"��&ï� arealsoindependentrandomvariables.

PROOF: Let usdenotec �Còf� � � and dQ��ö"��&�� . We mustconsidersetsin �`�Nc�� and �`�)d[� . But
a typicalsetin �`�)cV� is of theformUl\ Á cL�d\a�h¨��
Z
�VUl\feEòH� � �d\a���J¨���Z3)
which is definedin termsof the randomvariable

�
. Therefore,this set is in �`� � � . (In general,

we have that every set in �`�)cV� is also in �`� � � , which meansthat
�

containsat leastasmuch
informationas c . In fact,

�
cancontainstrictly moreinformationthan c , whichmeansthat �h� � �

will containall thesetsin �`�)cV� andothersbesides;this is thecase,for example,if c¶� � G .)
In the sameway that we just arguedthat every set in �`�)cV� is also in �`� � � , we can show that
every setin �`�)d[� is alsoin �`��&ï� . Sinceevery setin �`� � � is independentof every setin �`��&ï� , we
concludethateverysetin �`�)cV� is independentof every setin �h�)d(� . ç
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Definition 1.18 Let
� �l) � GI)ERIRIR be a sequenceof randomvariables. We say that theserandom

variablesareindependentif for everysequenceof sets� � ¨M�`� � � �l)*� G ¨M�`� � G �l)IRERIR andfor every
positiveinteger à , � ���#���Há��[GJá@ÚIÚEÚ���»3�J��� ���#�
�l��� ���#�[Gl�2ÚEÚIÚÂ� ���#�P»��lR
1.5.4 Correlation and independence

Theorem 5.8 If two randomvariables
�

and & areindependent,andif ò and ö are functionsfrom� ¼ to � ¼ , then � Ó � òH� � ��öH��&(������� Ó�òH� � �-ÚI� Ó/öH��&ï�l)
providedall theexpectationsare defined.

PROOF: Let òH�#Í5�p� �� ¬ �#Í5� and ö"� � ��� �� � � � � be indicatorfunctions. Thenthe equationwe are
trying to provebecomes� �M¤IU � ¨���ZaáMUI&L¨M�/Z ¥ ��� �pU � ¨j��Z>� �pUI&7¨M��Z3)
which is truebecause

�
and & areindependent.Now usethestandardmachineto gettheresultfor

generalfunctionsò and ö . ç
Thevarianceof a randomvariable

�
is definedto be

Var� � ��x��� Ó � � ��� Ó � � G R
Thecovarianceof two randomvariables

�
and & is definedto be

Cov � � )�&���x� � Óhg�� � �q� Ó � �I��& ��� Óp&ï�5i� � Ó � � &[���9� Ó � ÚE� Óp&aR
Accordingto Theorem5.8, for independentrandomvariables,thecovarianceis zero. If

�
and &

bothhave positivevariances,we definetheircorrelationcoefficient
2� � )�&��Px� Cov � � )�&��j
Var� � � Var��&ï� R

For independentrandomvariables,thecorrelationcoefficient is zero.

Unfortunately, two randomvariablescanhave zerocorrelationandstill not be independent.Con-
siderthefollowing example.

Example1.16 Let
�

bea standardnormalrandomvariable,let d beindependentof
�

andhave
the distribution � �pUkd7� 	KZj� � �pUkd �k�
	KZ���$ . Define & � � d . We show that & is alsoa
standardnormalrandomvariable,

�
and & areuncorrelated,but

�
and & arenot independent.

The lastclaim is easyto see.If
�

and & wereindependent,sowould be
� G and & G , but in fact,� G �b& G almostsurely.
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We next checkthat & is standardnormal.For � ¨M� ¼ , wehave� �pUI&7Ã � Z � � �pUI&7Ã � and db��	KZan6� �pUI&7Ã � and db���
	KZ� � �pU � Ã � and db��	KZ`n0� �pU3� � Ã � and db���
	KZ� � �pU � Ã � Z>� �pUkdb��	¾Z|n1� �pU3� � Ã � Z>� �pUbd �ã�
	KZ� 	F � �pU � Ã � Zan 	F � �pU3� � Ã � Z3R
Since

�
is standardnormal, � �pU � Ã � Z(��� �pU � ÃQ� � Z , andwehave � �pUE&¿Ã � Z~�Q� �pU � Ã � Z ,

whichshowsthat & is alsostandardnormal.

Beingstandardnormal,both
�

and & have expectedvaluezero.Therefore,

Cov � � )w&��J��� Ó � � &[����� Ó � � G d����Q� Ó � G Úl� Ó�db��	PÚl$���$«R
Wherein � ¼ G doesthemeasure

Å Æ � Y put its mass,i.e.,whatis thedistribution of � � )w&�� ?
We concludethis sectionwith theobservationthat for independentrandomvariables,thevariance
of their sumis the sumof their variances.Indeed,if

�
and & areindependentand dg� � n1& ,

then

Var�)d[��x� � ÓOg#�)d1�9� Ó�d(� G i� � Ó9¤ � n�&���� Ó � �9� Óp&ï� G i� � Ó g � � �9� Ó � � G n6F5� � �9� Ó � �I��&��9� Óp&/�2n���&V�9� Óp&ï� G i� Var� � �5n0F¦� Ó � � �q� Ó � ��� Ó � &b�9� Óp&
��n Var��&/�� Var� � �5n Var��&ï�lR
This argumentextendsto any finite numberof randomvariables. If we are given independent
randomvariables

� �l) � GO)IRIRER�) � » , then

Var� � �2n � G"n�ÚEÚIÚ*n � »3�`� Var� � ����n Var� � G��2nbÚEÚIÚ*n Var� � »:�lR (5.3)

1.5.5 Independenceand conditional expectation.

We now returnto property(k) for conditionalexpectations,presentedin thelecturedatedOctober
19, 1995.Thepropertyasstatedthereis takenfrom Williams’sbook,page88; we shallneedonly
thesecondassertionof theproperty:

(k) If a randomvariable
�

is independentof a � -algebraQ , then� Ó � � ÿ Q/�5��� Ó � R
Thepoint of this statementis that if

�
is independentof Q , thenthebestestimateof

�
basedon

theinformationin Q is � Ó � , thesameasthebestestimateof
�

basedonno information.
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To show this equality, we observe first that � Ó � is Q -measurable,sinceit is not random.We must
alsocheckthepartialaveragingpropertyó ¬ � Ó � �:� ��� ó ¬ � �3� � for every �Q¨BQ�R
If
�

is anindicatorof someset � , whichby assumptionmustbeindependentof Q , thenthepartial
averagingequationwemustcheckisó ¬ � ���N���5�:� �V� ó ¬ �� � �:� ��R
Theleft-handsideof thisequationis � �����(��� ���)��� , andtheright handsideisó Ô �� ¬ �� � �3� �Q� ó Ô �� ¬El�� �:� ����� ���#�6áB���lR
The partial averagingequationholds because� and � are independent.The partial averaging
equationfor general

�
independentof Q followsby thestandardmachine.

1.5.6 Law of Large Numbers

Therearetwo fundamentaltheoremsaboutsequencesof independentrandomvariables.Hereis the
first one.

Theorem 5.9 (Law of Large Numbers)Let
� �I) � Gl)IRERIR bea sequenceof independent,identically

distributedrandomvariables,each with expectedvalue è andvariance � G . Definethesequenceof
averages & » x� � � n � G nbÚIÚEÚ*n � »à )Pàj��	%)�F�)IRERlR�R
Then& » convergesto è almostsurelyas àjð�É .

Wearenotgoingto givetheproofof thistheorem,but hereis anargumentwhichmakesit plausible.
Wewill usethisargumentlaterwhendevelopingstochasticcalculus.Theargumentproceedsin two
steps.We first checkthat � Ó�& » ��è for every à . We next checkthatVar��& » �[ð�$ as àqð�$ . In
otherwords,therandomvariables&5» areincreasinglytightly distributedaroundè as àjð�É .

For thefirst step,wesimplycompute� Óp&5»/� 	à[� � Ó � �2n6� Ó � G"n�ÚIÚEÚ*n1� Ó � »E��� 	à@� è�n6è�n�ÚEÚIÚ�n�è5�m n�o p» times

�bèJR
For thesecondstep,we first recall from (5.3) that thevarianceof thesumof independentrandom
variablesis thesumof their variances.Therefore,

Var��&5»��J� »¢^� f� Var ­ � ^àb® � »¢^� f� � Gà G � � Gà R
As àjð�É , wehave Var��&5»��Jð�$ .
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1.5.7 Central Limit Theorem

The Law of Large Numbersis a bit boring becausethe limit is nonrandom.This is becausethe
denominatorin thedefinitionof &5» is solargethatthevarianceof &;» convergesto zero.If wewant
to preventthis,weshoulddivideby

� à ratherthan à . In particular, if we againhave a sequenceof
independent,identicallydistributedrandomvariables,eachwith expectedvalue è andvariance� G ,
but now weset d|»�x� � � � �£è2�2n�� � G �9è2�2nbÚEÚIÚln�� � » �@è2�� à )
theneachd » hasexpectedvaluezeroand

Var�)d|»��J� »¢^* f� Var ­ � ^P�@è� à ® � »¢^� 2� � Gà ��� G R
As àWð�É , thedistributionsof all therandomvariablesdJ» have thesamedegreeof tightness,as
measuredby their variance,aroundtheir expectedvalue $ . TheCentralLimit Theoremassertsthat
as àjð�É , thedistributionof d|» approachesthatof anormalrandomvariablewith mean(expected
value)zeroandvariance� G . In otherwords,for every set �rq0� ¼ ,êìëíy»>î � � �pUkd » ¨���Z~� 	� � F�� ó ¬ � � �

ÈÈAs È �:Í2R
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Chapter 2

Conditional Expectation

PleaseseeHull’ sbook(Section9.6.)

2.1 A Binomial Model for StockPrice Dynamics

Stockpricesareassumedto follow this simplebinomialmodel: The initial stockpriceduringthe
periodunderstudyis denoted+-, . At eachtime step,thestockpriceeithergoesup by a factorof .
or down by a factorof � . It will beusefulto visualizetossingacoinateachtimestep,andsaythatD thestockpricemovesupby a factorof . if thecoincomesoutheads( ? ), andD down by afactorof � if it comesout tails ( A ).

Notethatwe arenot specifyingtheprobabilityof headshere.

Considera sequenceof 3 tossesof thecoin (SeeFig. 2.1) Thecollectionof all possibleoutcomes
(i.e. sequencesof tossesof length3) isT �VU>?@?@?M)*?@?MAP)�?�AP?M)*?YAPAP)�AP?@?�)�A[?W?Y)�AP?MAP)�A�A(?M)�A�APA
Z3R
A typical sequenceof

T
will bedenoted\ , and \a^ will denotethe ] th elementin thesequence\ .

Wewrite +2^3�d\a� to denotethestockpriceat “time” ] (i.e. after ] tosses)undertheoutcome\ . Note
that +2^3�d\a� dependsonly on \P�I)�\`GI)ERIRER5)�\`^ . Thusin the3-coin-tossexamplewewrite for instance,+"�>�d\`�Zt��+"�I�d\P�I)e\|GE)�\`cl�Zt��+N�O�d\P���l)+2G%�d\`�Zt��+2GK�d\P�I)e\|GK)e\Ncl�Zt��+fG>�d\P�I)e\|G��lR
Each + ^ is a randomvariabledefinedon theset

T
. More precisely, let �8�vu�� T � . Then � is a� -algebraand � T )w�ï� is a measurablespace.Each +2^ is an � -measurablefunction

T ð0� ¼ , that is,+ �-�^ is a function Ý�ð�� where Ý is the Borel � -algebraon IR. We will seelater that +2^ is in fact
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Figure2.1: A threecoinperiodbinomialmodel.

measurableunderasub-� -algebraof � . RecallthattheBorel � -algebraÝ is the � -algebragenerated
by theopenintervalsof IR. In thiscoursewewill alwaysdealwith subsetsof IR thatbelongto Ý .

For any randomvariable
�

definedonasamplespace
T

andany � ¨�� ¼ , wewill usethenotation:U � Ã � Zwt�VUl\0¨ T
Á � �}\N��Ã � Z3R
ThesetsU � � � Z3)lU � r � Z3)OU � � � Z:) etc,aredefinedsimilarly. Similarly for any subset� of � ¼ ,
wedefine U � ¨M�/Zxt�VUl\0¨ T
Á � �}\N��¨M�/Z:R
Assumption2.1 . t � t $ .
2.2 Information

Definition 2.1(Setsdeterminedby the first ] tosses.)We saythata set ��q T is determinedby
thefirst ] coin tossesif, knowing only theoutcomeof thefirst ] tosses,we candecidewhetherthe
outcomeof all tossesis in � . In generalwe denotethecollectionof setsdeterminedby thefirst ]
tossesby � ^ . It is easyto checkthat � ^ is a � -algebra.

Notethattherandomvariable+2^ is ��^ -measurable,for each]/��	%)�F�)IRERIR:)*à .

Example2.1 In the3 coin-tossexample,thecollection y{z of setsdeterminedby thefirst tossconsistsof:
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1. |3}�~�����������5�����8�9���3���5���8��� ,
2. |8� ~�����3�������3���8���8�3�����8�8��� ,
3. � ,

4. � .

Thecollection y�� of setsdeterminedby thefirst two tossesconsistsof:

1. |3}�} ~���/�������9������� ,
2. |3}�� ~���/���3���5���8��� ,
3. | ��} ~�����3�������3����� ,
4. |8�_��~�h���8�3���A�8�8��� ,
5. Thecomplementsof theabove sets,

6. Any unionof theabove sets(includingthecomplements),

7. � and � .

Definition 2.2(Information carried by a random variable.) Let
�

bearandomvariable
T ð6� ¼ .

We saythata set �rq T is determinedby therandomvariable
�

if, knowing only thevalue
� �d\`�

of therandomvariable,wecandecidewhetheror not \ ¨M� . Anotherwayof sayingthis is thatfor
every � ¨W� ¼ , either

� �-� � � ��q � or
� ��� � � �2áM���r� . Thecollectionof susbetsof

T
determined

by
�

is a � -algebra,whichwe call the � -algebrageneratedby
�

, anddenoteby �J� � � .
If therandomvariable

�
takesfinitely many differentvalues,then �J� � � is generatedby thecollec-

tion of sets U � �-� � � �}\|��� ÿ \0¨ T Z Á
thesesetsarecalledtheatomsof the � -algebra�`� � � .
In general,if

�
is a randomvariable

T ð0� ¼ , then �h� � � is givenby�h� � �H�VU � �-� �)��� Á ��¨jÝPZ3R
Example2.2(Setsdeterminedby ��� ) The � -algebrageneratedby ��� consistsof thefollowing sets:

1. |3}�} ���/�������9���������h�#�]� ���9� ��� �¡ X�h¢ � ��£ � ,
2. |8�_� �h���8�3���A�8�8���3�h� � � �h¤ � ��£ �b�
3. |3}���¥¦|§�¨} �h� � � �h¢©¤ ��£ �b�
4. Complementsof theabove sets,

5. Any unionof theabove sets,

6. � ��� ��� � �¡ �� � � ,
7. � ��� ��� � �¡ ���ª «�� .
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2.3 Conditional Expectation

In orderto talk aboutconditionalexpectation,we needto introducea probabilitymeasureon our
coin-tosssamplespace

T
. Let usdefineD£� ¨q�#$�)E	I� is theprobabilityof ? ,D1� t�g�e	P� � � is theprobabilityof A ,D thecoin tossesareindependent,sothat,e.g., � ����?W?MA(�J� � G � ) etc.D � ���#�[�Zt�­¬ \ ªK¬ � ���d\a� , ®��rq T .

Definition 2.3(Expectation.) � Ó � t� ¢\ ª T � �d\`��� ���}\a�lR
If �­q T then � ¬ �d\`�Zt� ² 	 if \ ¨M�$ if \¯
¨M�
and � Ój�#� ¬ � �@� ó ¬ � �3� �Ù� ¢\ ª>¬ � �}\|��� ���d\a�lR
We canthink of � Ój�#� ¬ � � asapartial averageof

�
over theset � .

2.3.1 An example

Let us estimate+"� , given +2G . Denotethe estimateby � Ó���+"� ÿ +2G*� . From elementaryprobability,� Ój�#+"� ÿ +2G�� is a randomvariable& whosevalueat \ is definedby&��d\`�`�Q� Ój�#+"� ÿ +2G`� � �l)
where� ��+ G �d\`� . Propertiesof � Ój�#+ � ÿ + G � :D � Ój�#+"� ÿ +fGl� shoulddependon \ , i.e., it is a randomvariable.D If thevalueof +2G is known, thenthevalueof � Ój�#+"� ÿ +2Gl� shouldalsobeknown. In particular,

– If \q��?@?@? or \£�Q?W?MA , then +fG%�d\a�J��. G +4, . If weknow that +2GK�d\a�J��. G +-, , then
evenwithoutknowing \ , we know that +N�>�d\a�J��.5+4, . We define� Ój�#+"� ÿ +2G��I�#?@?@?@�2��� Ój�#+N� ÿ +fG*�I��?W?MA(�"��.;+-,>R

– If \ �VA�APA or \0��APA[? , then +2GK�d\a���g� G +4, . If we know that +2G>�}\a�a��� G +-, , then
evenwithoutknowing \ , we know that +N�>�d\a�J���:+-, . Wedefine� Ój�#+N� ÿ +fG*�I��APAPA(�J��� Ó���+"� ÿ +2Gl�l��A�A(?@�J� �:+-,%R
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– If \�¨q�V�LU>?MA(?M)*?MAPA[)�A(?@?j)�AP?MA
Z , then +2G%�}\a�P��.5�:+-, . If we know +fG%�d\a�P�.5�:+ , , thenwe do not know whether+ � �V.5+ , or + � ���:+ , . We thentakea weighted
average: � ���#�[�`� � G � n �;� G n � G � n �;� G ��F �5� R
Furthermore, ó ¬ +"�*�:� � � � G � .;+-,Jn �5� G .5+-,`n � G � �:+-,Jn �5� G �3+-,� �;� ��.�n6�:��+-,
For \ ¨�� we define � Ój�#+"� ÿ +2G��I�d\`�`� þ ¬/+"�*�3� �� ���#�[� � �G �#.pn6�3�w+-,>R
Then ó ¬ � Ój�#+N� ÿ +2Gl���:� ��� ó ¬ +"���:� ��R

In conclusion,wecanwrite � Ó���+"� ÿ +2G*�E�d\|�h�1òH�#+2GI�d\a�w�l)
where òf��Í5�"� ÎÏÐ ÏÑ

.5+-, if Í���. G +-,�G �#.�n6�:��+ , if Í���.;�3+ ,�3+-, if Í���� G +-,
In otherwords, � Ój�#+"� ÿ +2G�� is randomonly throughdependenceon +2G . We alsowrite� Ój�#+"� ÿ +2G���Í5�J� òf�#Í;�l)
whereò is thefunctiondefinedabove.

Therandomvariable� Ój�#+"� ÿ +2G�� hastwo fundamentalproperties:D � Ój�#+ � ÿ + G � is �`�#+ G � -measurable.D For every set �V¨j�`�#+2G�� , ó ¬ � Ój�#+"� ÿ +2G����:� �Ù� ó ¬ +"�*�:� ��R
2.3.2 Definition of Conditional Expectation

PleaseseeWilliams, p.83.

Let � T )��j)�� �
� beaprobabilityspace,andlet ¯ beasub-� -algebraof � . Let
�

bearandomvariable
on � T )��j)*� �
� . Then � Ój� � ÿ ¯2� is definedto beany randomvariable& thatsatisfies:

(a) & is ¯ -measurable,
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(b) For every set ��¨M¯ , wehave the“partial averagingproperty”ó ¬ &��:� ��� ó ¬ � �3� ��R
Existence. Thereis alwaysa randomvariable & satisfyingthe above properties(provided that� Ó ÿ � ÿ �0É ), i.e.,conditionalexpectationsalwaysexist.

Uniqueness.Therecanbemorethanonerandomvariable& satisfyingtheaboveproperties,but if& ! is anotherone,then &¸�C& ! almostsurely, i.e., � �pUl\b¨ T
Á &j�d\`�`�b& ! �}\|��Z(�ã	%R
Notation 2.1 For randomvariables

� )�& , it is standardnotationto write� Ój� � ÿ &
� t��� Ój� � ÿ �2��&ï���lR
Herearesomeusefulwaysto think about � Ój� � ÿ ¯-� :D A randomexperimentis performed,i.e., an element\ of

T
is selected.The valueof \ is

partially but not fully revealedto us,andthuswe cannotcomputetheexact valueof
� �d\|� .

Basedon whatwe know about \ , we computeanestimateof
� �}\|� . Becausethis estimate

dependson thepartial informationwe have about \ , it dependson \ , i.e., � Ó � � ÿ &[�e�d\`� is a
functionof \ , althoughthedependenceon \ is oftennot shown explicitly.D If the � -algebrā containsfinitely many sets,therewill bea“smallest”set � in ¯ containing\ , which is theintersectionof all setsin ¯ containing\ . Theway \ is partiallyrevealedto us
is thatwearetold it is in � , but not told whichelementof � it is. Wethendefine� Ó � � ÿ &��e�d\`�to betheaverage(with respectto � � ) valueof

�
over thisset � . Thus,for all \ in thisset � ,� Ó � � ÿ &P���d\|� will bethesame.

2.3.3 Further discussionof Partial Averaging

Thepartialaveragingpropertyisó ¬ � Ój� � ÿ ¯-���3� ��� ó ¬ � �:� ��)°®���¨�¯�R (3.1)

We canrewrite thisas � Ó � � ¬ R � Ój� � ÿ ¯-������� Ó � � ¬ R � ��R (3.2)

Notethat � ¬ is a ¯ -measurablerandomvariable.In fact thefollowing holds:

Lemma 3.10 If
u

is any ¯ -measurablerandomvariable,thenprovided� Ó ÿ u R � Ój� � ÿ ¯-� ÿ �0É ,� Ó � u R � Ó�� � ÿ ¯-������� Ó � u R � ��R (3.3)
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Proof: To seethis, first use(3.2) andlinearity of expectationsto prove (3.3) when
u

is a simple¯ -measurablerandomvariable,i.e.,
u

is of theform
u �­¬ » ^� f� ÷ ^ � ¬E± , whereeach� ^ is in ¯ and

each÷ ^ is constant.Next considerthecasethat
u

is a nonnegative ¯ -measurablerandomvariable,
but is not necessarilysimple. Sucha

u
can be written as the limit of an increasingsequence

of simplerandomvariables
u » ; we write (3.3) for each

u » and thenpassto the limit, usingthe
MonotoneConvergenceTheorem(SeeWilliams), to obtain (3.3) for

u
. Finally, the general̄ -

measurablerandomvariable
u

canbewrittenasthedifferenceof twononnegativerandom-variablesu � u v � u � , andsince(3.3)holdsfor
u v and

u � it musthold for
u

aswell. Williams calls
thisargumentthe“standardmachine”(p. 56).

Basedon this lemma,we canreplacethesecondconditionin thedefinitionof a conditionalexpec-
tation(Section2.3.2)by:

(b’) For every ¯ -measurablerandom-variable
u

, wehave� Ó � u R � Ój� � ÿ ¯�������� Ó � u R � ��R (3.4)

2.3.4 Propertiesof Conditional Expectation

PleaseseeWillamsp. 88. Proofsketchesof someof thepropertiesareprovidedbelow.

(a) � Ó���� Ój� � ÿ ¯-���J��� Ój� � �lR
Proof:Justtake � in thepartialaveragingpropertyto be

T
.

Theconditionalexpectationof
�

is thusanunbiasedestimatorof therandomvariable
�

.

(b) If
�

is ¯ -measurable,then � Ój� � ÿ ¯2�J� � R
Proof:Thepartialaveragingpropertyholdstrivially when & is replacedby

�
. And since

�
is ¯ -measurable,

�
satisfiestherequirement(a)of aconditionalexpectationaswell.

If theinformationcontentof ¯ is sufficientto determine
�

, thenthebestestimateof
�

based
on ¯ is

�
itself.

(c) (Linearity) � Ój�#Þ � � � n0Þ G � G ÿ ¯H�h��Þ � � Ój� � � ÿ ¯"�2n1Þ G � Ój� � G ÿ ¯"�lR
(d) (Positivity) If

� r0$ almostsurely, then � Ój� � ÿ ¯2��r0$«R
Proof:Take�b�VUO\�¨ T
Á � Ój� � ÿ ¯-�l�d\a���0$�Z . Thissetis in ¯ since� Ój� � ÿ ¯2� is ¯ -measurable.
Partial averagingimplies þ ¬ � Ój� � ÿ ¯2�w�3� �k� þ ¬ � �:� � . The right-handsideis greaterthan
or equalto zero,and the left-handside is strictly negative, unless� �����(�<�ý$ . Therefore,� ���#�[�`��$ .
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(h) (Jensen’s Inequality)If �Me:¼
ð6¼ is convex and � Ó ÿ �J� � � ÿ �0É , then� Ój�)�J� � � ÿ ¯2��rf�J�#� Ó�� � ÿ ¯��w�lR
RecalltheusualJensen’s Inequality: � Ó��N� � �hrf�J�#� Ój� � ���OR

(i) (TowerProperty)If Q is asub-� -algebraof ¯ , then� Ó���� Ój� � ÿ ¯2� ÿ Q<�J��� Ój� � ÿ Q��lRQ is asub-� -algebraof ¯ meansthat ¯ containsmoreinformationthan Q . If we estimate
�

basedon theinformationin ¯ , andthenestimatetheestimatorbasedon thesmalleramount
of informationin Q , thenwe getthesameresultasif we hadestimated

�
directly basedon

theinformationin Q .

(j) (Takingoutwhatis known) If d is ¯ -measurable,then� Ój�)d � ÿ ¯2�`�­d[R � Ó�� � ÿ ¯��OR
Whenconditioningon ¯ , the ¯ -measurablerandomvariabled actslike aconstant.

Proof: Let d bea ¯ -measurablerandomvariable.A randomvariable& is � Ój�)d � ÿ ¯f� if and
only if

(a) & is ¯ -measurable;

(b) þ ¬ &��:� ���Qþ ¬ d � �:� ��)°®���¨�¯ .

Take &7�²d[R � Ój� � ÿ ¯-� . Then & satisfies(a) (a productof ¯ -measurablerandomvariablesis¯ -measurable).& alsosatisfiesproperty(b), aswe cancheckbelow:ó ¬ &��3� � � � Ój�#� ¬ R &/�� � Ó � � ¬ d[� Ój� � ÿ ¯2���� � Ó � � ¬ d[R � � ((b’) with
u ��� ¬ d� ó ¬ d � �:� ��R

(k) (Roleof Independence)If Q is independentof �`�#�J� � �l)�¯-� , then� Ó�� � ÿ �2�#¯�)>Q��w�J��� Ój� � ÿ ¯2�lR
In particular, if

�
is independentof Q , then� Ój� � ÿ Q��h��� Ój� � �lR

If Q is independentof
�

and ¯ , thennothingis gainedby includingtheinformationcontent
of Q in theestimationof

�
.
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2.3.5 Examplesfr om the Binomial Model

Recallthat �<�a�VUk�")*��·
)*��¹J) T Z . Noticethat � Ój�#+2G ÿ �<�*� mustbeconstanton ��· and ��¹ .

Now since� Ój�#+fG ÿ �<�*� mustsatisfythepartialaveragingproperty,ó ¬E³ � Ó���+2G ÿ �������:� ��� ó ¬�³ +2Gl�3� ��)ó ¬E´ � Ó���+2G ÿ �������:� ��� ó ¬�´ +2G��3� ��R
We compute ó ¬ ³ � Ój�#+ G ÿ � � ���:� � � � ���#� · �lR � Ój�#+ G ÿ � � �E�d\|�� � � Ój�#+2G ÿ �<���I�d\a�l)°®�\_¨���·ïR
Ontheotherhand, ó ¬E³ +2Gl�:� ��� � G . G +-,`n �5� .5�:+-,KR
Therefore, � Ój�#+2G ÿ �<�*�l�d\a�J� � . G +-,`n � .5�:+-,>)°®�\0¨��P·/R
We canalsowrite � Ó���+ G ÿ � � �l�d\a��� � . G + , n � .;�3+ ,� � � .pn � �:��.;+-,� � � .pn � �:��+"�I�d\`�l)5®�\0¨���·
Similarly, � Ój�#+2G ÿ ���*�E�d\|�h�g� � .
n � �3��+N�O�d\`�l)°®�\�¨M�P¹`R
Thusin bothcaseswe have � Ó���+2G ÿ ���*�l�d\a�J��� � .�n � �:��+"�I�d\a�l)°®�\_¨ T R
A similarargumentonetimesteplatershowsthat� Ój�#+4c ÿ ��G��I�d\a�J�g� � .�n � �:��+2GK�d\a�lR
We leave the verificationof this equalityasan exercise. We can verify the Tower Property, for
instance,from thepreviousequationswehave� Ó � � Ój�#+ c ÿ � G � ÿ � � �ý� � Ó � � � .[n � �3�w+ G ÿ � G �� � � .
n � �:��� Ój�#+2G ÿ ����� (linearity)� � � .
n � �:� G +N�iR
Thisfinal expressionis � Ó���+-c ÿ ����� .
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2.4 Martingales

Theingredientsare:D A probabilityspace� T )��<)*� �
� .D A sequenceof � -algebras�/,>)w�<�I)IRIRER�)��p» , with thepropertythat �/,xqb�<�¦q�RIRERµqb�/»Mq� . Suchasequenceof � -algebrasis calleda filtration.D A sequenceof randomvariables¶£,>)�¶6�l)IRERIR5)�¶9» . This is calledastochasticprocess.

Conditionsfor a martingale:

1. Each ¶q^ is �<^ -measurable.If you know theinformationin ��^ , thenyou know thevalueof¶ ^ . WesaythattheprocessUb¶ ^ Z is adaptedto thefiltration UE� ^ Z .
2. For each] , � Ój�)¶�^ v � ÿ �/^K�J�­¶q^ . Martingalestendto goneitherupnordown.

A supermartingaletendstogodown, i.e. thesecondconditionaboveis replacedby � Ój�)¶�^ v � ÿ �/^>��Ã¶ ^ ; a submartingaletendsto goup, i.e. � Ój�)¶ ^ v � ÿ � ^ ��rf¶ ^ .
Example2.3(Example from the binomial model.) For · �(¸7�5¹ wealreadyshowedthatª º � �_»�¼½z7¾ yS»  �� �À¿ ¢ZÁRÂ/¤k  �_»©Ã
For · �­Ä , we set y�£ �Å� � � � � , the “tri vial � -algebra”. This � -algebracontainsno information,andanyy £ -measurablerandomvariablemustbeconstant(nonrandom).Therefore,by definition, ª º � � z ¾ y £   is that
constantwhichsatisfiestheaveragingpropertyó � ª º � �½z7¾ y�£  A¤bª Æh� ó � �½z ¤kª Æ Ã
Theright handsideis ª º �½z � �Ç¿ ¢ZÁÈÂ/¤b  ��£ , andsowehaveª º � � z ¾ y £  X� �À¿ ¢ZÁRÂ/¤b  � £ Ã
In conclusion,É

If �Ç¿ ¢ZÁMÂ/¤b E�f¸ then � �_» � yZ»_�9· ��Ä���¸7�5¹��5Êb� is a martingale.
É

If �Ç¿ ¢ZÁMÂ/¤b �ËÌ¸ then � � » � y » �9· ��Ä���¸7�5¹��5Êb� is a submartingale.
É

If �Ç¿ ¢ZÁMÂ/¤b �ÍÌ¸ then � � » � y » �9· ��Ä���¸7�5¹��5Êb� is a supermartingale.



Chapter 3

Arbitrage Pricing

3.1 Binomial Pricing

Returnto thebinomialpricingmodel

Pleasesee:Î Cox,RossandRubinstein,J. FinancialEconomics, 7(1979),229–263,andÎ CoxandRubinstein(1985),Options Markets, Prentice-Hall.

Example3.1(Pricing a Call Option) SupposeÏÑÐ ¹�Ò5Ó Ð Ä Ã Ô Ò9Õ Ð ¹ Ô�Ö (interestrate), ×�Ø¦Ð+Ô Ä . (In this
andall examples,theinterestratequotedis perunit time,andthestockprices ×�Ø Ò ×½Ù Ò Ã�Ã�Ã areindexedby the
sametimeperiods).We know that × Ù/ÚÜÛ�Ý Ð+Þ ¸�Ä7Ä if Û8Ù Ðhß¹ Ô if Û8Ù Ð�à
Find thevalueat timezero of a call optionto buy oneshareof stockat time 1 for $50(i.e. thestrikeprice is
$50).

Thevalueof thecall at time1 isá Ù ÚâÛ�Ý Ð Ú ×½Ù ÚÜÛ¡ÝEã Ô Ä Ý ¼ Ð+Þ Ô Ä if Û Ù�Ð�ßÄ if Û Ù�ÐÈà
Supposetheoptionsellsfor $20at time0. Let usconstructa portfolio:

1. Sell 3 optionsfor $20each.Cashoutlayis ã§ä�å Ä Ã
2. Buy 2 sharesof stockfor $50each.Cashoutlayis $100.

3. Borrow $40.Cashoutlayis ã3ä�æ Ä Ã
59
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Thisportfolio thusrequiresnoinitial investment.For this portfolio, thecashoutlayat time 1 is:Û Ù¡Ðhß Û Ù¡Ð�à
Pay off option ä�ç Ô Ä ä Ä
Sell stock ã3ä ¹�Ä7Ä ã3ä Ô Ä
Pay off debt ä Ô Ä ä Ô ÄãMãÈãMãÈã ãÈãRã]ãRãä Ä ä Ä

Thearbitragepricing theory(APT)valueof theoptionat time 0 is
á Ø8Ð ¹�Ä .

AssumptionsunderlyingAPT:Î Unlimitedshortsellingof stock.Î Unlimitedborrowing.Î No transactioncosts.Î Agentis a “small investor”,i.e.,his/hertradingdoesnot move themarket.

Important Observation: TheAPT valueof theoptiondoesnot dependon theprobabilitiesof è
and é .

3.2 Generalone-stepAPT

Supposea derivative securitypaysoff the amount êXë at time 1, where ê�ë is an ìíë -measurable
randomvariable. (This measurabilityconditionis important;this is why it doesnot makesense
to usesomestockunrelatedto the derivative securityin valuing it, at leastin the straightforward
methoddescribedbelow).Î Sell thesecurityfor ê½î at time0. ( êµî is to bedeterminedlater).Î Buy ï�î sharesof stockat time 0. ( ï�î is alsoto bedeterminedlater)Î Invest ê½î¦ðKï�î�ñEî in the money market,at risk-free interestrate ò . ( ê½î�ð+ï�î/ñEî might be

negative).Î Thenwealthat time1 is ó ëõôö ï�î7ñ�ë¡÷­ø°ù�÷(òbú7ø)ê½î3ðOï�î�ñEî7úö ø5ù3÷�òbú>ê½î8÷�ï�î©ø)ñ�ë8ðKø°ù�÷(òbú>ñEî/ú/û
Î Wewantto chooseê î and ï î sothat ó ë ö ê�ë

regardlessof whetherthestock goesupor down.
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Thelastconditionabove canbeexpressedby two equations(which is fortunatesincetherearetwo
unknowns): ø5ù8÷fòbú>ê½î¡÷(ï�î!øNñ�ëkø)èÈú�ðfø5ù3÷�òbú>ñEî/ú ö ê�ëkø)èÈú (2.1)ø5ù3÷�òbú>ê½î8÷�ï�î©ø)ñ�ë7øüéSú§ðfø5ù3÷�òbú>ñEî/ú ö ê�ëkøüéSú (2.2)

Note that this is wherewe usethe fact that the derivative securityvalue êEý is a function of ñXý ,
i.e., when ñXý is known for a given þ , êEý is known (andthereforenon-random)at that þ aswell.
Subtractingthesecondequationabove from thefirst givesï�î ö ê�ë7ø)èÈú�ðOê�ë�øÿéSúñ ë ø)èÈú�ðOñ ë øüéSú û (2.3)

Plugtheformula(2.3)for ï�î into (2.1):ø5ù3÷�òbú>ê½î ö ê�ëkø)èÈú¡ð�ï�î©ø)ñ�ë7ø)èÈú¡ðfø°ù3÷�òbú>ñEî/úö ê ë ø)èÈú¡ð ê�ë7ø)èÈú�ðOê�ë�øÿéSúø���ð � ú>ñEî ø���ð�ùZðhòbú>ñ îö ù�íð ��� ø���ð � ú>ê�ë�ø)èÈú�ðKø)ê�ë�ø)èÈú�ðOê�ë7øüéSú>ú�ø���ð�ùZð�òbú��ö ù3÷fò ð ��Ñð � ê�ë�ø)èÈúE÷ ��ð(ùZð�ò�íð � ê�ë�øüé ú/û
We have alreadyassumed�	� � ��
 . We now alsoassume

�
� ù3÷(ò � � (otherwisetherewould
beanarbitrageopportunity).Define�� ôö ù3÷�ò ð ���ð � � �� ôö ��ð�ù�ð�ò��ð � û
Then

�� ��
 and
�� ��
 . Since

�� ÷ �� ö ù , we have 
	� �� � ù and
�� ö ù ð �� . Thus,

�� � �� arelike
probabilities.We will returnto this later. Thusthepriceof thecall at time0 is givenbyê î ö ùù8÷(ò � �� ê ë ø)èÈúE÷ �� ê ë øüé ú��9û (2.4)

3.3 Risk-Neutral Probability Measure

Let � bethesetof possibleoutcomesfrom � coin tosses.Constructaprobabilitymeasure� � � on �
by theformula � � �ÑøaþZë � þ�� � û7û7û � þ��©ú�ôö ����! �"$# þ�%'&)(+* ��,�! �"$# þ�%'&)-.*� � � is calledtherisk-neutral probabilitymeasure. We denoteby �� / theexpectationunder� � � . Equa-
tion 2.4says ê î ö � � / 0 ùù?÷fò ê ë21 û
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Theorem 3.11 Under � � � , thediscountedstockpriceprocess3�ø5ù�÷�òkú54 ý ñXý � ì�ý76 � ý & î is a martingale.

Proof: �� / � ø5ù8÷�òkú 4.8 ý$9Xë;: ñXý$9�ë=< ì�ý>�ö ø5ù8÷fòbú 4?8 ý@9�ëA: ø �� ��÷ �� � ú>ñXýö ø5ù8÷fòbú 4?8 ý@9�ëA: 0 �¡ø°ù�÷(òZð � ú��ð � ÷ � ø���ð(ù<ðhòbú�íð � 1 ñXýö ø5ù8÷fòbú 4?8 ý@9�ëA: ��÷B�½òSðC� � ÷ � ��ð � ð � ò��ð � ñ�ýö ø5ù8÷fòbú 4?8 ý@9�ëA: ø���ð � ú7ø5ù8÷�òbú��ð � ñXýö ø5ù8÷fòbú 4 ý ñXý�û
3.3.1 Portf olio Process

Theportfolio processis ï ö ø)ï�î � ïíë � û7û7û � ïD� 4 ë°ú , whereÎ ï�ý is thenumberof sharesof stockheldbetweentimes E and E¦÷+ù .Î Eachï�ý is ì�ý -measurable.(No insidertrading).

3.3.2 Self-financingValue of a Portf olio ProcessFÎ Startwith nonrandominitial wealth

ó î , whichneednot be0.Î Definerecursively ó ý$9�ë ö ï�ý7ñ�ý@9�ë�÷­ø°ù3÷�òbú7ø ó ý�ðhï�ý7ñXý�ú (3.1)ö ø5ù3÷�òbú ó ý ÷�ï ý øNñ ý@9�ë ð+ø5ù8÷fòbú>ñ ý ú/û (3.2)Î Theneach

ó ý is ì�ý -measurable.

Theorem 3.12 Under �� � , thediscountedself-financingportfolioprocessvalue 3¨ø5ù8÷(òkú54 ý ó ý � ì ý 6 � ý & î
is a martingale.

Proof: We haveø5ù8÷fòbú$4?8 ý@9�ëA: ó ý$9�ë ö ø5ù?÷�òkú 4 ý ó ý3÷(ï�ýHG�ø5ù?÷�òkú 4.8 ý$9Xë;: ñXý$9�ë3ðKø5ù8÷fòbú 4 ý ñXý>I�û
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Therefore, � � / � ø5ù8÷�òbú 4?8 ý$9�ëA: ó ý@9�ë,< ì�ý$�ö �� / � ø5ù8÷�òbú 4 ý ó ýJ< ì�ý5�÷H�� / � ø°ù�÷(òbú 4?8 ý$9�ëA: ï�ýbñXý$9Xë,< ì�ý5�ðK�� / � ø°ù�÷(òbú 4 ý ï�ý�ñXýJ< ì�ý5�ö ø5ù3÷�òbú 4 ý ó ý (requirement(b) of conditionalexp.)÷¦ï�ý � � / � ø5ù8÷fòbú 4?8 ý@9�ëA: ñXý$9Xë,< ì�ý5� (takingout whatis known)ð�ø5ù?÷fòbú 4 ý ï�ý�ñXý (property(b))ö ø5ù3÷�òbú 4 ý ó ý (Theorem3.11)

3.4 SimpleEuropeanDerivativeSecurities

Definition 3.1() A simpleEuropeanderivativesecuritywith expirationtime L isan ìDM -measurable
randomvariable ê)M . (Here, L is lessthanor equalto � , thenumberof periods/coin-tossesin the
model).

Definition 3.2() A simpleEuropeanderivative security ê)M is saidto behedgeableif thereexists
a constant

ó î anda portfolio processï ö ø)ï�î � û�û7û � ïDM 4 ë�ú suchthat the self-financingvalue
process

ó î � ó ë � û7û7û � ó M givenby (3.2)satisfiesó M ø	þ<ú ö ê M ø	þ3ú �ON þQPR�wû
In thiscase,for E ö 
 � ù � û7û�û � L , we call

ó ý theAPTvalueat time E of ê M .

Theorem 4.13(Corollary to Theorem 3.12) If a simpleEuropeansecurity ê)M is hedgeable,then
for each E ö 
 � ù � û7û/û � L , theAPTvalueat time E of ê M isêEý¦ôö ø°ù3÷�òbú ý � � / � ø5ù3÷�òbú 4 M ê)MS< ì�ý5�9û (4.1)

Proof: We first observe that if 3,Thý � ì�ýVU@E ö 
 � ù � û�û/û � L	6 is a martingale,i.e., satisfiesthe
martingaleproperty �� / � TOý$9�ë,< ì�ý$� ö Thý
for eachE ö 
 � ù � û�û/û � L�ð�ù , thenwe alsohave�� / � TWMS< ì�ý$� ö Thý � E ö 
 � ù � û�û/û � L�ð�ù�û (4.2)

When E ö L²ð�ù , theequation(4.2)followsdirectly from themartingaleproperty. For E ö L²ðRX ,
weusethetowerpropertyto write�� / � T M < ì M 4 � � ö �� / � �� / � T M < ì M 4 ë �'< ì M 4 � �ö �� / � TWM 4 ë,< ìDM 4 �Y�ö TWM 4 ��û
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We cancontinueby inductionto obtain(4.2).

If the simple Europeansecurity ê M is hedgeable,then there is a portfolio processwhoseself-
financingvalueprocess

ó î � ó ë � û�û7û � ó M satisfies

ó M ö ê�M . By definition,

ó ý is theAPT value
at time E of ê)M . Theorem3.12saystható î � ø5ù¡÷(òbú 4 ë ó ë � û7û�û � ø5ù8÷�òbú 4 M ó M
is amartingale,andsofor eachE ,ø5ù3÷�òbú$4 ý ó ý ö � � / � ø5ù3÷�òbú$4 M ó MS< ì�ý$� ö �� / � ø5ù8÷fòbú$4 M ê)MS< ì�ý>�5û
Therefore,

ó ý ö ø5ù8÷fòbú ý �� / � ø°ù�÷(òbú 4 M ê)MS< ìxýZ�9û
3.5 The Binomial Model is Complete

CanasimpleEuropeanderivativesecurityalwaysbehedged?It dependsonthemodel.If theanswer
is “yes”, themodelis saidto becomplete. If theansweris “no”, themodelis calledincomplete.

Theorem 5.14 Thebinomialmodelis complete. In particular, let ê)M bea simpleEuropeanderiva-
tivesecurity, andsetêEý©ø	þ3ë � û7û�û � þ�ý�ú ö ø5ù3÷�òbú ý �� / � ø5ù8÷�òbú$4 M ê)MS< ì�ý$�°øaþ3ë � û�û7û � þ8ý7ú � (5.1)

ï�ý©øaþ3ë � û�û7û � þ8ý7ú ö ê ý@9�ë ø	þ ë � û7û7û � þ ý � èÈúXð�ê ý$9�ë ø	þ ë � û�û7û � þ ý � éSúñXý$9�ë!ø	þ?ë � û7û7û � þ�ý � èÈúXð�ñ�ý@9�ë!øaþ3ë � û7û�û � þ8ý � é ú û (5.2)

Startingwith initial wealth ê î ö � � / � ø5ù8÷fòbú 4 M ê M � , theself-financingvalueof theportfolio processï�î � ïíë � û�û7û � ïDM 4 ë is theprocessê½î � ê�ë � û7û�û � ê)M .

Proof: Let ê î � û7û7û � ê M 4 ë and ï î � û�û7û � ï M 4 ë be definedby (5.1) and(5.2). Set

ó î ö ê î and
definetheself-financingvalueof theportfolio processï�î � û7û�û � ïDM 4 ë by therecursiveformula3.2:ó ý$9�ë ö ï�ý�ñXý@9�ë¡÷rø5ù8÷fòbú7ø ó ý�ð�ï�ýkñ�ý7ú/û
We needto show that ó ý ö ê�ý �[N E\P]3,
 � ù � û7û/û � L	6_û (5.3)

We proceedby induction.For E ö 
 , (5.3)holdsby definitionof

ó î . Assumethat(5.3)holdsfor
somevalueof E , i.e., for eachfixed ø	þ3ë � û7û7û � þ�ý7ú , we haveó ý_ø	þ3ë � û7û7û � þ�ý7ú ö êEý�ø	þ3ë � û7û7û � þ�ý7ú�û
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We needto show that ó ý$9Xëkøaþ3ë � û7û�û � þ8ý � èÈú ö êEý@9�ë7ø	þ3ë � û7û7û � þ�ý � èÈú �ó ý$9�ëkø	þ3ë � û�û7û � þ�ý � éSú ö êEý@9�ë7ø	þ3ë � û7û7û � þ�ý � éSú/û
We prove thefirst equality;thesecondcanbeshown similarly. Notefirst that�� / � ø5ù8÷�òbú$4?8 ý$9�ëA: êEý$9Xë,< ì�ý5� ö �� / � �� / � ø5ù8÷�òbú$4 M ê�M^< ì�ý$9�ë2�'< ì�ý$�ö �� / � ø°ù�÷�òbú$4 M ê)MS< ì�ý5�ö ø5ù?÷�òkú 4 ý êEý
In otherwords, 3¨ø5ù3÷�òbú$4 ý ê�ý=6 � ý & î is a martingaleunder� � � . In particular,êEý©ø	þ3ë � û7û�û � þ�ý�ú ö �� / � ø5ù8÷�òbú 4 ë êEý@9�ë,< ì�ý5�°ø	þ3ë � û�û7û � þ�ý7úö ùù3÷(ò ø �� êEý$9Xëkøaþ3ë � û�û7û � þ8ý � èÈúE÷ �� êEý@9�ëkø	þ3ë � û7û�û � þ�ý � éSú>ú½û
Since ø	þ3ë � û�û7û � þ�ý/ú will befixedfor therestof theproof,wesimplify notationby suppressingthese
symbols.For example,wewrite thelastequationasê�ý ö ùù3÷�ò ø �� êEý@9�ëkø)èÈúE÷ �� êEý@9�ëkøüéSú#úEû
We compute ó ý@9�ëkø)èÈúö ï ý ñ ý@9�ë ø)èÈúE÷¯ø°ù�÷(òbú7ø ó ý ð�ï ý ñ ý úö ï�ý�øüñXý@9�ëkø)èÈú�ðKø°ù�÷(òbú>ñXý/úX÷rø5ù8÷fòbú>êEýö êEý$9�ëkø)èÈú¡ð�êEý$9�ëkøüéSúñXý$9�ëkø)èÈú¡ð�ñ�ý@9�ë!øÿéSú øNñXý@9�ëkø)èÈú�ðKø°ù�÷(òbú>ñXý/ú÷ �� ê ý$9�ë ø)èÈú�÷ �� ê ý$9Xë øÿéSúö êEý@9�ëkø)èÈú�ð�êEý@9�ëkøüé ú�½ñXýZð � ñ�ý ø_�½ñXý ðfø5ù3÷�òbú>ñXý�ú÷ �� êEý$9�ëkø)èÈú�÷ �� êEý$9XëkøÿéSúö øüêEý@9�ëkø)èÈú�ðOêEý$9XëkøÿéSú>ú 0 ��ð�ù�ðOò��ð � 1 ÷ �� êEý@9�ëkø)èÈúE÷ �� êEý@9�ëkøüéSúö øüêEý@9�ëkø)èÈú�ðOêEý$9XëkøÿéSú>ú �� ÷ �� ê�ý$9�ëkø)èÈúE÷ �� êEý@9�ëkøüéSúö êEý@9�ëkø)èÈú/û
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Chapter 4

The Mark ov Property

4.1 Binomial Model Pricing and Hedging

Recall that ê M is the givensimpleEuropeanderivative security, andthe valueandportfolio pro-
cessesaregivenby:êEý ö ø5ù3÷�òbú ý � � / � ø5ù8÷�òkú54 M ê�MD< ì�ý$� � E ö 
 � ù � û7û/û � L ð(ù�ûï�ý_ø	þ3ë � û�û7û � þ�ý7ú ö êEý$9Xëkøaþ3ë � û7û�û � þ8ý � èÈú�ðOêEý@9�ë7ø	þ3ë � û7û7û � þ�ý � éSúñ�ý@9�ë!øaþ3ë � û7û�û � þ8ý � èÈú�ðOñXý$9�ëkø	þ3ë � û�û7û � þ�ý � éSú � E ö 
 � ù � û�û/û � L�ðfù�û
Example4.1(Lookback Option) Ï�Ð ¹�Ò5Ó ÐB`Va�Ô Ò9Õ ÐQ`ba ¹ Ô Ò × Ø Ð æ ÒZcd Ð ÙfehgYikjl ikj Ðm`Va�Ô Ò$cn Ð ç8ã cd ÐB`Va�Ôba
Considera simpleEuropeanderivativesecuritywith expiration2, with payoff givenby (SeeFig. 4.1):áVo ÐqpDr>sØYtJuvt o Ú × uZã Ô Ý e a
Noticethat áVo Ú ß�ß Ý Ð ç�ç Ò áVo Ú ß�à Ý Ðxw^yÐ áVo Ú à3ß Ý Ðx` Ò áVo Ú à8à Ý Ðz`ba
Thepayoff is thus“path dependent”.Workingbackwardin time,wehave:á Ù Ú ß Ý Ð çç|{ Õ?} cd á o Ú ß�ß Ý~{ cn á o Ú ß�à Ý�� Ð æ Ô } `Va�ÔK� ç7ç|{ `ba ÔK�Sw � ÐhÔVa å ` Òá Ù Ú à Ý Ð æ Ô } `Va�ÔK��` { `Va�ÔK��` � Ðx` Òá Ø Ð æ Ô } `ba ÔK�xÔba å ` { `ba�Ô+��` � Ð ¹ a ¹ æ a
Usingthesevalues,wecannow compute:� Ø Ð á Ù�Ú ß Ý ã á Ù�Ú à Ý×½Ù Ú ß Ý ã ×½Ù Ú à Ý Ðx`Va��vw Ò� Ù�Ú ß Ý Ð á=o Ú ß�ß Ý½ã áVo Ú ß�à Ý× o Ú ß�ß Ý½ã × o Ú ß�à Ý Ðz`ba åv� Ò
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Figure4.1: Stock priceunderlyingthelookback option.� Ù�Ú à Ý Ð á o Ú à3ß Ý½ã á o Ú à8à Ý× o Ú à3ß Ý½ã × o Ú à8à Ý Ðz`ba
Working forwardin time,wecancheckthat� Ù/Ú ß Ý Ð � Ø × Ù/Ú ß Ý~{hÚ�ç|{ Õ Ý>Ú � Ø§ã � Ø × Ø/Ý ÐhÔVa�Ôv�V� á Ù�Ú ß Ý ÐhÔVa å ` Ò� Ù/Ú à Ý Ð � Ø × Ù/Ú à Ý){�ÚAç|{ Õ Ý#Ú � Ø�ã � Ø × Ø�Ý Ðz`ba ` ç � á Ù�Ú à Ý ÐC` Ò� Ù�Ú ß�ß Ý Ð � Ù�Ú ß Ý × Ù�Ú ß�ß Ý�{�ÚAç|{ Õ Ý>Ú � Ù/Ú ß Ý½ã � Ù�Ú ß Ý × Ù�Ú ß ÝAÝ Ð ç7ç a�` ç � á Ù/Ú ß�ß Ý Ð ç7ç Ò
etc.

Example4.2(EuropeanCall) Let Ï�Ð ¹�Ò9Ó Ð Ùo Ò5Õ Ð Ù� Ò × Ø Ð æ Òvcd Ð cn Ð Ùo , andconsidera Europeancall
with expirationtime2 andpayoff function á=o Ð Ú × o ã Ô Ý e a
Notethat á o Ú ß�ß Ý Ð ç7ç Ò á o Ú ß�à Ý Ð á o Ú à3ß Ý ÐC` Ò á o Ú à8à Ý Ðx` Òá Ù Ú ß Ý Ð æ Ô } Ùo a ç7ç?{ Ùo a�` � Ð æ a æ `á Ù Ú à Ý Ð æ Ô } Ùo a�` { Ùo a ` � Ðx`á Ø Ð æ Ô } Ùo � æ a æ ` { Ùo �S` � Ð ç a �7å a
Define �$u Ú_�_Ý to bethevalueof thecall at time � when ×huZÐ � . Then� o Ú��©Ý Ð Ú�� ã Ô Ý e��Ù Ú��©Ý Ð æ Ô } Ùo � o Ú ¹ �©Ý~{ Ùo � o Ú_�h� ¹ Ý�� Ò� Ø/Ú��©Ý Ð æ Ô } Ùo � Ù/Ú ¹ �©Ý~{ Ùo � Ù/Ú_�h� ¹ Ý�� a
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In particular, � o ÚAç�å7Ý Ð ç7ç Ò � o Ú&æbÝ Ðz` Ò � o Ú�ç�Ý Ðz` Ò��Ù Ú��7Ý Ð æ Ô } Ùo a ç�ç.{ Ùo a�` � Ð æ a æ ` Ò� Ù�Ú ¹ Ý Ð æ Ô } Ùo a�` { Ùo a�` � Ðz` Ò
�/Ø8Ð æ Ô } Ùo � æ a æ ` { Ùo �S` � Ð ç a �7å a

Let � u©Ú_�_Ý bethenumberof sharesin thehedgingportfolio at time � when × u Ð � . Then� u©Ú��©Ý Ð � u5e½Ù/Ú ¹ �©Ý½ã � u5e½Ù/Ú_�h� ¹ Ý¹ � ã\�J� ¹ Ò �¦ÐW` Ò ç a
4.2 Computational Issues

For a model with � periods(coin tosses),� has X � elements.For period E , we must solve X ý
equationsof theformê�ý_ø	þ3ë � û7û7û � þ�ý7ú ö ùù3÷�ò � �� êEý@9�ë7ø	þ3ë � û7û7û � þ�ý � èÈú�÷ �� êEý$9Xëkøaþ3ë � û�û7û � þ8ý � é ú��9û
For example,a three-monthoptionhas66 tradingdays.If eachdayis takento beoneperiod,then� ö��V� and X7�2�����D�Oùv
 ëf� .
Therearethreepossiblewaysto dealwith thisproblem:

1. Simulation.Wehave, for example,thatê½î ö ø5ù?÷�òkú 4 � � � /{ê�� �
andso we could computeê î by simulation. More specifically, we could simulate � coin
tossesþ ö ø	þ3ë � û�û7û � þ��©ú underthe risk-neutralprobability measure.We could storethe
valueof ê)��ø	þ<ú . We could repeatthis several timesandtakethe averagevalueof ê)� asan
approximationto � � /�ê)� .

2. Approximatea many-periodmodelby a continuous-timemodel. Thenwe canusecalculus
andpartialdifferentialequations.We’ll getto that.

3. Look for Markov structure.Example4.2hasthis. In period2, theoptionin Example4.2has
threepossiblevalues�,��ø°ù � ú � �,��ø��©ú � �,��ø5ù7ú , ratherthanfourpossiblevaluesê?�køNè]èÈú � ê?��øNèMé ú � ê?�/øüéSèÈú � ê.�/øüé�éSú .
If therewere66periods,thenin period66therewouldbe67possiblestockpricevalues(since
thefinal pricedependsonly onthenumberof up-ticksof thestockprice– i.e.,heads– sofar)
andhenceonly 67possibleoptionvalues,ratherthan X �2� ���D�hù�
 ëf� .
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4.3 Mark ov Processes

Technicalcondition alwayspresent:Weconsideronly functionson IR andsubsetsof IR which are
Borel-measurable,i.e.,weonly considersubsets� of IR thatarein � andfunctions Ñeh� ¡£¢B� ¡ such
that  ?4 ë is a function �+¢x� .

Definition 4.1() Let ø�� � ì �2¤ ú bea probabilityspace.Let 37ì�ý=6 � ý & î bea filtration under ì . Let3 ó ý=6 � ý & î bea stochasticprocesson ø�� � ì �Y¤ ú . Thisprocessis saidto beMarkovif:Î Thestochasticprocess3 ó ý76 is adaptedto thefiltration 3�ì�ý=6 , andÎ (TheMarkovProperty).For eachE ö 
 � ù � û�û/û � �íðfù , thedistributionof

ó ý@9�ë conditioned
on ìÑý is thesameasthedistributionof

ó ý@9�ë conditionedon

ó ý .
4.3.1 Differ ent waysto write the Mark ov property

(a) (Agreementof distributions).For every ��P¥� ôö �¦ø�� ¡¦ú , wehave� ��ø ó ý$9�ë¦PR�D< ì�ý7ú ö � / � �$§3ø ó ý$9�ë�ú�< ì�ý>�ö � / � �$§3ø ó ý$9�ë�ú�< ó ýY�ö � � � ó ý@9�ë¦PR�D< ó ýY�5û
(b) (Agreementof expectationsof all functions).For every(Borel-measurable)function ¨MeV� ¡£¢m� ¡

for which � /\<�¨�ø ó ý$9Xë�úv<h�Q© , wehave� / � ¨�ø ó ý$9�ë�ú�< ìxý5� ö � / � ¨¡ø ó ý$9�ë°úv< ó ýY�9û
(c) (Agreementof Laplacetransforms.)For every �	PR� ¡ for which � /DªZ« ó ý@9�ë �Q© , wehave

� /­¬�ª « ó ý$9�ë�®®®® ì�ý5¯ ö � /­¬_ª « ó ý$9Xë)®®®®
ó ý$¯Sû

(If wefix � anddefinë¡ø�°½ú ö ª «>± , thentheequationsin (b) and(c) arethesame.Howeverin
(b) wehaveaconditionwhichholdsfor everyfunction ¨ , andin (c) weassumethiscondition
only for functions̈ of theform ¨�ø�°µú ö ª «>± . A mainresultin thetheoryof Laplacetransforms
is thatif theequationholdsfor every ¨ of thisspecialform, thenit holdsfor every ¨ , i.e., (c)
implies(b).)

(d) (Agreementof characteristicfunctions)For every �\PR� ¡ , we have� /³²´ªZµ « ó ý@9�ë < ì�ýv¶ ö � /·²´ª>µ « ó ý$9Xë < ó ý>¶ �
wherȩ ö�¹ ð¦ù . (Since <�ª µ «>± < ö <;º>»b¼k°?÷
¼2½´¾¦°!< � ù wedon’t needto assumethat � /\<�ª µ «>± <~�© .)
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Remark 4.1 In every caseof the Markov propertieswhere � / � û7û�û@< ó ý5� appears,we could just as
well write  ¡ø ó ý ú for somefunction   . For example,form (a)of theMarkov propertycanberestated
as:

For every �¿P\� , wehave � ��ø ó ý@9�ë¦P	�S< ì�ý�ú ö  �ø ó ý/ú �
where  is a functionthatdependsontheset � .

Conditions(a)-(d)areequivalent. TheMarkov propertyasstatedin (a)-(d) involvestheprocessat
a “current” time E andonefuture time E�÷rù . Conditions(a)-(d)arealsoequivalentto conditions
involving theprocessat time E andmultiple future times. We write theseapparentlystrongerbut
actuallyequivalentconditionsbelow.

Consequencesof the Mark ov property. Let À bea positiveinteger.

(A) For every � ý@9�ë¦ÁQ� ¡ � û7û�û �YÂ ý@9 " ÁQ� ¡ ,� � � ó ý$9�ë¦PR� ý@9�ë � û�û7û � ó ý$9 " PR�Sý$9 " < ì�ý5� ö � � � ó ý$9XëÃPR�Sý$9�ë � û�û7û � ó ý$9 " P	�Sý$9 " < ó ý$�9û
(A’) For every �¿PR� ¡ " ,� � � ø ó ý$9�ë � û7û7û � ó ý$9 " ú�PR�S< ì�ý5� ö � � � ø ó ý$9�ë � û7û�û � ó ý$9 " ú�PR�D< ó ý5�9û
(B) For every function ¨ReJ� ¡ " ¢m� ¡ for which � /\<�¨�ø ó ý$9�ë � û7û7û � ó ý$9 " ú�<h�Q© , we have� / � ¨¡ø ó ý@9�ë � û�û7û � ó ý$9 " ú�< ìxý5� ö � / � ¨¡ø ó ý$9�ë � û7û�û � ó ý$9 " ú�< ó ýY�5û
(C) For every � ö ø��µý$9�ë � û�û7û � �½ý@9 " úKPR� ¡ " for which � /\<�ª «�Ä;ÅhÆfÇ�Ä;ÅhÆ 9ÉÈ�È�È 9 «�Ä;Å % ÇÊÄ;Å % <h�m© , wehave� / � ª « Ä;ÅhÆ Ç Ä;ÅhÆ 9ÉÈ�È�È 9 « Ä;Å % Ç Ä;Å % < ì�ý5� ö � / � ª « Ä;ÅhÆ Ç Ä;ÅhÆ 9|È�È�È 9 « Ä;Å % Ç ÄAÅ % < ó ý5�9û
(D) For every � ö ø��µý$9�ë � û�û7û � �½ý@9 " úKPR� ¡ " wehave

� / � ª µ 8 « Ä;ÅhÆ Ç Ä;ÅhÆ 9|È�È�È 9 « Ä;Å % Ç ÄAÅ % : < ì�ý5� ö � / � ª µ 8 « Ä;ÅhÆ Ç Ä;ÅhÆ 9|È�È�È 9 « Ä;Å % Ç Ä;Å % : < ó ýY�9û
Onceagain,every expressionof the form � /Bø5û7û�û@< ó ý�ú can also be written as  ¡ø ó ý/ú , wherethe
function   dependson therandomvariablerepresentedby û�û7û in thisexpression.

Remark. All theseMarkov propertieshave analoguesfor vector-valuedprocesses.
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Proof that (b) ö?Ë (A). (with À ö X in (A)) Assume(b). Then(a) alsoholds (take ¨ ö �$§ ).
Consider � � � ó ý$9�ë¦PR� ý@9�ë � ó ý@9?�ÃPR� ý@9?�J< ì�ý5�ö � / � � � ý@9�ë ø ó ý$9�ë ú2� � ý$9?� ø ó ý$9.� úv< ì ý �

(Definitionof conditionalprobability)ö � / � � / � � � ý@9�ë ø ó ý$9Xë�úY� �Sý$9?� ø ó ý@9?�/ú�< ìxý$9XëY�'< ì�ý>�
(Towerproperty)ö � / � � � ý@9�ë ø ó ý$9�ë ú/ûÌ� / � � � ý@9?� ø ó ý$9.� ú�< ì ý$9�ë �'< ì ý �
(Takingoutwhatis known)ö � / � � � ý@9�ë ø ó ý$9�ë�ú/ûÌ� / � � � ý@9?� ø ó ý$9.��ú�< ó ý@9�ë;�'< ì�ýZ�
(Markov property, form (a).)ö � / � � � ý@9�ë ø ó ý$9�ë�ú/û  ¡ø ó ý$9Xë5ú�< ì�ý$�
(Remark4.1)ö � / � � � ý@9�ë ø ó ý$9�ë�ú/û  ¡ø ó ý$9Xë5ú�< ó ýY�
(Markov property, form (b).)

Now takeconditionalexpectationon bothsidesof theabove equation,conditionedon Í3ø ó ý/ú , and
usethetowerpropertyon theleft, to obtain� � � ó ý@9�ë£PR� ý@9�ë � ó ý@9?�ÃPR� ý@9?�V< ó ý5� ö � / � � � ý@9�ë ø ó ý$9�ë�ú/û  ¡ø ó ý$9�ë9ú�< ó ýY�5û (3.1)

Sinceboth � � � ó ý@9�ë¦PR� ý$9Xë � ó ý$9.�ÃPR� ý$9.�h< ìxýZ�
and � � � ó ý$9�ëÎPR� ý$9Xë � ó ý$9.�ÃPR� ý$9.�V< ó ý$�
areequalto theRHSof (3.1)),they areequalto eachother, andthis is property(A) with À ö X .
Example4.3 It is intuitively clearthat thestockpriceprocessin thebinomialmodelis a Markov process.
We will formally provethis later. If wewantto estimatethedistributionof × u>e½Ù basedontheinformationinÏ u , theonly relevantpieceof informationis thevalueof × u . For example,ÐÑ º } × u>e½Ù�Ò Ï u>� Ð Ú cd Ï { cn Ó Ý × u Ð ÚAç|{ Õ Ý × u (3.2)

is a functionof ×hu . Notehowever that form (b) of the Markov propertyis strongerthen(3.2); the Markov
propertyrequiresthatfor anyfunction Ó , ÐÑ º } Ó Ú ×hu>e½Ù Ý$Ò Ï u �
is a functionof × u . Equation(3.2) is thecaseof Ó Ú_�_Ý Ð � .
Considera modelwith 66periodsanda simpleEuropeanderivativesecuritywhosepayoff at time 66 isá=Ô;Ô Ð çw Ú × Ô � { × Ô;Õ { × Ô;Ô Ý a
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Thevalueof thissecurityat time50 isá=Õ Ø Ð ÚAç|{ Õ Ý Õ Ø ÐÑ º } ÚAç|{ Õ Ý i ÔAÔ á=Ô;Ô Ò ÏÃÕ Ø'�Ð ÚAç|{ Õ Ý iµÙ Ô ÐÑ º } á Ô;Ô Ò × Õ Ø � Ò
becausethestockpriceprocessis Markov. (We areusingform (B) of theMarkov propertyhere). In other
words,the Ö Õ Ø -measurablerandomvariable

áVÕ Ø canbewrittenasá Õ Ø ÚÜÛ Ù Ò a$a$a Ò Û Õ Ø Ý ÐØ× Ú × Õ Ø ÚâÛ Ù Ò a@a$a Ò Û Õ Ø ÝAÝ
for somefunction × , whichwecandeterminewith a bit of work.

4.4 Showing that a processis Mark ov

Definition 4.2(Independence)Let ø�� � ì �2¤ ú be a probability space,andlet Ù and Ú be sub-Í -
algebrasof ì . Wesaythat Ù and Ú areindependentif for every �ÛPRÙ and Ü­P\Ú , wehave� ��ø��BÝRÜ�ú ö � ��ø�� ú2� ��ø�Ü�ú/û
We saythata randomvariable

ó
is independentof a Í -algebraÙ if Í8ø ó ú , the Í -algebragenerated

by

ó
, is independentof Ù .

Example4.4 Considerthe two-periodbinomialmodel. Recallthat
Ï Ù is the Þ -algebraof setsdetermined

by thefirst toss,i.e.,
Ï Ù containsthefour setsßáàQâÐBã/ß�ß Ò ß�à�ä Ò ß�åæâÐçã�à3ß Ò à8à�ä Ò.èEÒ?é a

Let ê bethe Þ -algebraof setsdeterminedby thesecondtoss,i.e., ê containsthefour setsã/ß�ß Ò à3ß
ä Ò ã/ß�à Ò à8à�ä ÒAè½ÒAé a
Then

Ï Ù and ê areindependent.For example,if we take
ß Ðmã/ß�ß Ò ß�à�ä from

Ï Ù and ë+Ðìã�ß�ß Ò à3ß
ä
from ê , then

Ñ í Ú ßæî ë Ý Ð Ñ í Ú ß�ß Ý Ð d o andÑ í Ú ß Ý Ñ í Ú ë Ý Ð Ú d o { dhn Ý>Ú d o { dJn Ý Ð d o Ú d { n Ý o Ð d o a
Notethat

Ï Ù and × o arenot independent(unlessd Ð ç or d Ðm` ). For example,oneof thesetsin Þ Ú × o Ý isã Û �5× o ÚâÛ¡Ý ÐrÏ o × Ø ä�Ðïã�ß�ßðä . If we take
ß Ðïã�ß�ß Ò ß�à�ä from

Ï Ù and ë²Ð�ã�ß�ß
ä from Þ Ú × o Ý , thenÑ í Ú ß]î ë Ý Ð Ñ í Ú ß�ß Ý Ð d o , butÑ í Ú ß Ý Ñ í Ú ë Ý Ð Ú d o { dJn Ý d o Ð dVñ Ú d { n Ý Ð dVñ a
Thefollowing lemmawill bevery usefulin showing thataprocessis Markov:

Lemma 4.15(IndependenceLemma) Let

ó
and ò be randomvariableson a probability spaceø�� � ì �Y¤ ú . Let Ù bea sub-Í -algebra of ì . Assume



74 Î ó is independentof Ù ;Î ò is Ù -measurable.

Let ó�ø�° �@ô ú bea functionof twovariables,anddefine �ø ô ú ôö � /Dó8ø ó �@ô ú/û
Then � / � ó�ø ó � ò�ú�<õÙ?� ö  ¡ø�ò�ú/û
Remark. In this lemmaandthe following discussion,capitallettersdenoterandomvariablesand
lowercaselettersdenotenonrandomvariables.

Example4.5(Showingthe stockprice processis Mark ov) Consideran ö -periodbinomial model. Fix a

time � anddefine
� âÐ × u>e½Ù×hu and ÷ âÐ Ï u . Then

� Ð(Ï if Û u>e½Ù3Ðfß and
� Ð Ó if Û u>e½Ù§Ð�à . Since

�
dependsonly onthe Ú � {Èç�Ý st toss,

�
is independentof ÷ . Define ø âÐO×hu , sothat ø is ÷ -measurable.Let Ó

beany functionandset ù Ú_� ÒAú Ý âÐzÓ Ú_� ú Ý . Then× Ú ú Ý âÐ Ñ º ù Ú � Ò;ú Ý Ð Ñ º Ó Ú � ú Ý Ð d Ó Ú Ï ú Ý�{ n Ó Ú Ó7ú Ý a
TheIndependenceLemmaassertsthatÑ º } Ó Ú × u>e½Ù>Ý@Ò Ï u>� Ð Ñ º } Ó 0 × u>e½Ù×hu a × u 1 Ò Ï u$�Ð Ñ º } ù Ú � Ò ø Ý$Ò ÷ �Ð × Ú ø ÝÐ d Ó Ú Ï©×hu Ý){ n Ó Ú Ó ×hu Ý a
Thisshowsthestockpriceis Markov. Indeed,if weconditionbothsidesof theabove equationon Þ Ú ×hu Ý and
usethetowerpropertyon theleft andthefact thattheright handsideis Þ Ú ×hu Ý -measurable,weobtainÑ º } Ó Ú × u>e½Ù�Ý@Ò × u$� Ð d Ó Ú Ï_× ukÝ~{ n Ó Ú Ó × ubÝ a
Thus

Ñ º } Ó Ú × u>e½Ù�Ý@Ò Ï u>� and
Ñ º } Ó Ú × u>e½Ù°Ý$Ò � u>� areequalandform (b) of theMarkov propertyis proved.

Not only have we shown that the stockprice processis Markov, but we have alsoobtaineda formula forÑ º } Ó Ú × u5e½Ù>Ý@Ò Ï u$� asa functionof × u . This is a specialcaseof Remark4.1.

4.5 Application to Exotic Options

Consideran � -periodbinomialmodel.Definetherunningmaximumof thestockpriceto beThý�ôöüû�ý=þëYÿ " ÿµý ñ " û
Considera simpleEuropeanderivativesecuritywith payoff at time � of �v��ø)ñ?� � TW�©ú .
Examples:



CHAPTER4. TheMarkov Property 75Î ���Eø)ñ?� � TC�©ú ö ø�TC��ð��Èú 9 (Lookbackoption);Î ���Eø)ñ?� � TC�©ú ö �������	�¦ø)ñ?��ð
�Èú 9 (Knock-inBarrieroption).

Lemma 5.16 Thetwo-dimensionalprocess3¨ø)ñXý � Thý7ú$6 � ý & î is Markov. (Hereweareworkingunder
therisk-neutral measure IP, althoughthatdoesnotmatter).

Proof: Fix E . We have Thý@9�ë ö TOý��BñXý$9�ë �
where� indicatesthemaximumof two quantities.Let d ôö ñ ý$9XëñXý , so

� � �Ñø)d ö �µú ö �� � � � �íø)d ö � ú ö �� �
and d is independentof ì�ý . Let ¨�ø�° �$ô ú bea functionof two variables.We have¨�ø)ñXý$9�ë � Thý@9�ë�ú ö ¨�ø)ñXý$9�ë � Thý
�BñXý$9�ë�úö ¨�ø)d ñXý � TOý��Oø)d ñXý7ú#ú/û
Define  �ø�° �@ô ú ôö � � /^¨�ø)d¦° �@ô ��ø)dÃ°µú>úö �� ¨¡ø��)° �$ô ��ø���°½ú>úE÷ �� ¨¡ø � ° �@ô ��ø � °µú#ú/û
TheIndependenceLemmaimplies� � / � ¨�ø)ñ ý$9Xë � T ý$9�ë ú�< ì ý � ö  �ø)ñ ý � T ý ú ö �� ¨�ø��µñ ý � T ý ��ø��µñ ý ú>úE÷ �� ¨¡ø � ñ ý � T ý ú �
the secondequalitybeinga consequenceof the fact that T ý�� � ñ ý ö T ý . Sincethe RHS is a
function of ø)ñ�ý � Thý/ú , we have proved the Markov property(form (b)) for this two-dimensional
process.

Continuingwith theexotic optionof thepreviousLemma...Let êEý denotethevalueof thederivative
securityat time E . Since ø5ù8÷fòbú 4 ý ê�ý is amartingaleunder� � � , we haveêEý ö ùù3÷�ò �� / � êEý$9�ëZ< ì�ý5� � E ö 
 � ù � û�û/û � �íð�ù�û
At thefinal time,we have ê)� ö ���Xø)ñ?� � TW�!ú�û
Steppingbackonestep,wecancomputeê)� 4 ë ö ùù�÷(ò � � / � �v��øNñ?� � TW�©ú�< ìS� 4 ë;�ö ùù�÷(ò � �� � � ø��µñ � 4 ë � �½ñ � 4 ë �\T � 4 ë úX÷ �� � � ø � ñ � 4 ë � T � 4 ë ú��©û
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This leadsusto define �v� 4 ë�ø�° �$ô ú ôö ùù8÷fò � �� �v��ø��)° � ��°�� ô úE÷ �� �v��ø � ° �$ô ú��
sothat ê)� 4 ë ö ��� 4 ë!ø)ñ?� 4 ë � TW� 4 ë°ú�û
Thegeneralalgorithmis�bý©ø�° �@ô ú ö ùù?÷fò ¬ �� �bý$9�ë!ø��)° � �)°�� ô ú�÷ �� �bý$9�ëkø � ° �@ô ú ¯J�
andthe valueof the option at time E is �bý©øNñXý � TOý�ú . Sincethis is a simpleEuropeanoption, the
hedgingportfolio is givenby theusualformula,which in thiscaseisï�ý ö �bý$9Xë�ø��µñ�ý � ø��½ñXý7ú��RThý7ú§ðC�ký$9�ë!ø � ñXý � TOý�úø���ð � ú>ñ ý



Chapter 5

StoppingTimesand American Options

5.1 American Pricing

Let us first review the Europeanpricing formula in a Mark ov model. Considerthe Binomial
modelwith � periods.Let ê)� ö  ¡ø)ñ?�_ú bethepayoff of a derivative security. Defineby backward
recursion: ���Eø�°µú ö  �ø�°½ú�bý_ø�°µú ö ùù3÷�ò � �� �ký$9�ë!ø��)°µúE÷ �� �bý$9Xëkø � °½ú��9û
Then � ý ø)ñ ý ú is thevalueof theoptionat time E , andthehedgingportfolio is givenbyï ý ö � ý$9�ë ø��µñ ý ú8ðz� ý$9�ë ø � ñ ý úø���ð � ú>ñXý � E ö 
 � ù � X � û7û/û � �íð(ù�û
Now consideran Americanoption. Again a function   is specified. In any period E , the holder
of the derivative securitycan“exercise”andreceive payment �ø)ñ�ý/ú . Thus,the hedgingportfolio
shouldcreatea wealthprocesswhich satisfiesó ý��  �ø)ñ�ý/ú �;N E � almostsurely.

This is becausethevalueof thederivativesecurityat time E is at least ¡ø)ñXý/ú , andthewealthprocess
valueat thattime mustequalthevalueof thederivativesecurity.

American algorithm.

���Eø�°µú ö  �ø�°½ú�bý_ø�°µú ö û�ý7þ Þ ùù3÷fò ø �� �bý$9Xëkø���°µú�÷ �� �bý$9�ë!ø � °µú>ú �  ¡ø�°µú �
Then �bý©ø)ñ�ý7ú is thevalueof theoptionat time E .
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Figure5.1: Stock priceandfinal valueof anAmericanput optionwith strikeprice5.

Example5.1 SeeFig. 5.1. ×�Ø3Ð æ Ò Ï¦Ð ¹�Ò9Ó Ð Ùo Ò5Õ Ð Ù� Òvcd Ð cn Ð Ùo Ò ö{Ð ¹ . Set � o Ú_�_Ý Ð]× Ú_�_Ý Ð Ú Ô ã\�©Ý e .
Then ��Ù Ú_��Ý Ð pDr>s3Þ æÔ�� Ùo a�` { Ùo a ç�� Ò Ú Ô ã\�7Ý e �Ð pDr>s Þ ¹ Ô Ò ` �Ð `ba æ `� Ù/Ú ¹ Ý Ð pDr>s Þ æ Ô � Ùo a ç|{ Ùo a æ � Ò Ú Ô ã ¹ Ý e �Ð pDr>sVã ¹�Ò w7äÐ wba `v`� Ø�Ú&æbÝ Ð pDr>s3Þ æÔ�� Ùo a Ú `ba æbÝJ{ Ùo a Ú wVa�` Ý�� Ò Ú Ô ãÑæbÝ e �Ð pDr>sVã ç a�w å Ò ç äÐ ç a w å
Let usnow constructthehedgingportfolio for this option. Begin with initial wealth

� Ø Ð ç a�w å . Compute

� Ø asfollows: `ba æ ` Ð � Ù�Ú × Ù�Ú ß ÝAÝÐ × Ù�Ú ß Ý � ØÉ{�ÚAç|{ Õ Ý#Ú � Ø�ã � Ø × Ø�ÝÐ � � Ø?{ Ôæ ÚAç a w å?ãÑæ � Ø>ÝÐ w � Ø {hç a � `?Ð�� � Ø8Ð ã `ba æ wwba `v` Ð � Ù�Ú × Ù�Ú à ÝAÝÐ × Ù�Ú à Ý � Ø|{�ÚAç|{ Õ Ý>Ú � Ø�ã � Ø × Ø�ÝÐ ¹ � Ø?{ Ôæ ÚAç a w å?ãÑæ � Ø>ÝÐ ã w � Ø?{hç a � `?Ð�� � Ø Ð ã `ba æ w
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Using

� Ø�Ð ã `Va æ w resultsin� Ù Ú ß Ý Ðz��Ù Ú ×½Ù Ú ß Ý�Ý Ðz`ba æ ` Ò � Ù Ú à Ý Ðx��Ù Ú ×½Ù Ú à ÝAÝ ÐxwVa�`�`
Now let uscompute

� Ù (Recallthat × Ù�Ú à Ý Ð ¹ ):ç Ð � o Ú&æbÝÐ × o Ú à3ß Ý � Ù�Ú à Ý�{�Ú�ç|{ Õ Ý>Ú � Ù/Ú à ÝEã � Ù�Ú à Ý × Ù7Ú à Ý�ÝÐ æ � Ù�Ú à Ý~{ Ôæ Ú w ã ¹ � Ù�Ú à Ý�ÝÐ ç a�Ô � Ù Ú à Ý){ wVa � Ô3Ð�� � Ù Ú à Ý Ð ãZç a � wæ Ð � o ÚAç�ÝÐ × o Ú à8à Ý � Ù Ú à Ý){�Ú�ç�{ Õ Ý#Ú � Ù Ú à ÝEã � Ù Ú à Ý ×½Ù Ú à ÝAÝÐ � Ù�Ú à Ý�{ Ôæ Ú w ã ¹ � Ù�Ú à ÝAÝÐ ãZç a Ô � Ù Ú à Ý�{ wVa � Ô�Ð�� � Ù Ú à Ý Ð ã `Va ç�å
We getdifferentanswersfor

� Ù�Ú à Ý ! If wehad
� Ù�Ú à Ý Ð ¹ , thevalueof theEuropeanput,wewouldhaveç Ð ç a�Ô � Ù Ú à Ý){ ¹ a Ô�Ð�� � Ù Ú à Ý Ð ãZç Òæ Ð ãZç a�Ô � Ù�Ú à Ý~{ ¹ a�Ô?Ð�� � Ù�Ú à Ý Ð ãZç Ò

5.2 Valueof Portf olio Hedgingan American Optionó ý$9Xë ö ï�ýbñXý@9�ë¡÷­ø5ù?÷�òkú�ø ó ýZð�� ýZð�ï�ýbñXý�úö ø5ù3÷�òbú ó ý?÷�ï�ý�ø)ñXý$9Xë3ðfø°ù3÷�òbú>ñXý7ú�ð+ø5ù8÷fòbú��Sý
Here, � ý is theamount“consumed”at time E .Î Thediscountedvalueof theportfolio is asupermartingale.Î Thevaluesatisfies

ó ý��  �ø)ñ�ý/ú � E ö 
 � ù � û�û/û � � .Î Thevalueprocessis thesmallestprocesswith theseproperties.

Whendoyouconsume?If� � /Ñø#ø5ù3÷�òbú 4?8 ý$9�ëA: �bý$9�ëkø)ñXý$9Xë�úv< ì�ý$���¯ø5ù?÷�òkú 4 ý �bý©øNñXý7ú �
or, equivalently, � � /Ñø ùù?÷�ò � ý$9�ë ø)ñ ý$9Xë úv< ì ý ���Q� ý ø)ñ ý ú
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andtheholderof theAmericanoptiondoesnot exercise,thenthesellerof theoptioncanconsume
to closethe gap. By doing this, hecanensurethat

ó ý ö � ý ø)ñ ý ú for all E , where � ý is the value
definedby theAmericanalgorithmin Section5.1.

In thepreviousexample,��ëkøNñ�ë�øÿéSú>ú ö � � �7�bø)ñ|�bøüéSèÈú>ú ö ù and �7�kø)ñÉ��øüéZéSú>ú ö � . Therefore,�� / � ùù8÷fò �7�bø)ñ|�/ú�< ì�ë;�°øüéSú ö � ! ² ë� û&ù8÷ ë� û��V¶ö � ! ¬ !X ¯ö X �� ë ø)ñ ë øüéSú>ú ö � �
so thereis a gapof size1. If the ownerof theoption doesnot exerciseit at time onein the stateþZë ö é , thenthesellercanconsume1 at time1. Thereafter, heusestheusualhedgingportfolioï�ý ö �ký$9�ë!ø��½ñXý7ú�ðx�ký$9�ëkø � ñXý7úø���ð � ú>ñ�ý
In theexample,wehave ��ëkø)ñ�ë7øüéSú>ú ö  ¡ø)ñ�ë/øüéSú>ú . It is optimalfor theownerof theAmericanoption
to exercisewhenever its value � ý ø)ñ ý ú agreeswith its intrinsicvalue  �øNñ ý ú .
Definition 5.1(StoppingTime) Let ø�� � ì �2¤ ú bea probabilityspaceandlet 3�ì�ý=6 � ý & î bea filtra-
tion. A stoppingtime is a randomvariable"BeV�K¢m3,
 � ù � X � û/û/û � �É6
#]3,©m6 with thepropertythat:3�þçP	�£U$"Xø	þ3ú ö E)6DPBì�ý �!N E ö 
 � ù � û7û/û � � � ©+û
Example5.2 Considerthebinomialmodelwith öBÐ ¹�Ò × Ø Ð æ Ò Ï�Ð ¹�Ò5Ó Ð Ùo Ò5Õ Ð Ù� , so cd Ð cn Ð Ùo . Let� Ø Ò � Ù Ò � o bethevaluefunctionsdefinedfor theAmericanputwith strikeprice5. Define% ÚÜÛ¡Ý Ð]p'&)(Jã>�~�;�$u Ú ×hu Ý Ð Ú Ô ã ×hu Ý e ä,a
Thestoppingtime % correspondsto “stoppingthe first time the valueof the optionagreeswith its intrinsic
value”. It is anoptimalexercisetime. We notethat% ÚÜÛ¡Ý Ð Þ ç if Û�* ß�å¹ if Û�* ß�à
We verify that % is indeedastoppingtime:ã Û � % ÚÜÛXÝ Ðz`=ä Ð è * Ï Øã Û � % ÚÜÛXÝ Ð ç ä Ð ß å * Ï Ùã Û � % ÚÜÛXÝ Ð ¹ ä Ð ß à * Ï£o
Example5.3(A random time which is not a stopping time) In thesamebinomialmodelasin theprevious
example,define + ÚâÛ�Ý ÐWp�&)(Vã>�~�9× u�ÚâÛ¡Ý Ð-, o ÚâÛ¡Ý ä Ò
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where , o âÐ�p�&)( ØYt/.>t o × . . In otherwords,
+

stopswhenthe stockpricereachesits minimumvalue. This
randomvariableis givenby + ÚÜÛ8Ý Ð102 3 ` if Û�* ß à Òç if Û Ð�à3ß Ò¹ if Û Ð�à8à
We verify that

+
is not a stoppingtime:ã Û � + ÚÜÛ¡Ý Ðx`7ä Ð ß à y* Ï Øã Û � + ÚÜÛ¡Ý Ð ç ä Ð ã�à3ß
äÃy* Ï Ùã Û � + ÚÜÛ¡Ý Ð ¹ ä Ð ã�à8à�ä * Ï£o

5.3 Information up to a StoppingTime

Definition 5.2 Let " beastoppingtime. Wesaythataset � Ám� is determinedby time " provided
that �xÝ]3/þ¦U�"�øaþ§ú ö E)6^PBì ý �;N EEû
Thecollectionof setsdeterminedby " is a Í -algebra,whichwe denoteby ì�4 .
Example5.4 In thebinomialmodelconsideredearlier, let% ÐWp�&)(Vã>�~�;� u�Ú × ukÝ Ð Ú Ô ã × ukÝ e ä Ò
i.e., % ÚÜÛ¡Ý Ð Þ ç if Û�* ß å¹ if Û�* ß à
Theset ã/ß�à�ä is determinedby time % , but theset ã�à3ß
ä is not. Indeed,ã�ß�à�ä î ã Û � % ÚâÛ¡Ý Ðx`7ä Ð è * Ï Øã�ß�à�ä î ã Û � % ÚâÛ¡Ý Ð ç ä Ð è * Ï Ùã�ß�à�ä î ã Û � % ÚâÛ¡Ý Ð ¹ ä Ð ã�ß�à�ä * ÏÎo
but ã�à3ßðä î ã Û � % ÚÜÛ¡Ý Ð ç ä3ÐBã�à3ß
ä£y* Ï Ù a
Theatomsof

Ï�5
are ã�ß�à�ä Ò ã/ß�ß
ä Ò ß å ÐBã�à3ß Ò à8à�ä,a

Notation 5.1(Valueof StochasticProcessat a StoppingTime) If ø�� � ì �Y¤ ú isaprobabilityspace,37ì�ý76 � ý & î is a filtration underì , 3 ó ý76 � ý & î is a stochasticprocessadaptedto thisfiltration, and " is
a stoppingtime with respectto thesamefiltration, then

ó 4 is an ì 4 -measurablerandomvariable
whosevalueat þ is givenby

ó 4�ø	þ<ú�ôö ó 4 8 þ : ø	þ<ú/û
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Theorem 3.17(Optional Sampling) Supposethat 3�ò�ý � ìxýb676ý & î (or 3�òEý � ìxý=6 � ý & î ) is a submartin-
gale. Let " and 8 beboundedstoppingtimes,i.e., there is a nonrandomnumber� such that" � � � 8 � � � almostsurely.

If " � 8 almostsurely, then ò94 � � /Bø�ò;:V< ì<4bú/û
Takingexpectations,weobtain � / ò 4 � � / ò : , andin particular, ò î ö � / ò î � � / ò : . If 3�ò ý � ì ý 6/6ý & î
is a supermartingale, then " � 8 implies ò=4>�Q� /Bø�ò�:V< ì�4�ú .
If 3�ò�ý � ì�ý76 6ý & î is a martingale,then " � 8 implies ò94 ö � /Bø�ò�:,< ì�4�ú .
Example5.5 In theexample5.4consideredearlier, wedefine

+ ÚÜÛ¡Ý Ð ¹ for all Û�* é . Undertherisk-neutral
probabilitymeasure,thediscountedstockpriceprocessÚ Õ� Ý ihu × u is a martingale.We computeÐÑ º@? 0 æ Ô 1 o × o ®®®® Ï�5�A a
Theatomsof

Ï�5
are ã/ß�ß
ä Ò ã/ß�à�ä Ò and

ß å
. Therefore,ÐÑ º ? 0 æ Ô 1 o × o ®®®® Ï�5 A Ú ß�ß Ý Ð 0 æ Ô 1 o × o Ú ß�ß Ý ÒÐÑ º ? 0 æ Ô 1 o × o ®®®® Ï 5 A Ú ß�à Ý Ð 0 æ Ô 1 o × o Ú ß�à Ý Ò

andfor ÛB* ß å , ÐÑ º ? 0 æ Ô 1 o × o ®®®® Ï�5 A ÚâÛ�Ý Ð Ùo 0 æ Ô 1 o × o Ú à3ß Ý){ Ùo 0 æ Ô 1 o × o Ú à8à ÝÐ Ùo � ¹ a�Ô å�{ Ùo �S`ba å/æÐ ç a å `
In every casewehave gotten(seeFig. 5.2)ÐÑ ºC? 0 æ Ô 1 o × o ®®®® Ï 5 A ÚÜÛ�Ý Ð 0 æ Ô 1 5�D ÛFE × 5�D ÛGE ÚÜÛ¡Ý a
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Figure5.2: Illustratingtheoptionalsamplingtheorem.
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Chapter 6

Propertiesof American Derivative
Securities

6.1 The properties

Definition 6.1 An Americanderivativesecurity is a sequenceof non-negative randomvariables3IH�ý76 � ý & î suchthateachH�ý is ì�ý -measurable.Theownerof anAmericanderivative securitycan
exerciseatany time E , andif hedoes,hereceivesthepaymentH�ý .
(a) Thevalue êEý of thesecurityat time E isêEý öÛû�ý7þ4 ø°ù3÷�òbú ý � � / � ø5ù3÷�òbú$4 4 H�4�< ì�ý$� �

wherethemaximumis over all stoppingtimes " satisfying"J�QE almostsurely.

(b) Thediscountedvalueprocess3¨ø5ù8÷fòbú 4 ý ê�ý=6 � ý & î is thesmallestsupermartingalewhichsatisfiesêEý��KH�ý �'N E � almostsurely.

(c) Any stoppingtime " whichsatisfies ê½î ö �� / � ø5ù8÷fòbú 4 4 H'4>�
is anoptimalexercisetime. In particular"BôöÛû ½´¾)3,E?U�êEý ö H�ý76
is anoptimalexercisetime.

(d) Thehedgingportfolio is givenbyï�ý©ø	þ3ë � û7û�û � þ�ý�ú ö ê ý$9�ë ø	þ ë � û�û7û � þ ý � èÈúXð�ê ý@9�ë ø	þ ë � û7û�û � þ ý � éSúñXý$9Xë�ø	þ3ë � û�û7û � þ�ý � èÈúXð�ñXý$9�ë!ø	þ3ë � û�û7û � þ�ý � éSú � E ö 
 � ù � û�û7û � �íð�ù�û
85



86

(e) Supposefor someE and þ , we have êEý©ø	þ3ú ö Hxý©øaþ§ú . Thentheownerof thederivativesecurity
shouldexerciseit. If hedoesnot, thenthesellerof thesecuritycanimmediatelyconsumeê ý øaþ§ú8ð ùù8÷fò � � / � ê ý$9�ë < ì ý �°øaþ§ú
andstill maintainthehedge.

6.2 Proofsof the Properties

Let 3LHxý76 � ý & î beasequenceof non-negativerandomvariablessuchthateachHxý is ì�ý -measurable.
Define éXý to bethesetof all stoppingtimes " satisfyingE � " � � almostsurely. Definealsoê ý�ôö ø°ù�÷(òbú ý û�ý7þ4/M - Ä �� / � ø5ù3÷�òbú$4 4 H 4 < ì ý �©û
Lemma 2.18 êEý��KH�ý for every E .
Proof: Take "¥PBéXý to betheconstantE .
Lemma 2.19 Theprocess3¨ø5ù?÷�òkú54 ý ê ý 6 � ý & î is a supermartingale.

Proof: Let "�N attainthemaximumin thedefinitionof êEý@9�ë , i.e.,ø5ù3÷�òbú 4?8 ý@9�ëA: ê�ý$9�ë ö �� /­²)ø5ù3÷�òbú 4 4/O H�4 O < ì�ý@9�ë2¶8û
Because"�N is alsoin éXý , wehave� � / � ø°ù�÷(òbú$4?8 ý$9�ëA: êEý$9Xë�< ì�ýZ� ö � � /·² �� / � ø5ù8÷�òbú$4 4 O H�4 O < ì�ý@9�ë;�'< ì�ýZ¶ö � � / � ø5ù8÷fòbú$4 4 O H 4 O < ì ý �� û�ý=þ4/M - Ä � � / � ø5ù8÷�òbú 4 4 H�4k< ì�ý5�ö ø5ù8÷(òkú 4 ý êEý�û
Lemma 2.20 If 3�ò�ý=6 � ý & î is anotherprocesssatisfyingò�ý<�KH�ý � E ö 
 � ù � û7û/û � � � a.s.,

and 3¨ø5ù8÷�òbú$4 ý òEýb6 � ý & î is a supermartingale, thenòEý<�fêEý � E ö 
 � ù � û�û7û � � � a.s.
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Proof: Theoptionalsamplingtheoremfor thesupermartingale3¨ø5ù3÷�òbú$4 ý òEýb6 � ý & î implies� � / � ø°ù3÷�òbú 4 4 ò94�< ì�ýZ� � ø5ù8÷(òkú 4 ý ò�ý �;N "
PBéXý�û
Therefore, êEý ö ø5ù8÷�òkú ý û�ý=þ4/M - Ä �� / � ø5ù8÷�òbú 4 4 H�4~< ì�ý$�� ø5ù8÷�òkú ý û�ý=þ4/M - Ä �� / � ø5ù8÷�òbú 4 4 ò94�< ì�ý>�� ø5ù8÷�òkú 4 ý ø5ù8÷(òkú ý ò�ýö ò�ý�û
Lemma 2.21 Define�Sý ö êEýZð ùù3÷(ò �� / � êEý$9Xë,< ìxýZ�ö ø5ù3÷�òbú ýGP ø5ù3÷�òbú 4 ý êEýZðW�� / � ø5ù8÷fòbú 4?8 ý$9�ëA: êEý$9�ëZ< ì�ýZ�RQ¦û
Since3¨ø5ù8÷(òkú 4 ý êEý76 � ý & î is a supermartingale, �Sý mustbenon-negativealmostsurely. Defineï�ý©øaþ3ë � û�û7û � þ8ý7ú ö êEý@9�ëkø	þ?ë � û7û7û � þ�ý � èÈúXð�êEý$9�ëkø	þ3ë � û�û7û � þ�ý � éSúñXý$9�ë!ø	þ?ë � û7û7û � þ�ý � èÈúXð�ñ�ý@9�ë!øaþ3ë � û7û�û � þ8ý � é ú û
Set

ó î ö ê î anddefinerecursivelyó ý$9�ë ö ï�ý�ñXý@9�ë8÷­ø5ù3÷�òbú7ø ó ý�ðS�SýZð�ï�ý7ñXý�ú/û
Then

ó ý ö êEý N EEû
Proof: We proceedby induction on E . The induction hypothesisis that

ó ý ö êEý for someE\P]37
 � ù � û/û7û � �íð�ù76 , i.e., for eachfixed ø	þ?ë � û7û7û � þ�ý/ú we haveó ý ø	þ ë � û7û7û � þ ý ú ö ê ý ø	þ ë � û7û7û � þ ý ú�û
We needto show that ó ý$9Xë øaþ ë � û7û�û � þ ý � èÈú ö ê ý@9�ë ø	þ ë � û7û7û � þ ý � èÈú �ó ý$9�ëkø	þ3ë � û�û7û � þ�ý � éSú ö êEý@9�ë7ø	þ3ë � û7û7û � þ�ý � éSú/û
We prove thefirst equality;theproofof thesecondis similar. Notefirst thatê ý ø	þ ë � û7û�û � þ ý ú8ð�� ý øaþ ë � û�û7û � þ ý úö ùù8÷(ò � � / � êEý$9Xë,< ì�ý5�°ø	þ3ë � û�û7û � þ�ý/úö ùù8÷(ò ø �� ê ý$9�ë ø	þ ë � û�û7û � þ ý � èÈúµ÷ �� ê ý@9�ë ø	þ ë � û7û�û � þ ý � éSú>ú½û
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Since ø	þ3ë � û7û7û � þ�ý/ú will be fixed for the restof the proof, we will suppressthesesymbols. For
example,thelastequationcanbewrittensimplyasê�ý�ð��Sý ö ùù3÷�ò ø �� êEý@9�ëkø)èÈúE÷ �� êEý@9�ëkøüéSú#úµû
We compute ó ý$9�ëkø)èÈú ö ï�ýbñXý@9�ëkø)èÈúE÷­ø5ù3÷�òbú7ø ó ý�ð��Sý�ð�ï�ý7ñ�ýkúö êEý$9�ëkø)èÈú¡ð�êEý$9�ëkøüéSúñXý@9�ë�ø)èÈú¡ð�ñ�ý@9�ëkøüéSú øNñXý@9�ëkø)èÈú�ðfø5ù3÷�òbú>ñ�ý7ú÷�ø5ù3÷(òkú�ø)êEý�ð��Sý7úö ê�ý$9�ëkø)èÈú�ðOêEý@9�ëkøüé úø���ð � ú#ñXý ø��½ñXýZð+ø5ù8÷fòbú>ñXý/ú÷ �� êEý@9�ëkø)èÈúE÷ �� êEý$9XëkøÿéSúö ø)êEý@9�ëkø)èÈú�ð�êEý@9�ëkøüéSú#ú �� ÷ �� êEý@9�ë7ø)èÈú�÷ �� ê�ý$9�ëkøüéSúö ê�ý$9�ëkø)èÈú/û
6.3 CompoundEuropeanDerivative Securities

In orderto derive theoptimalstoppingtime for anAmericanderivativesecurity, it will beusefulto
studycompoundEuropeanderivativesecurities,which arealsointerestingin their own right.

A compoundEuropeanderivative securityconsistsof �Ñ÷²ù differentsimpleEuropeanderivative
securities(with the sameunderlyingstock)expiring at times 
 � ù � û7û/û � � ; the securitythatexpires
at time À haspayoff � " . Thusa compoundEuropeanderivativesecurityis specifiedby theprocess3I� " 6 �" & î , whereeach � " is ì " -measurable,i.e., the process3L� " 6 �" & î is adaptedto the filtration37ì�ý76 � ý & î .
Hedging a short position (onepayment). Hereis how we canhedgea shortpositionin the À ’ th
Europeanderivativesecurity. Thevalueof EuropeanderivativesecurityÀ at time E is givenbyê 8 " :ý ö ø°ù3÷�òbú ý � � / � ø5ù8÷fòbú 4 " � " < ì�ý$� � E ö 
 � û�û7û � À �
andthehedgingportfolio for thatsecurityis givenbyï 8 " :ý ø	þ3ë � û7û�û � þ�ý�ú ö ê 8 " :ý$9Xë øaþ3ë � û�û7û � þ8ý � èÈú�ð�ê 8 " :ý@9�ë ø	þ?ë � û7û�û � þ�ý � éSúñ 8 " :ý$9Xë øaþ3ë � û�û7û � þ8ý � èÈú�ð�ñ 8 " :ý$9�ë ø	þ3ë � û�û7û � þ�ý � éSú � E ö 
 � û7û7û � À�ð�ù�û
Thus,startingwith wealth ê 8 " :î , andusingthe portfolio ø)ï 8 " :î � û�û7û � ï 8 " :" 4 ë ú , we canensurethat at
time À wehave wealth � " .
Hedging a short position (all payments). Superposethe hedgesfor the individual payments.In
otherwords,startwith wealth ê½î öUT �" & î ê 8 " :î . At eachtime E
P]3,
 � ù � û�û/û � �íð�ù76 , first makethe
payment�Sý andthenusetheportfolioï�ý ö ï�ý 8 ý$9Xë;: ÷fï�ý 8 ý@9?�2: ÷+û7û7û�÷fï�ý 8 �7:
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correspondingto all futurepayments.At the final time � , aftermakingthefinal payment�+� , we
will have exactly zerowealth.

Supposeyou own a compoundEuropeanderivativesecurity3I� " 6 �" & î . Compute

ê î ö �V" & î ê 8 " :î ö �� /XWY �V" & î ø5ù8÷fòbú 4 " � "�Z[
andthehedgingportfolio is 3kï�ý=6 � 4 ëý & î . Youcanborrow ê½î andconsumeit immediately. This leaves
you with wealth \^]�_a`cb=] . In eachperiod d , receivethepaymentegf andthenusetheportfolio`ch f . At thefinal time � , afterreceiving thelastpaymenteci , yourwealthwill reachzero,i.e.,you
will no longerhave a debt.

6.4 Optimal Exerciseof American DerivativeSecurity

In thissectionwederivetheoptimalexercisetimefor theownerof anAmericanderivativesecurity.
Let jLk f/l i f$m=] be an Americanderivative security. Let n be the stoppingtime the ownerplansto
use.(Weassumethateachk f is non-negative,sowemayassumewithout lossof generalitythatthe
ownerstopsat expiration– time � – if notbefore).Usingthestoppingtime n , in periodo theowner
will receive thepayment eqpr_tsvu�w m pyx kzp7{
In otherwords,oncehechoosesa stoppingtime, theownerhaseffectively convertedtheAmerican
derivativesecurityinto a compoundEuropeanderivativesecurity, whosevalueis

b^| wI}] _ �s ~X�� i�p m=]F�y�F���/��� p e�p���_ �s ~ �� i�p m=] �y�F���/� � p svu�w m pyx k�p ��_ �s ~�� ���G�K�/� � w k wv� {
The ownerof the Americanderivative securitycanborrow this amountof money immediately, if
hechooses,andinvestin themarketsoasto exaclty payoff his debtasthepaymentsjIe�p l ip m=] are

received.Thus,his optimalbehavior is to useastoppingtime n whichmaximizesb<| wI}] .

Lemma 4.22 b�| wI}] is maximizedby thestoppingtimen���_t�<����j/d��$b f _ k f/l {
Proof: Recallthedefinitionb ]��_U�>�/�w/�/�I� � s ~�� �y�F�K�/� � w k w�� _t�>�/�w/�7�L� b | wI}]
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Let n�� beastoppingtimewhichmaximizesb | wI}] , i.e., b ] _Û�s ~ � �y�F���/� � wI¡ k w ¡)¢ { Becausej �y�
�K�/� � f b f/l i f�m=]is a supermartingale,wehave from theoptionalsamplingtheoremandtheinequality b f�£ k f , the
following: b ] £ � s ~ � ���
�K�/��� w ¡ b w ¡¥¤ ¦ ] ¢_ � s ~ � ���
�K�/� � wI¡ b w ¡ ¢£ � s ~ � ���
�K�/� � w ¡ k w ¡§¢_ b=]/{
Therefore, b ] _Û�s ~ � ���G���/��� w ¡ b w ¡¨¢ _Û�s ~ � �y�F���/��� w ¡ k w ¡)¢G©
and b w ¡ _ k w ¡ª© a.s.

We have justshown thatif n � attainsthemaximumin theformulab ] _t�>���w/�/�I� � s ~�� ���G���/� � w k wv� © (4.1)

then b w ¡ _ k w ¡ © a.s.

But wehave defined n � _t�<����j/d��$b f _ k f/l ©
andsowemusthave n ��« n �;« � almostsurely. Theoptionalsamplingtheoremimplies

���
�K�/� � w/¬ k w ¬ _ �y�F�K�/� � w/¬ b w ¬£ � s ~ � ���
�K�/� � wI¡ b w ¡¥¤ ¦ w ¬ ¢_ � s ~ � ���
�K�/� � w ¡ k w ¡ ¤ ¦ w ¬ ¢ {
Takingexpectationsonbothsides,weobtain� s ~­� ���
�K�/� � w ¬ k w ¬ ¢ £ �s ~®� ���
�K�/� � wI¡ k w ¡¨¢ _tb ] {
It follows that n � alsoattainsthemaximumin (4.1), andis thereforeanoptimalexercisetime for
theAmericanderivativesecurity.



Chapter 7

Jensen’s Inequality

7.1 Jensen’s Inequality for Conditional Expectations

Lemma 1.23 If ¯he°s ±�²�s ± is convex and s ~ ¤ ¯ � \ � ¤L³�´ , thens ~��§¯ � \ � ¤¶µ � £ ¯ � s ~��·\ ¤·µ � � {
For instance,if µ _@j/¸ ©�¹ l © ¯ �¥º9� _ º=» : s ~'\ » £ � s ~'\ � » {
Proof: Since ¯ is convex wecanexpressit asfollows(SeeFig. 7.1):¯ �¥º9� _ �>�/�¼¾½�¿À

is linear Á �¥º9� {
Now let Á ��º9� _UÂ º'�KÃ lie below ¯ . Then,s ~��§¯ � \ � ¤¶µ � £ s ~��§ÂÄ\ �KÃ ¤·µ �_ ÂÅs ~Æ�¶\ ¤¶µ � �KÃ_ Á � s ~Æ�¶\ ¤¶µ � �
This implies s ~��§¯ � \ � ¤·µ � £ �>�/�¼¾½�¿À is linear Á � s ~��·\ ¤·µ � �_ ¯ � s ~��·\ ¤·µ � � {

91



92

ϕ

Figure7.1: Expressinga convex functionasa maxoverlinear functions.

Theorem 1.24 If jIÇ f�l i f$m=] is a martingaleand ¸ is convex then j7¯ � Ç f � l i f$m=] is a submartingale.

Proof: s ~��§¯ � Ç f$ÈÊÉ � ¤ ¦ f � £ ¯ � s ~��·Ç f�ÈÊÉ ¤ ¦ f � �_ ¯ � Ç f � {
7.2 Optimal Exerciseof an American Call

This followsfrom Jensen’s inequality.

Corollary 2.25 Givena convex function Ë+er�¨Ì ©$´ � ²
s ± where Ë � Ì � _ÍÌ . For instance,Ë �¥º9� _�¥º `-Î � È is thepayoff functionfor anAmericancall. Assumethat � £ Ì . ConsidertheAmerican
derivativesecuritywith payoff Ë �¥Ï f � in period d . Thevalueof thissecurityis thesameasthevalue
of thesimpleEuropeanderivativesecuritywith final payoff Ë ��Ï i � , i.e.,� s ~�� �y�
�K�/� � i Ë �¥Ï i � � _t�^�/�w �s ~�� ���G���7� � w Ë ��Ï w � � ©
where theLHSis theEuropeanvalueandtheRHSis theAmericanvalue. In particular n>_�� is an
optimalexercisetime.

Proof: BecauseË is convex, for all ÐÒÑ��§Ì © � � wehave (seeFig. 7.2):Ë � Ð º9� _ Ë � Ð º��t��� `
Ð � {§Ì �« ÐÅË �¥º=�;�t�y� `
Ð � { Ë � Ì �_ ÐÅË �¥º=� {
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( x, g(x))λλ

( x, g( x))λ λ

(x,g(x))

x

Figure7.2: Proofof Cor. 2.25

Therefore, ËÔÓ ������ Ï f�ÈÕÉ�Ö « ��
�K� Ë ��Ï f$ÈÊÉ �and �s ~ � ���
�K�/��� | f$ÈÊÉ } Ë ��Ï f$ÈÊÉ � ¤ ¦ f ¢ _ ���G���/��� f �s ~®× ��
�K� Ë ��Ï f$ÈÊÉ � ¤ ¦ f�Ø£ ���G���/� � f �s ~ × ËÔÓ ��F��� Ï f$ÈÊÉ Ö ¤ ¦ f Ø£ ���G���/� � f ËJÓV� s ~ × ��F��� Ï f$ÈÊÉ ¤ ¦ f Ø Ö_ ���G���/� � f Ë �¥Ï f � ©
So j ���G�K�7� � f Ë �¥Ï f � l i f$m=] is a submartingale.Let n bea stoppingtime satisfying Ì « n « � . The
optionalsamplingtheoremimplies�y�F���/��� w Ë �¥Ï w � « � s ~�� ���G���/��� i Ë �¥Ï i � ¤ ¦ wv� {
Takingexpectations,weobtain� s ~�� �����K�7�¾� w Ë �¥Ï w � � « � s ~CÙ2� s ~�� ���G���/��� i Ë �¥Ï i � ¤ ¦ wv�ªÚ_ � s ~�� ���G���/��� i Ë �¥Ï i � � {
Therefore,thevalueof theAmericanderivativesecurityis�>�/�w � s ~�� ���G���/� � w Ë �¥Ï w � � « �s ~ � ���
�K�/� � i Ë �¥Ï i � � ©
andthis lastexpressionis thevalueof theEuropeanderivativesecurity. Of course,theLHS cannot
bestrictly lessthanthe RHSabove, sincestoppingat time Û is alwaysallowed,andwe conclude
that �>�/�w � s ~�� ���G���/� � w Ë �¥Ï w � � _Û�s ~ � ���
�K�/� � i Ë �¥Ï i � � {
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Figure7.3: A threeperiodbinomialmodel.

7.3 StoppedMartingales

Let jLÇ f/l i f$m=] be a stochasticprocessandlet n be a stoppingtime. We denoteby jIÇ f�Ü w l i f�m=] the
stoppedprocess Ç f�Ü w |¨Ý } � Ý � © d>_UÌ © � © {I{v{ © ÛÞ{
Example7.1(StoppedProcess)Figure7.3showsour familiar 3-periodbinomialexample.

Define ß�à)áGâ;ã ä­å
if

áFæÞãSçGèé
if

áFæÞã
ê>ë
Then ì�í�î/ï�ð áFñ àòáFâ�ã1óôôõ ôôö

ì í àªê>ê>âÕã å�÷
if

áÔã-ê^ê>èì í àªê<ç
âÕãSø
if

áÔã-ê�çFèì æ¾àùç
âÕã é
if

áÔã�ç
ê^èì æ¾àùç
âÕã é
if

áÔã�çGçGë
Theorem 3.26 A stoppedmartingale(or submartingale,or supermartingale)is still a martingale
(or submartingale,or supermartingale respectively).

Proof: Let jIÇ fÄl i f�m=ú bea martingale,and n bea stoppingtime. Choosesomeû�Ñ�j7Ì © � © {v{L{ © Û l .Theset j7n « û l is in ¦ f , sotheset j7n £ û �t� lgü j7n « û l7ý is alsoin ¦ f . Wecomputes ~ � Ç | f�ÈÕÉ } Ü w ¤ ¦ f ¢ ü s ~ � svu�w/þ f x Ç w � svu�w/ÿ f$ÈÊÉ x Ç f�ÈÊÉ ¤ ¦ f ¢ü s u�w/þ f x Ç w � s u�w/ÿ f�ÈÕÉ x s ~��·Ç�f$ÈÊÉ ¤ ¦ f �ü s u�w/þ f x Ç w � s u�w/ÿ f�ÈÕÉ x Ç fü Ç f$Ü w {



CHAPTER7. Jensen’sInequality 95



96



Chapter 8

RandomWalks

8.1 First PassageTime

Tossa coin infinitely many times. Then the samplespace¹ is the setof all infinite sequencesÝ ü � Ý É © Ý » © {I{L{ � of � and � . Assumethetossesareindependent,andoneachtoss,theprobability
of � is É» , asis theprobabilityof � . DefineÇ�p � Ý � ü � � if Ý p ü � ©� � if Ý p ü � ©� ú ü Ì ©� f ü f�p mÊÉ Ç�p © û ü � ©���© {L{I{
Theprocessj � f�l�� f�m9ú is a symmetricrandomwalk (seeFig. 8.1)Its analoguein continuoustime is
Brownianmotion.

Define n ü �<����j7û £ Ì � � fcü � l {
If
� f never getsto 1 (e.g., Ý ü � �	�
�	�B{L{I{ � ), then n ü ´ . Therandomvariable n is calledthe

first passagetimeto 1. It is thefirst time thenumberof headsexceedsby onethenumberof tails.

8.2 � is almost surely finite

It is shown in a Homework Problemthat j � f/l �f�m=ú and j�� fLl �f�m=ú where� f ü 
 ��� ��� � f � û������������ � � � �� � �ü � � � f Ó �� � � � � � Ö f
97
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Figure8.1: Therandomwalkprocess
� f
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e + eθ −θ

Figure8.2: Illustratingtwo functionsof

�
aremartingales.(Take

� f>ü � Ï f in part (i) of theHomework Problemandtake

� ü �	! in part
(v).) Since� úcü � andastoppedmartingaleis a martingale,wehave

� ü s ~"� f�Ü w ü s ~$# � � � f�Ü w Ó �� � � � � � Ö f�Ü w&% (2.1)

for every fixed

� Ñ�s ± (SeeFig. 8.2 for anillustrationof thevariousfunctionsinvolved). We want
to let û�² ´ in (2.1),but wehave to worry a bit thatfor somesequencesÝ Ñ ¹ , n � Ý � ü ´ .

We considerfixed

� ' Ì , so Ó �� � � � � � Ö ³ � {
As û�² ´ , Ó �� � � � � � Ö f�Ü w ² � Ù »(*) È (,+�) Ú w if n ³�´ ©Ì if n ü ´
Furthermore,

� f$Ü w « � , becausewestopthismartingalewhenit reaches1, soÌ « � � � f�Ü w « � �
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and Ì « � � � f�Ü w Ó �� � � � � � Ö f$Ü w « � � {In addition, �)���f ² � � � � f$Ü w Ó �� � � � � � Ö f�Ü w ü � ��� Ù »( ) È ( +-) Ú w if n ³�´ ©Ì if n ü ´ {
RecallEquation(2.1): s ~$# � �*.0/2143 Ó �� � � � � � Ö f�Ü w % ü �
Letting û�² ´ , andusingtheBoundedConvergenceTheorem,we obtains ~ × � � Ó �� � � � � � Ö w s u�w65 � x Ø�ü � { (2.2)

For all

� Ñ � Ì © � � , we have Ì « � � Ó �� � � � � � Ö w s uyw65 � x « � ©sowecanlet

�87 Ì in (2.2),usingtheBoundedConvergenceTheoremagain,to concludes ~ � s j7n ³�´ l ¢ ü � ©
i.e., s 9'j7n ³�´ l�ü � {
We know therearepathsof thesymmetricrandomwalk j � f/l �f�m=ú which never reachlevel 1. We
have just shown that thesepathscollectivelyhave no probability. (In our infinite samplespace¹ ,
eachpathindividually haszeroprobability). We thereforedo not needthe indicator s j7n ³�´ l in

(2.2),andwerewrite thatequationass ~ × Ó �� � � � � � Ö w Ø ü � � � { (2.3)

8.3 The momentgeneratingfunction for �
Let :
Ñ � Ì © �I� begiven.We wantto find

� ' Ì sothat: ü Ó �� � � � � � ÖÒ{
Solution: : � � � : � � � � � ü Ì: � � � � � » � � � � � � : ü Ì
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� � � ü ��;=< � � : »: {
We want

� ' Ì , sowemusthave � � � ³ � . Now Ì ³ : ³ � , soÌ ³ ��� � : � » ³ ��� � : � ³ � � : » ©� � : ³?> � � : » ©� � > � � : » ³ : ©� � < � � : »: ³ �
We takethenegativesquareroot: � � � ü � � < � � : »: {
RecallEquation(2.3): s ~ × Ó �� � � � � � Ö w Ø ü � � � © � ' Ì {
With :
Ñ � Ì © �I� and

� ' Ì relatedby� � � ü � � < � � : »: ©: ü Ó �� � � � � � Ö ©
thisbecomes s ~ : w ü � � < � � : »: © Ì ³ : ³ � { (3.1)

We havecomputedthemomentgeneratingfunctionfor thefirst passagetime to 1.

8.4 Expectationof �
Recallthat s ~ : w ü � � < � � : »: © Ì ³ : ³ � ©
so @@ : s ~": w ü s ~ � n�: w � É �ü @@ : � � � < � � : »: �ü � � < � � : »: » < � � : » {
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UsingtheMonotoneConvergenceTheorem,wecanlet :BA � in theequations ~ � n�: w � É � ü � � < � � : »: » < � � : » ©
to obtain s ~�n ü ´ {
Thusin summary: n �ü �<����j7û�� � f ü � l ©s 9'j7n ³�´ l�ü � ©s ~�n ü ´ {
8.5 The StrongMark ov Property

Therandomwalk processj � f�l �f�m9ú is aMarkov process,i.e.,s ~�� randomvariabledependingonly on
� f�ÈÊÉ © � f�È » © {L{I{ ¤�¦ f �ü s ~�� samerandomvariable ¤ � f � {

In discretetime,this Markov propertyimpliestheStrongMarkovproperty:s ~�� randomvariabledependingonly on
� w ÈÊÉ © � w È » © {I{I{ ¤ ¦ wI�ü s ~�� samerandomvariable ¤ � wv� {

for any almostsurelyfinite stoppingtime n .
8.6 GeneralFirst PassageTimes

Define n�C �ü �<��� j7û £ Ì�� � fcü?D l © D ü � ©E� © {I{v{
Then n » � nLÉ is thenumberof periodsbetweenthefirst arrival at level 1 andthefirst arrival at level
2. Thedistributionof n » � n É is thesameasthedistributionof n É (seeFig. 8.3),i.e.,s ~ : wGF � wIH ü � � < � � : »: © :-Ñ � Ì © �L� {
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Figure8.3: General first passagetimes.

For :-Ñ � Ì © �L� , s ~��J: wGF ¤ ¦ wIH � ü s ~LKM: wIH : w*F � w2H ¤ ¦ w2HONü : wIH s ~��J: w*F � w2H ¤ ¦ w2H �
(takingout whatis known)ü : wIH s ~��J: w*F � w2H ¤ � w2H �
(strongMarkov property)ü : wIH s ~��J: w*F � w2H �� � wIH ü � © not random �ü : wIH � � � < � � : »: � {

Takeexpectationsof bothsidesto gets ~ : w*F ü s ~": wIH {P� � � < � � : »: �ü � � � < � � : »: � »
In general, s ~ : w,Q ü � � � < � � : »: � C © :
Ñ � Ì © �I� {
8.7 Example: Perpetual American Put

Considerthebinomialmodel,with R ü ��© @ ü É» © � ü ÉS , andpayoff function �UT � Ï f � È . Therisk
neutralprobabilitiesare VW ü É» , VX ü É» , andthusÏ f ü Ï ú R � f ©
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where
� f is a symmetricrandomwalk underthe risk-neutralmeasure,denotedby � s 9 . SupposeÏ ú üZY . Herearesomepossibleexerciserules:

Rule 0: Stopimmediately. n úgü Ì ©�[ | w ��} ü � .
Rule 1: Stopassoonasstockpricefalls to 2, i.e.,at timen � Ég�ü �<����j7û�� � fcü � � l {
Rule 2: Stopassoonasstockpricefalls to 1, i.e.,at timen � » �ü �<����j7û�� � fcü � � l {
Becausethe randomwalk is symmetricunder � s 9 , n � C hasthe samedistribution under � s 9 asthe
stoppingtime n�C in theprevioussection.This observationleadsto thefollowing computationsof
value.Valueof Rule 1: [ | w + H } ü � s ~ K ���
�K�/� � w + H �UT � Ï w + H � È Nü �UT � � � È s ~ � � S \ � w + H ¢ü ] { � �_^ � � � S \ � »S \ü ]� {
Valueof Rule 2: [ | w + F�} ü �UT � �I� È �s ~­� � S \ � w + F ¢ü Y { � É» � »ü � {
This suggeststhat theoptimalrule is Rule1, i.e., stop(exercisetheput) assoonasthestockprice
falls to 2, andthevalueof theput is ` » if Ï úgüZY .
Supposeinsteadwe startwith Ï ú>üba , andstopthe first time the price falls to 2. This requires2
down steps,sothevalueof this rule with this initial stockpriceis

�UT � � � È �s ~ � � S \ � w + F ¢ ü?] { � É» � » ü ]Y {
In general,if Ï úcü � p for someo £ � , andwestopwhenthestockpricefalls to 2, theno � � down
stepswill berequiredandthevalueof theoptionis

�UT � � � È � s ~­� � S \ � w +dc e,+ HMf ¢ üg] { � É» � p � É {We define h � � p � �ü?] { � É» � p � É © o ü � ©���© ] © {I{v{
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If Ï úKü � p for some o « � , then the initial price is at or below 2. In this case,we exercise
immediately, andthevalueof theput ish � � p � �ü T � � p © o ü � © Ì © � � © � ��© {v{v{
Proposedexerciserule: Exercisetheput whenever thestockprice is at or below 2. Thevalueof
this rule is givenby

h � � p � aswe just definedit. Sincethe put is perpetual,the initial time is no
differentfrom any othertime. This leadsusto makethefollowing:

Conjecture 1 Thevalueof theperpetualputat time û is
h �¥Ï f � .

How dowe recognizethevalueof anAmericanderivativesecuritywhenweseeit?

Therearethreepartsto theproofof theconjecture.Wemustshow:

(a)
h �¥Ï f � £ �UT � Ï f � Èji û ©

(b) k � S \ � f h �¥Ï f �ml �f�m=ú is asupermartingale,

(c) j h �¥Ï f � l��f$m=ú is thesmallestprocesswith properties(a)and(b).

Note: To simplify matters,weshallonly considerinitial stockpricesof theform Ï ú ü � p , so Ï f is
alwaysof theform � p , with a possiblydifferento .
Proof: (a). Justcheckthat h � � p � �ü?] { � É» � p � É £ �UT � � p � È for o £ � ©h � � p � �ü T � � p £ �UT � � p � È for o « � {
This is straightforward.

Proof: (b). We mustshow thath �¥Ï f � £ �s ~ � S \ h ��Ï f$ÈÊÉ � ¤ ¦ f ¢ü S \ { É» h � � Ï f �Õ� S \ { É» h � É» Ï f � {By assumption,Ï fgü � p for someo . We mustshow thath � � p � £ »\ h � � p ÈÊÉ �;� »\ h � � p � É � {
If o £ � , then

h � � p � üg] { � É» � p � É and»\ h � � p ÈÊÉ �;� »\ h � � p � É �ü »\ { ] { � É» � p � »\ { ] { � É» � p � »ü ] { × » \ { �Y � »\ Ø � É» � p � »ü ] { É» { � É» � p � »ü h � � p � {
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If o ü � , then
h � � p � ü h � � � ü?] and

»\ h � � p ÈÊÉ �Õ� »\ h � � p � É �ü »\ h � Y �;� » \ h ���L�ü »\ { ] { É» � »\ { Yü ]on T�� a�n Tü � É\ ³ h � � � üg]
Thereis a gapof size

S \
.

If o « Ì , then
h � � p � ü T � � p and

»\ h � � p ÈÕÉ �Ê� »\ h � � p � É �ü »\ �UT � � p ÈÊÉ �Õ� »\ �UT � � p � É �ü Y � »\ � Y �t�L� � p � Éü Y � � p ³ h � � p � ü T � � p {
Thereis a gapof size1. Thisconcludestheproofof (b).

Proof: (c). SupposejIÇ f/l i f�m=ú is someotherprocesssatisfying:

(a’) Ç�f £ �UT � Ï f � È i û ©
(b’) j � S \ � f Ç fÄl��f�m=ú is a supermartingale.

We mustshow that Ç f'£ h ��Ï f � i û�{ (7.1)

Actually, sincetheput is perpetual,every time û is like everyothertime,soit will suffice to showÇ ú�£ h �¥Ï ú � © (7.2)

providedwelet Ï ú in (7.2)beany numberof theform � p . With appropriate(but messy)conditioning
on ¦ f , theproofwegiveof (7.2)canbemodifiedto prove (7.1).

For o « � , h � � p � ü T � � p ü �UT � � p � È ©
soif Ï úqü � p for someo « � , then(a’) impliesÇ9ú £ �pT � � p � È ü h �¥Ï ú � {
Supposenow that Ï ú ü � p for someo £ � , i.e., Ï ú�£_Y . Letn ü �<����j7û�� Ï fcü � lü �<����j7û�� � fcü o � � l {
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Then h �¥Ï ú � ü h � � p � üg] { � É» � p � Éü s ~ � � S \ � w �UT � Ï w � È ¢ {
Becausej � S \ � f Ç;f l��f�m=ú is asupermartingaleÇ ú'£ s ~­� � S \ � w Ç w ¢ £ s ~®� � S \ � w �UT � Ï w � È ¢ ü h �¥Ï ú � {
Comment on the proof of (c): If the candidatevalueprocessis the actualvalueof a particular
exerciserule,then(c) will beautomaticallysatisfied.In thiscase,we constructed

h
sothat

h �¥Ï f � isthevalueof theputat time û if thestockpriceat time û is Ï f andif weexercisetheput thefirst time
( û , or later) that thestock price is 2 or less.In sucha situation,we needonly verify properties(a)
and(b).

8.8 Differ enceEquation

If we imaginestockpriceswhichcanfall atany point in � Ì ©$´ � , not justatpointsof theform � p for
integerso , thenwe canimaginethe function

h �¥º=� , definedfor all º ' Ì , which givesthevalueof
theperpetualAmericanputwhenthestockpriceis º . This functionshouldsatisfytheconditions:

(a)
h �¥º=� £ � Î � º=� È © i º ,

(b)
h �¥º9� £ ÉÉRÈrq �,VW h � R º9��� VX h � @ º=� � © i º ©

(c) At eachº , either(a)or (b) holdswith equality.

In theexampleweworkedout,wehave

For o £ � e h � � p � üg] { � É» � p � É üts� p �
For o « � e h � � p � ü T � � p {

Thissuggeststheformula h �¥º9� ü �vuw © º £=] ©T � º © Ì ³ º « ] {
We thenhave (seeFig. 8.4):

(a)
h �¥º=� £ �pT � º9� È � i º ©

(b)
h �¥º9� £ S \ � É» h � � º=��� É» h � w » � ¢ for every º exceptfor �<³ º ³ Y .
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5

5
v(x)

x

(3,2)

Figure8.4: Graphof
h ��º9� .

Checkof condition(c):x If Ì ³ º « ] , then(a)holdswith equality.x If º £ s , then(b) holdswith equality:S \ × É» h � � º=�;� É» h � º � � Ø ü S \ × É» s� º � É» � �º Ø üysº {x If ] ³ º ³ Y or Y ³ º ³ s , thenboth (a) and(b) arestrict. This is an artifact of the
discretenessof thebinomialmodel. This artifactwill disappearin thecontinuousmodel,in
whichananalogueof (a)or (b) holdswith equalityatevery point.

8.9 Distrib ution of First PassageTimes

Let j � f/l��f�m=ú beasymetricrandomwalk underaprobabilitymeasures 9 , with
� úcü Ì . Definingn ü �<����j7û £ Ì � � fcü � l ©

werecall that s ~ : w ü � � < � � : »: © Ì ³ : ³ � {
We will usethis momentgeneratingfunction to obtainthe distribution of n . We first obtainthe
Taylorseriesexpasionof s ~ : w asfollows:
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z �¥º=� ü � � < � � º © z � Ì � ü Ìz � �¥º9� ü É» ��� � º9� � É» © z � � Ì � ü É»z �·� �¥º9� ü �Y ��� � º9� � ` » © z �·� � Ì � ü �Yz � �·� �¥º9� ü ] a ��� � º9� �|{F © z �·�·� � Ì � ü ]a{L{I{z | p } �¥º9� ü �~} ] } {L{I{ }-� � o � ] �� p ��� � º9� � c F e,+ HMfF ©z | p } � Ì � ü �~} ] } {L{I{ }-� � o � ] �� pü �~} ] } {L{I{ }-� � o � ] �� p { � } Y } {L{I{ }K� � o � � �� p � É � o � �I�&�ü Ù É» Ú » p � É � � o � � �&�� o � �I�m�
TheTaylorseriesexpansionof

z �¥º9� is givenbyz ��º9� ü � � < � � ºü ��p m=ú �o � z | p } � Ì ��º pü ��p mÊÉ Ù É» Ú » p � É � � o � � �m�o � � o � �I�&� º pü º � � ��p m » Ù É» Ú » p � É �� o � �L� � � o � �o � º p {
Sowe have s ~ : w ü � � < � � : »:ü �: z � : » �ü : � � ��p m » Ó : � Ö » p � É �� o � �I� � � o � �o � {
But also, s ~ : w ü ��p mÕÉ : » p � É s 9'j/n ü � o � � l {
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Figure8.5: Reflectionprinciple.

Figure8.6: Examplewith o ü � .
Therefore, s 9'j7n ü � l ü É» ©s 9'j7n ü � o � � l ü Ó �� Ö » p � É �� o � �I� � � o � �o � © o ü ��© ] © {L{v{
8.10 The ReflectionPrinciple

To counthow many pathsreachlevel 1 by time � o � � , countall thosefor which
� » p � É�ü � and

doublecountall thosefor which
� » p � Ég£�] . (SeeFigures8.5,8.6.)
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In otherwords,s 9'j7n « � o � � l ü s 9'j � » p � Érü � l � � s 9'j � » p � Ég£=]	lü s 9'j � » p � É ü � l � s 9'j � » p � É £�]�l � s 9'j � » p � É « � ]�lü � � s 9'j � » p � Éqü � � l {
For o £ � , s 9'j7n ü � o � � l ü s 9'j/n « � o � � l � s 9'j7n « � o � ]�lü � � � s 9'j � » p � Érü � � l � � � � � s 9'j � » p � ` ü � � l �ü s 9'j � » p � ` ü � � l � s 9'j � » p � Éqü � � lü Ù É» Ú » p � ` � � o � ] �m�� o � �I�m� � o � � �&� � Ù É» Ú » p � É � � o � �I�m�o � � o � �I�m�ü Ù É» Ú » p � É � � o � ] �&�o � � o � �I�&� � Y o � o � �I� � � � o � �I�I� � o � � � �ü Ù É» Ú » p � É � � o � ] �&�o � � o � �I�&� � � o � � o � � � � � � o � �I�I� � o � � � �ü Ù É» Ú » p � É � � o � � �&�o � � o � �I�&�ü Ù É» Ú » p � É �� o � �I� � � o � �o � {



Chapter 9

Pricing in terms of Mark et Probabilities:
The Radon-Nikodym Theorem.

9.1 Radon-Nikodym Theorem

Theorem 1.27(Radon-Nikodym) Let IP and � s 9 be two probability measureson a space � ¹z©�¦ � .Assumethat for every � Ñ ¦ satisfying s 9 � � � ü Ì , wealsohave � s 9 � � � ü Ì . Thenwe saythat� s 9 is absolutelycontinuouswith respectto IP. Underthisassumption,there is a nonegativerandom
variable � such that � s 9 � � � üg�6� � @ s 9 © i �@Ñ ¦J© (1.1)

and � is calledtheRadon-Nikodymderivativeof �s 9 with respectto IP.

Remark 9.1 Equation(1.1) impliestheapparentlystrongercondition�s ~�� ü s ~Æ����� �
for every randomvariable� for which s ~ ¤ ��� ¤Ä³�´ .

Remark 9.2 If � s 9 is absolutelycontinuouswith respectto IP, andIP is absolutelycontinuouswith
respectto � s 9 , we saythatIP and � s 9 areequivalent.IPand �s 9 areequivalentif andonly ifs 9 � � � ü Ì exactly when � s 9 � � � ü Ì © i �@Ñ ¦ {
If IP and � s 9 areequivalentand � is the Radon-Nikodymderivative of � s 9 w.r.t. IP, then É� is the

Radon-Nikodymderivativeof IPw.r.t. � s 9 , i.e.,�s ~�� ü s ~������ � i � © (1.2)s ~'Ç ü �s ~��·Ç�{ �� � i Ç�{ (1.3)

(Let � and Ç berelatedby theequationÇ ü ��� to seethat(1.2)and(1.3)arethesame.)
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Example9.1(Radon-Nikodym Theorem) Let � ã��vê>ê>è�ê<çGè ç
ê>è çGç�� , the setof coin tosssequences
of length2. Let � correspondto probability

æ� for

ê
and

í� for

ç
, andlet �� � correspondto probability

æí
forê

and

æí
for

ç
. Then � à)áFâÕã �� � ð áÞñ� � ð áFñ , so� à ê>ê^âÕã��ø è � à ê<ç
âÕãL��Õè � àùç
ê>âÕãL��Õè � àùçGç
âÕã��å�÷ ë

9.2 Radon-Nikodym Martingales

Let ¹ bethesetof all sequencesof Û coin tosses.Let IP bethemarketprobabilitymeasureandlet� s 9 betherisk-neutralprobabilitymeasure.Assumes 9 � Ý � ' Ì © � s 9 � Ý � ' Ì © i Ý Ñ ¹�©
sothatIP and � s 9 areequivalent.TheRadon-Nikodymderivativeof �s 9 with respectto IP is� � Ý � ü � s 9 � Ý �s 9 � Ý � {
DefinetheIP-martingale � f��ü s ~Æ��� ¤ ¦ f � © û ü Ì © � © {L{v{ © Û {
We cancheckthat � f is indeeda martingale:s ~��J� f$ÈÊÉ ¤ ¦ f � ü s ~��§s ~��J� ¤ ¦ f�ÈÊÉ � ¤ ¦ f �ü s ~��J� ¤ ¦ f �ü � f {
Lemma 2.28 If � is ¦ f -measurable,then � s ~�� ü s ~������ f � .
Proof: �s ~�� ü s ~Æ����� �ü s ~��§s ~Æ����� ¤ ¦ f ���ü s ~�����{§s ~��J� ¤ ¦ f ���ü s ~Æ����� f � {
NotethatLemma2.28impliesthatif � is ¦ f -measurable,thenfor any �@Ñ ¦ f ,� s ~^�§s � � � ü s ~��J� f s � � � ©
or equivalently, � � � @ � s 9 ü � � ��� f @ s 9�{
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Figure9.1:Showingthe � f valuesin the2-periodbinomialmodelexample. Theprobabilitiesshown
are for IP, not �s 9 .

Lemma 2.29 If � is ¦ f -measurableand Ì « o « û , then�s ~���� ¤ ¦ p � ü ��Fp s ~������
f ¤ ¦ p � {
Proof: Notefirst that É� p s ~������
f ¤ ¦ p � is ¦ p -measurable.Sofor any �tÑ ¦ p , we have�-� ��Fp s ~������ f ¤ ¦ p � @ � s 9 ü �6� s ~Æ����� f ¤ ¦ p � @ s 9 (Lemma2.28)ü � ������f @ s 9 (Partial averaging)ü � � � @ � s 9 (Lemma2.28)

Example9.2(Radon-Nikodym Theorem,continued) Weshow in Fig. 9.1thevaluesof themartingale��� .
We alwayshave � � ã å , since � � ã � ¡ � ã � � �£¢ � � ã �� � à � âÊã å ë
9.3 The StatePrice DensityProcess

In orderto expressthevalueof a derivativesecurityin termsof themarketprobabilities,it will be
usefulto introducethefollowing statepricedensityprocess:¤ f ü ���G���7�¾� f � f © û ü Ì © {I{L{ © Û {
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We thenhave the following pricing formulas: For a Simple Europeanderivative security with
payoff egf at time û , [ ú ü �s ~ � ���
�K�/� � f e f ¢ü s ~­� ���
�K�/� � f � f e f ¢ (Lemma2.28)ü s ~�� ¤ f e f � {
Moregenerallyfor Ì « o « û ,[ p ü ���G���/� p �s ~ � ���
�K�/� � f e f ¤ ¦ p ¢ü ���G���/� p�Fp s ~ � ���
�K�/� � f � f e f ¤ ¦ p ¢ (Lemma2.29)ü �¤ p s ~�� ¤ f e f ¤ ¦ p �
Remark 9.3 j ¤ p [ p l fp m=ú is amartingaleunderIP, aswecancheckbelow:s ~�� ¤ p ÈÕÉ [ p ÈÊÉ ¤ ¦ p � ü s ~��¨s ~�� ¤ f e f ¤ ¦ p ÈÊÉ � ¤ ¦ p �ü s ~�� ¤ f e f ¤ ¦ p �ü ¤ p [ p {
Now for anAmerican derivative security jIk f/l i f�m=ú :[ ú ü ¥E¦ �w/�/�I� � s ~�� ���G���/� � w k wv�ü ¥E¦ �w/�/�I� s ~�� ���G���/� � w � w k wv�ü ¥E¦ �w/�/�I� s ~�� ¤ w k wv� {
Moregenerallyfor Ì « o « Û ,[ p ü ���G���/� p ¥�¦ �w/�/� e � s ~�� ���
�K�/� � w k w ¤ ¦ p �ü ���G���/� p ¥�¦ �w/�/� e ��Fp s ~�� ���G���/� � w � w k w ¤ ¦ p �ü �¤ p ¥E¦ �w/�/� e s ~�� ¤ w k w ¤ ¦ p � {
Remark 9.4 Notethat

(a) j ¤ p [ p l ip m=ú is a supermartingaleunderIP,

(b)
¤ p [ p £ ¤ p$k�p i o ©
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Figure9.2: Showingthestatepricevalues
¤ f . Theprobabilitiesshownare for IP, not � s 9 .

(c) j ¤ p [ p l ip m=ú is thesmallestprocesshaving properties(a)and(b).

We interpret
¤ f by observingthat

¤ f � Ý � s 9 � Ý � is thevalueat time zeroof a contractwhich pays$1
at time û if Ý occurs.

Example9.3(Radon-NikodymTheorem,continued) We illustrate the useof the valuationformulasfor
EuropeanandAmericanderivativesecuritiesin termsof marketprobabilities.Recallthat § ã æ� , ¨ ã í� . The
statepricevalues© � areshown in Fig. 9.2.

For a EuropeanCall with strikeprice5, expirationtime2, wehaveª í à ê^ê>â�ã åLå è © í àªê>ê>â ª í à ê>ê^âÕã å ë øIø¬« åIå ã åE­ ë � øÅëª í àªê<ç
âÕã ª í àùç
ê>âÕã ª í à�çGç
âÊã�®°ëª � ã å¯ « å¯ « å�­ ë � ø�ã å ë ° ÷ ë© í àªê>ê>â© æ àªê>ê>â ª í àªê>ê>âÕã å ë øIøå ë é ® « åLå ã å ë é ®	« åLå ã å ¯ ë é ®ª æ àªê>âÕã å¯ « å ¯ ë é ®�ã�ø�ë ø6®
Comparewith therisk-neutralpricing formulas:ª æ$à ê>âÊã í± ª ævà ê>ê^â³² í± ª æ$à ê�ç
âÕã í ± « åLå ãSøÅë ø6®°èª æ¾àùç
âÕã í± ª ævà�ç
ê^â�² í± ª ævà�çGç
âÊã´®Äèª � ã í± ª ævà ê>â�² í± ª ævà�ç
âÕã í ± «'øÅë ø�®�ã å ë ° ÷ ë
Now consideran American put with strike price 5 andexpiration time 2. Fig. 9.3 shows the valuesof©I� à ­�µ ì � âG¶ . We computethevalueof theput undervariousstoppingtimes

ß
:

(0) Stopimmediately:valueis 1.

(1) If

ß�à ê>ê^âÕã�ß�àªê<ç
âÕã é èÕß�àùç
ê>â�ã-ß�àùçGç
âÕã å
, thevalueiså¯ « í� «"®Äë ° é ² í� « å ë � ®
ã å ë ¯ ÷ ë
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(5-S0)+=1ζ0
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2/3
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(5 - S1
+

(5 - S1
+(T))

(T))

(T)
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(5 - S1(H))+ = 0
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2

(5 - S +
2ζ2
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2
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Figure9.3: Showingthevalues
¤ f �UT � Ï f � È for anAmericanput. Theprobabilitiesshownare for

IP, not � s 9 .

(2) If westopat time2, thevalueiså¯ « í� «·®°ë�° é ² í� « å¯ «·®°ë�° é ² í� « í� « å ë øIørã¸®°ë � ÷
We seethat(1) is optimalstoppingrule.

9.4 StochasticVolatility Binomial Model

Let ¹ bethesetof sequencesof º tosses,andlet » ¼=½¿¾�¼?À�ÁÃÂ�¾0¼�Ä³¾ , wherefor eachÅ , ½¿¾�ÆEÄr¾�Æ�Â�¾
are Ç ¾ -measurable.Also letÈÉ ¾¬Ê À£Á_Â8¾	Ë´½¿¾Ä ¾ Ë�½ ¾ Æ ÈÌ ¾0Ê Ä³¾	ËZÍ,À�Á=Â8¾&ÎÄ ¾ Ë¸½ ¾ Ï
Let � Ð Ñ betherisk-neutralprobabilitymeasure:� Ð Ñ�Ò&Ó	Ô£Ê?Õ×ÖØÊ ÈÉ�Ù Æ�Ð Ñ Ò&Ó	Ô£ÊZÚ0ÖØÊ ÈÌ�Ù Æ
andfor ÛÝÜ=ÅÃÜ=º , � Ð Ñ·Þ Óß¾�àBÔáÊ?Õ_â Ç·¾�ãPÊ ÈÉ ¾�Æ� Ð Ñ Þ Ó ¾EàBÔ ÊZÚ â Ç ¾ ãPÊ ÈÌ ¾ Ï
Let IP be the marketprobability measure,andassumeÐ Ñ�Ò&Ó	Ö_äå»�æ�ÓèçL¹ . ThenIP and � Ð Ñ are
equivalent.Define é ÍêÓáÎ£Ê �Ð ÑÃÍêÓáÎÐ Ñ·ÍëÓìÎ æ�Óíçî¹~Æ
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We definethemoney marketpriceprocessasfollows:ñ Ù ÊòÀ�Æñ ¾¬ÊóÍ,À�Á�Â�¾môPÔIÎ ñ ¾&ôõÔ6Æ£Å ÊòÀ�Æ Ï8Ï�Ï Æ�º Ï
Notethat

ñ ¾ is ö÷¾&ôõÔ -measurable.

We thendefinethestatepriceprocessto beø ¾ Ê Àñ ¾ é ¾ Æ£Å Ê?»�Æ Ï�Ï8Ï ÆEº Ï
As beforethe portfolio processis Ò�ùÝ¾6Ö�ú ôPÔ¾�û Ù . The self-financingvalue process(wealth process)
consistsof ü Ù , thenon-randominitial wealth,andüð¾�à Ô�Ê?ù·¾�ýB¾EàBÔ|Á?ÍþÀ|Á�Â�¾8Î�Íÿüð¾�Ë¸ù·¾�ý ¾8Î&Æ£Å Ê?»�Æ Ï�Ï8Ï ÆEºÃË_À Ï
Thenthefollowing processesaremartingalesunder� Ð Ñ :� Àñ ¾ ý ¾�� ú ¾Eû Ù and

� Àñ ¾ üÃ¾�� ú ¾�û Ù Æ
andthefollowing processesaremartingalesunderIP:Ò ø ¾�ý ¾oÖ ú ¾�û Ù and Ò ø ¾&üð¾-Ö ú ¾Eû Ù Ï
We thushave thefollowing pricing formulas:

SimpleEuropeanderivative security with payoff �Ø¾ at time Å :��� Ê ñ�� �Ð ï	� �Ø¾ñ ¾�



 Ç �
�Ê Àø � Ð ï=Þ ø ¾��Ø¾dâ Ç � ã
American derivative security Ò��"¾-Ö ú ¾Eû Ù :� � Ê ñ �������������� � Ð ï � � �ñ � 



 Ç � �Ê Àø � ������������ Ð ï�Þ ø � � � â Ç � ã Ï
Theusualhedgingportfolio formulasstill work.
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9.5 Another Applicaton of the Radon-Nikodym Theorem

Let ÍU¹~ÆIÇðÆ
�"Î bea probabilityspace.Let � bea sub- -algebraof Ç , andlet ü bea non-negative
randomvariablewith ! ¹ ü ½"� Ê À . We constructthe conditionalexpectation(under � ) of ü
given � . On � , definetwo probabilitymeasuresÐ Ñ·Í$#ØÎ�Ê%� Í&#¬Î æ'#Lç(�*)�Ð ÑÃÍ&#ØÎ�Ê,+�- ü�½"� æ'#Lç(� Ï
Whenever . is a � -measurablerandomvariable,wehave+ ¹ .ò½¿Ð Ñ?Ê + ¹ . ½"�/)
if .óÊ10 - for some#òç2� , this is just thedefinitionof Ð Ñ , andtherestfollowsfrom the“standard
machine”.If #Lç3� and Ð Ñ·Í$#ØÎ�Ê?» , then ��Í&#¬Î�Ê?» , so � Ð ÑðÍ&#¬Î�Ê?» . In otherwords,themeasure� Ð Ñ
is absolutelycontinuouswith respectto themeasure� Ð Ñ . TheRadon-Nikodymtheoremimpliesthat
thereexistsa � -measurablerandomvariable

é
suchthat� Ð ÑÃÍ&#ØÎ*4Ê + - é ½¿Ð Ñ æ'#Lç(��Æ

i.e., +�-�üè½"� Ê,+�- é ½¿Ð Ñ æ'#Lç(� Ï
This shows that

é
hasthe“partial averaging”property, andsince

é
is � -measurable,it is thecon-

ditional expectation(undertheprobabilitymeasure� ) of ü given � . Theexistenceof conditional
expectationsis aconsequenceof theRadon-Nikodymtheorem.
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Capital AssetPricing

10.1 An Optimization Problem

Consideranagentwhohasinitial wealth ü Ù andwantsto investin thestockandmoney marketsso
asto maximize Ð ï6587:9�ü ú Ï
Remark 10.1 Regardlessof theportfolio usedby theagent,Ò ø ¾&üð¾-Ö<; ¾�û Ù is amartingaleunderIP, soÐ ï ø ú ü ú ÊZü Ù Í&=>�"Î
Here,(BC) standsfor “BudgetConstraint”.

Remark 10.2 If ? is any randomvariablesatisfying(BC), i.e.,Ð ï ø ú ?�ÊZü Ù Æ
thenthereis a portfolio which startswith initial wealth ü Ù andproducesü ú Ê%? at time º . To see
this,just regard? asasimpleEuropeanderivativesecuritypayingoff at time º . Then ü Ù is its value
at time0, andstartingfrom thisvalue,thereis a hedgingportfolio which producesü ú Ê@? .
Remarks10.1 and 10.2 show that the optimal ü ú for the capital assetpricing problemcan be
obtainedby solvingthefollowing

ConstrainedOptimization Problem:
Findarandomvariable? which solves:

Maximize Ð ïA5B7"9C?
Subjectto Ð ï ø ú ?�ÊZü Ù Ï

Equivalently, wewish to
Maximize DÓ � ¹ ÍE587:9F?rÍëÓáÎIÎ�Ð Ñ·ÍêÓáÎ
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Subjectto DÓ � ¹ ø ú ÍëÓáÎG?PÍêÓßÎ2Ð Ñ·ÍêÓáÎ�Ë ü Ù Ê?» Ï
Thereare Û ú sequencesÓ in ¹ . Call them Ó	Ô�ÆþÓFH6Æ Ï�Ï�Ï ÆþÓFH
I . Adopt thenotationJ ÔáÊK?PÍêÓ	ÔEÎ&Æ J H
Ê@?PÍêÓFH&ÎmÆ Ï8Ï�Ï Æ J HLI�Ê@?PÍêÓ�HLI�Î Ï
We canthusrestatetheproblemas:

Maximize
H ID¾EûBÔ ÍE587:9 J ¾�ÎIÐ Ñ·ÍëÓá¾�Î

Subjectto
H ID¾EûBÔ ø ú ÍêÓá¾�Î J ¾�Ð Ñ·ÍëÓì¾�Î Ëvü/M�Ê?» Ï

In orderto solve thisproblemweuse:

Theorem 1.30(LagrangeMultiplier) If Í JON Ô Æ Ï�Ï8Ï Æ JONP Î solvetheproblem

Maxmize Q|Í J Ô�Æ Ï8Ï�Ï Æ J P Î
Subjectto R Í J Ô4Æ Ï�Ï�Ï Æ J P Î�Êg»�Æ

thenthere is a numberS such thatTT J ¾ Q�Í J N Ô Æ Ï8Ï�Ï Æ J NP Î�Ê1S TT J ¾ RBÍ J N Ô Æ Ï�Ï8Ï Æ J NP ÎmÆ´Å ÊòÀ�Æ Ï�Ï�Ï Æ�U Æ (1.1)

and R Í J N Ô Æ Ï�Ï�Ï Æ J NP Î£Êg» Ï (1.2)

For ourproblem,(1.1)and(1.2)becomeÀJ N¾ Ð Ñ·ÍêÓá¾6Î�Ê1S ø ú ÍêÓá¾8ÎIÐ Ñ·ÍêÓá¾8Î&Æ£Å·ÊòÀoÆ Ï�Ï8Ï ÆEÛ6ú�Æ Í,À Ï À�V ÎH ID¾�û Ô ø ú ÍêÓá¾8Î J N¾ Ð Ñ·ÍêÓá¾6Î�Ê ü Ù Ï Í,À Ï Û�VMÎ
Equation(1.1’) implies J N¾ Ê ÀS ø ú ÍêÓá¾�Î Ï
Pluggingthis into (1.2’) we get ÀS H ID¾�ûBÔ Ð Ñ·ÍëÓì¾�Î�Ê ü Ù ÊXW ÀS ÊZü Ù Ï
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Therefore, J N¾ Ê ü Ùø ú ÍêÓá¾8Î Æ�Å·ÊòÀ�Æ Ï�Ï8Ï ÆEÛ ú Ï
Thuswe haveshown thatif ? N solvestheproblem

Maximize Ð ï6587:9F?
Subjectto Ð ï�Í ø ú ?dÎ�ÊZü Ù Æ (1.3)

then ? N Ê ü Ùø ú Ï (1.4)

Theorem 1.31 If ? N is givenby (1.4),then ? N solvestheproblem(1.3).

Proof: Fix

é ä=» anddefine Q�Í J Î�Ê%587:9 J Ë J é Ï
We maximizeQ over J ä=» : QOVGÍ J Î�Ê ÀJ Ë é Êg»ZY[W J Ê Àé ÆQ V\V Í J Î�ÊòË ÀJ H ¼=»�ÆBæ J ç Ð ] Ï
Thefunction Q is maximizedat J N Ê Ô^ , i.e.,587:9 J Ë J é Ü_Q�Í J N Î�Ê%587:9 Àé Ë_ÀoÆ÷æ J ä�»�ÆBæ é ä�» Ï (1.5)

Let ? beany randomvariablesatisfying Ð ï�Í ø ú ?oÎ�Ê ü Ù
andlet ? N Ê ü Ùø ú Ï
From(1.5)we have 587:9F?�Ë2?a` ø úü Ùcb Üd587:93` ü Ùø ú b Ë�À Ï
Takingexpectations,wehave Ð ïA587:9�?�Ë Àü Ù Ð ï�Í ø ú ?oÎ�Ü�Ð ï6587:9e? N Ë=À�Æ
andso Ð ïA587:9e? Ü�Ð ï6587:9e? N Ï
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In summary, capitalassetpricing worksasfollows: Consideran agentwho hasinitial wealth ü Ù
andwantsto investin thestockandmoney marketsoasto maximizeÐ ï6587:9�ü ú Ï
Theoptimal ü ú is ü ú Êgfihø ú , i.e., ø ú ü ú ÊZü Ù Ï
Since Ò ø ¾ ü ¾ Ö ú ¾�û Ù is a martingaleunderIP, we haveø ¾müð¾ØÊgÐ ïÃÞ ø ú ü ú â Ç"¾mãPÊZü Ù Æ£Å·Ê?» Æ Ï�Ï8Ï ÆEº÷Æ
so üð¾¬Ê ü Ùø ¾ Æ
andtheoptimalportfolio is givenbyù ¾ ÍëÓ Ô Æ Ï8Ï�Ï Æ,Ó ¾ Î�Ê fihø ¾�àBÔ�j�Ó£Ô4Æ Ï�Ï8Ï Æ,Ó�¾�k lnm Ë fihø ¾�à Ô�j�Ó£Ô�Æ Ï�Ï�Ï Æ,Ó|¾ok � mý ¾�àBÔ-ÍêÓ�Ô4Æ Ï�Ï�Ï Æ,Ó|¾oÆEÕ Î Ë�ýB¾EàBÔ-ÍëÓ£Ô4Æ Ï�Ï8Ï Æ,Ó�¾�ÆIÚ¬Î�Ï



Chapter 11

GeneralRandomVariables

11.1 Law of a RandomVariable

Thusfar we have consideredonly randomvariableswhosedomainandrangearediscrete.We now
considera generalrandomvariable üqpõ¹�r�Ð ] definedon theprobabilityspaceÍU¹0ÆIÇÃÆLs£Î . Recall
that:t Ç is a  -algebraof subsetsof ¹ .

t
IP is aprobabilitymeasureon Ç , i.e., Ð Ñ·Í&#¬Î is definedfor every #?ç�Ç .

A function üup ¹nr_Ð ] is a randomvariableif andonly if for every = çKv ÍUÐ ]0Î (the  -algebraof
Borelsubsetsof IR), thesetÒ�ü çw= Ö 4Ê ü ôõÔ Í&=�Î 4ÊLÒ&Óx)2ü ÍëÓ|Î�ç(= Ö ç�ÇîÆ
i.e., ü p�¹nr_Ð ] is a randomvariableif andonly if ü ôPÔ is a function from v ÍpÐ ]0Î to Ç (SeeFig.
11.1)

Thusany randomvariable ü inducesa measurey f on the measurablespaceÍUÐ ] ÆLvØÍpÐ ]0ÎIÎ defined
by y f Í&=�Î�Ê?Ð Ñ1zIü ôõÔ Í&=�Î|{ æ'= ç3v ÍUÐ ]0Î&Æ
wheretheprobabiliyon theright is definedsinceü ôPÔ Í&=�Î	ç�Ç . y f is oftencalledtheLawof ü –
in Williams’ bookthis is denotedby } f .

11.2 Densityof a RandomVariable

Thedensityof ü (if it exists) is a function Q f p¿Ð ]~rZÞJ»�Æ��_Î suchthaty f Í$=�Î£Ê +�� Q f Í J Î�½ J æ'=�ç3v�ÍUÐ ]0Î Ï
123
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R

ΩB}ε
B

X

{X

Figure11.1: Illustratinga real-valuedrandomvariable ü .

We thenwrite ½:y f Í J Î�Ê,Q f Í J ÎI½ J Æ
wheretheintegral is with respectto theLebesguemeasureonIR. Q f is theRadon-Nikodymderiva-
tive of y f with respectto the Lebesguemeasure. Thus ü hasa density if and only if y f is
absolutelycontinuouswith respectto Lebesguemeasure,which meansthatwhenever = ç�v ÍpÐ ]0Î
hasLebesguemeasurezero,then Ð Ñ�Ò�ü çw= Ö Êg» Ï
11.3 Expectation

Theorem 3.32(Expectationof a function of ü ) Let �wp�Ð ]~r�Ð ] begiven.ThenÐ ï[�÷Íÿü�Î 4Ê + ¹ � Íÿü=ÍêÓ£ÎIÎ�½¿Ð Ñ·ÍêÓáÎÊ +:� � � Í J Î�½:y f Í J ÎÊ + � � � Í J ÎLQ f Í J Î�½ J Ï
Proof: (Sketch).If � Í J Î�Ê10 � Í J Î for some=��=Ð ] , thentheseequationsareÐ ï�0 � Íÿü�Î 4Ê Ñ�Ò�ü ç(= ÖÊ y f Í&=�ÎÊ + � Q f Í J Î�½ J Æ
which aretrueby definition.Now usethe“standardmachine”to gettheequationsfor general� .
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Figure11.2:Tworeal-valuedrandomvariablesü Æ
. .

11.4 Two random variables

Let ü Æ
. be two randomvariables¹nr_Ð ] definedon the spaceÍp¹0ÆIÇÃÆLs£Î . Then ü ÆL. inducea
measureon v ÍpÐ ] H Î (seeFig. 11.2)calledthe joint law of Íÿü ÆL.�Î , definedbyy f k � ÍE� Î 4Ê?Ð Ñ�Ò Íÿü ÆL.�Î
ç3�·Ö æ��óç3v ÍpÐ ] H Î Ï
The joint densityof Íÿü Æ
.�Î is a functionQ f k � p�Ð ] H r?ÞJ»�Æ��_Î
thatsatisfies y f k � ÍE�"Î�Ê +O+� Q f k � Í J Æ��¿Î�½ J ½�� æ�� ç3v0ÍUÐ ] H Î ÏQ f k � is theRadon-Nikodymderivativeof y f k � with respectto theLebesguemeasure(area)on Ð ] H .
We computetheexpectationof a functionof ü Æ
. in a manneranalogousto theunivariatecase:Ð ï Å Íÿü Æ
.�Î 4Ê + ¹ Å Íÿü=ÍêÓ£Î&Æ
.ðÍêÓáÎIÎ�½¿Ð Ñ·ÍêÓáÎÊ +O+� �X� Å Í J Æ��¿Î ½"y f k � Í J Æ��dÎÊ +O+� � � Å Í J Æ��¿ÎLQ f k � Í J Æ��¿Î÷½ J ½��
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11.5 Mar ginal Density

SupposeÍÿü ÆL.�Î hasjoint density Q f k � . Let =g��Ð ] begiven.Theny � Í&=�Î Ê Ð Ñ�Ò�.bç(= ÖÊ Ð Ñ�Ò Íÿü ÆL. Î�çîÐ ]1�2= ÖÊ y f k � ÍUÐ ]1��=�ÎÊ + � + � � Q f k � Í J Æ��¿Î÷½ J ½��Ê + � Q � Í$�dÎ�½c�³Æ
where Q � Í&�¿Î 4Ê +:� � Q f k � Í J Æ��¿Î ½ J Ï
Therefore,Q � Í&�¿Î is the(marginal) densityfor . .

11.6 Conditional Expectation

SupposeÍ ü Æ
."Î hasjoint density Q f k � . Let �gp¬Ð ]~r=Ð ] be given. Recall that Ð ïÃÞ�� Íÿü�Î�â .	ã 4ÊÐ ïÃÞ��÷Íÿü�Î�â\  ÍE. Î*ã dependson Ó through. , i.e., thereis a function R Í&�¿Î (R dependingon � ) suchthatÐ ïÃÞ��÷Íÿü�Î�â .
ãþÍêÓ£Î�Ê@RBÍ�. ÍêÓ£ÎIÎ Ï
How dowe determineR ?

We cancharacterizeR usingpartial averaging: Recallthat #òç2 �ÍE.·ÎLY[W_#ZÊòÒo.bç�= Ö for some=�ç3v�ÍUÐ ]0Î . Thenthefollowing areequivalentcharacterizationsof R :+ ->RBÍ�.�Î£½¿Ð Ñ�Ê + -a� Í ü�Î÷½¿Ð Ñ æ'#Lç( �ÍE.·Î&Æ (6.1)

+ ¹ 0 � ÍE.·ÎGR ÍE.�Î�½¿Ð Ñ Ê + ¹ 0 � Í�."ÎL�÷Íÿü�Î ½¿Ð Ñ æ'= ç�v ÍUÐ ]0ÎmÆ (6.2)

+:� � 0 � Í&�¿ÎGR Í&�dÎ�y � ÍU½c�dÎ Ê +X+� �X� 0 � Í&�¿ÎL�÷Í J Î�½"y f k � Í J Æ��¿Î æ'= ç3v ÍUÐ ]0Î&Æ (6.3)

+�� RBÍ$�dÎLQ � Í&�¿Î�½��ZÊ +��/+"� � �÷Í J Î
Q f k � Í J Æ��¿Î÷½ J ½�� æ'=óç�v~ÍpÐ ]0Î Ï (6.4)
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11.7 Conditional Density

A function Q f~� � Í J â\�dÎ*p�Ð ] H rZÞJ»�Æ��_Î is calledaconditionaldensityfor ü given . providedthatfor
any function �(p�Ð ]~r�Ð ] : R Í&�¿Î�Ê + � � � Í J ÎLQ f~� � Í J â\�¿Î÷½ J Ï (7.1)

(Here R is thefunctionsatisfying Ð ï=Þ��÷Íÿü�Î�â .¬ãPÊ@R ÍE. Î&Æ
and R dependson � , but Q f~� � doesnot.)

Theorem 7.33 If Íÿü Æ
.�Î hasa joint densityQ f k � , thenQ f~� � Í J â\�¿Î Ê Q f k � Í J Æ��¿ÎQ � Í&�¿Î Ï (7.2)

Proof: Justverify that R definedby (7.1)satisfies(6.4): For = ç3v ÍpÐ ]0Î&Æ+��/+:� � � Í J ÎLQ f�� � Í J â\�dÎ�½ J� ��� �� j8��m Q � Í$�dÎ�½c�ZÊ +��/+:� � � Í J ÎLQ f k � Í J Æ��¿Î ½ J ½c� Ï
Notation 11.1 Let R bethefunctionsatisfyingÐ ïÃÞ��÷Íÿü�Î�â .
ãPÊ@RBÍ�."Î Ï
Thefunction R is oftenwrittenas RBÍ&�¿Î÷Ê?Ð ïÃÞ�� Í ü�Î8â .?ÊZ�6ã,Æ
and(7.1)becomes Ð ïÃÞ�� Í ü�Î8â .íÊZ�-ãPÊZ+ � � � Í J ÎLQ f�� � Í J â\�¿Î ½ J Ï
In conclusion,to determineÐ ïÃÞ�� Íÿü�Î�â .	ã (a functionof Ó ), first computeR Í&�¿Î�Ê +:� � � Í J ÎLQ f~� � Í J â\�¿Î÷½ J Æ
andthenreplacethedummyvariable� by therandomvariable. :Ð ïÃÞ��÷Íÿü�Î�â .
ãþÍêÓ£Î�Ê@RBÍ�. ÍêÓ£ÎIÎ Ï
Example11.1(Jointly normal random variables) Givenparameters:���n�_ :¡|��¢£�_ :¡
¤n¥£¦_§a¦Z¥ . Let¨ª© ¡G«x¬ have thejoint density­�®i¯ ° ¨²± ¡|³�¬µ´ ¥¶�· ���¸�c¢�¹ ¥i¤/§ ¢FºL»�¼ � ¤ ¥¶ ¨ ¥i¤½§ ¢ ¬ � ± ¢� ¢� ¤ ¶ § ±��� ³�c¢n¾ ³ ¢� ¢¢ � �[¿
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Theexponentis ¤ ¥¶ ¨ ¥i¤À§ ¢ ¬ � ± ¢� ¢ � ¤ ¶ § ±��� ³�c¢ ¾ ³ ¢� ¢¢ �´ ¤ ¥¶ ¨ ¥i¤/§ ¢ ¬ÂÁ ` ±��� ¤½§ ³�c¢ b ¢ ¾ ³ ¢� ¢¢ ¨ ¥i¤½§ ¢ ¬EÃ´ ¤ ¥¶ ¨ ¥i¤/§ ¢ ¬ ¥� ¢ � ` ± ¤ §����� ¢ ³ b ¢ ¤ �¢ ³ ¢� ¢¢ ¿
We cancomputetheMarginal densityof « asfollows­�° ¨ ³o¬Ä´ ¥¶�· �����c¢ ¹ ¥i¤/§ ¢ +2ÅÆ Å�Ç ¤ �¢
Èª� ÆÊÉ|Ë&Ì8Í Ë Î z ± ¤ ÉÏÍ ÎÍ Ë ³ { ¢*Ð ± ¿ Ç ¤ �¢�Ñ ËÍ ËË´ ¥¶�· � ¢ +2ÅÆ Å2Ç ¤~Ò Ë¢

Ð�Ó ¿ Ç ¤ �¢ Ñ ËÍ ËËusingthesubstitution

Ó ´ �Ô � Æ�É Ë � Î z ± ¤ ÉÏÍ ÎÍ Ë ³ { ,

Ð�Ó ´ ÕGÖÔ � ÆÊÉ Ë � Î´ ¥Ô ¶�· ��¢ Ç ¤ �¢�Ñ ËÍ ËË ¿
Thus « is normalwith mean0 andvariance� ¢¢ .
Conditional density. Fromtheexpressions­�®i¯ ° ¨²± ¡¸³o¬µ´ ¥¶�· � � � ¢ ¹ ¥i¤3§ ¢ Ç Æ ÎË$× ÎEØ�Ù Ë¸Ú Î� Ë ÎcÛ Ö Æ ÙÏÜ ÎÜ Ë Ñ
Ý Ë Ç ¤ �¢OÑ ËÍ ËË ¡­ ° ¨ ³�¬i´ ¥Ô ¶�· �c¢ Ç ¤ �¢OÑ ËÍ ËË ¡wehave ­ ®eÞ ° ¨E±'ß ³o¬à´ ­�®i¯ ° ¨²± ¡¸³o¬­�° ¨ ³o¬´ ¥Ô ¶�· ��� ¥¹ ¥i¤/§ ¢ Ç ¤ �¢
Èª� ÆÊÉ Ë Ì �� Ë Î z ± ¤ ÉGÍ ÎÍ Ë ³ { ¢ ¿
In the

±
-variable,

­ ®CÞ ° ¨²±Xß ³�¬ is a normaldensitywith mean
ÉGÍ ÎÍ Ë ³ andvariancë ¥i¤3§ ¢ ¬G� ¢ � . Therefore,á â~ã ©�ß «_´�³�ä�´ +2ÅÆ Å ± ­ ®eÞ ° ¨²±Xß ³o¬

Ð ± ´ §�� ���¢ ³:åá â Á ` © ¤ §<� ��c¢ ³ b ¢ 



 «_´æ³çÃ´ +2ÅÆ Å ` ± ¤ §�����c¢ ³ b ¢ ­ ®CÞ ° ¨E±'ß ³�¬ Ð ±´ ¨ ¥�¤½§ ¢ ¬Ï� ¢ � ¿
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Fromtheabove two formulaswehave theformulasá â~ã ©(ß «näÊ´ §<� ��c¢ «è¡ (7.3)

á â Á ` © ¤ §����� ¢ « b ¢ 



 « Ã ´ ¨ ¥i¤/§ ¢ ¬G� ¢ � ¿ (7.4)

Takingexpectationsin (7.3)and(7.4)yieldsá â © ´ §<���� ¢ á â «_´� :¡ (7.5)

á â Á ` © ¤ §�� ���¢ « b ¢ ÃÂ´ ¨ ¥i¤/§ ¢ ¬G� ¢ � ¿ (7.6)

Basedon « , thebestestimatorof
©

is
ÉÏÍ ÎÍ Ë « . This estimatoris unbiased(hasexpectederrorzero)andthe

expectedsquareerroris
¨ ¥X¤a§ ¢ ¬Ï� ¢ � . No otherestimatorbasedon « canhave asmallerexpectedsquareerror

(Homework problem2.1).

11.8 Multi variate Normal Distrib ution

PleaseseeOksendalAppendixA.

Let é denotethecolumnvectorof randomvariablesÍÿü Ô ÆIü H Æ Ï8Ï�Ï Æ2ü ú Î � , and ê thecorresponding
columnvectorof values Í J Ô�Æ J H�Æ Ï�Ï8Ï Æ J ú Î � . é hasa multivariatenormaldistribution if andonly if
therandomvariableshave thejoint densityQoë"ÍEê÷Î�Êíì î�ï�ðXñÍ&ò�óBÎLô:õLö ï�÷ �~ø Ë ÔH Í&éóË6ù
Î|ú Ï�ñ Ï Í&é Ë6ùáÎ�û Ï
Here, ù 4ÊóÍEy Ô Æ Ï�Ï�Ï Æ
y ú Î � Ê?Ð ï[é 4ÊóÍUÐ ï�ü Ô Æ Ï�Ï�Ï Æ�Ð ï�ü ú Î � Æ
and # is an º2�îº nonsingularmatrix. # ôPÔ is thecovariancematrix# ôõÔ Ê?Ð ïgüUÍ&é Ë6ù�Î Ï Í&é�Ë6ù�Î �µý Æ
i.e. the Í&þIÆGÿ Î thelementof # ôõÔ is Ð ï�Íÿü���Ë~y�� Î�Í ü � Ë~y � Î . Therandomvariablesin é areindependent
if andonly if # ôõÔ is diagonal,i.e.,# ôõÔ Ê î ��� 9 Í& H Ô Æ� HH Æ Ï�Ï8Ï Æ� Hú Î&Æ
where H� Ê?Ð ï�Íÿü � Ë2y � Î H is thevarianceof ü � .
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11.9 Bivariate normal distrib ution

Take º�Ê?Û in theabovedefinitions,andlet� 4Ê Ð ï�ÍÿüjÔ|Ë2y÷ÔEÎ�Íÿü½H£ËAy�H&Î ÷Ô� XH Ï
Thus, # ôPÔ Ê Á  H Ô �  BÔL µH�  BÔ� XH  HH Ã Æ

#ZÊ �� Ô	 � 
 j ÔIô�� � m Ë �	 
 	 � j ÔIô�� � mË �	 
 	 � j ÔIô�� � m Ô	 �� j Ô2ô
� � m �� Æ
ì î�ï�ð #ZÊ À |Ô� 'H ¹ À�Ë ��H Æ

andwe have theformulafrom Example11.1,adjustedto accountfor thepossiblynon-zeroexpec-
tations:Q f 
 k f � Í J Ô&Æ J HEÎ�Ê ÀÛ:óµ õÔL �H ¹ À	Ë ��H ï�÷ ��� Ë ÀÛ³Í,À	Ë ��H Î Á Í J Ô�Ë6y÷ÔEÎ H H Ô Ë Û � Í J Ô Ë6y÷ÔEÎ�Í J H£Ë2yµH8Î ÷ÔL µH Á Í J H�Ë6yµH&Î H HH Ã�� Ï
11.10 MGF of jointly normal random variables

Let � Ê ÍUÄõÔ&ÆEÄOH�Æ Ï�Ï�Ï Æ�Ä ú Î � denotea column vector with componentsin Ð ] , and let é have a
multivariatenormaldistributionwith covariancematrix # ôõÔ andmeanvector ù . Thenthemoment
generatingfunctionis givenbyÐ ï�� � � Ï é Ê + ;ô ; Ï8Ï�Ï + ;ô ; � � � Ï é Q ü�Ô&ÆIü½H�Æ Ï�Ï�Ï Æ2ü ú Í J Ô4Æ J H8Æ Ï�Ï8Ï Æ J ú Î�½ J Ô Ï�Ï�Ï ½ J úÊ ï�÷ � ø ÔH � � # ôõÔ � Á�� � ù û Ï
If any º randomvariablesü�Ô�Æ2ü/H&Æ Ï�Ï�Ï Æ2ü ú have this momentgeneratingfunction, thenthey are
jointly normal,andwe canreadout themeansandcovariances.The randomvariablesarejointly
normalandindependentif andonly if for any realcolumnvector � ÊóÍUÄ�Ô�Æ Ï8Ï�Ï ÆEÄ ú Î �Ð ï������
� ë 4Ê?Ð ï ï�÷ ���� � úD� ûBÔ Ä � ü �! "# Ê ï�÷ ���� � úD� ûBÔ Þ ÔH  H� Ä H� Á_Ä � y � ã  "# Ï
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Semi-ContinuousModels

12.1 Discrete-timeBrownian Motion

Let Ò�. � Ö ú� ûBÔ beacollectionof independent,standardnormalrandomvariablesdefinedon Í%$0Æ2ÇðÆ
s£Î ,
whereIP is themarketmeasure. As beforewe denotethecolumnvector Í�. Ô�Æ Ï8Ï�Ï Æ
. ú Î � by & . We
thereforehave for any realcolumvector �îÊóÍUÄ�Ô�Æ Ï�Ï8Ï ÆEÄ ú Î � ,Ð ï������('íÊ?Ð ï ï�÷ �)�� � úD� ûBÔ Ä � . �� "# Ê ï�÷ �)�� � úD� ûBÔ ÔH Ä H�  "# Ï
Definethediscrete-timeBrownianmotion(SeeFig. 12.1):= Ù Ê » Æ=Ø¾ Ê ¾D� ûBÔ . � Æ ÅÝÊòÀ�Æ Ï8Ï�Ï Æ�º Ï
If weknow . Ô�ÆL.XH�Æ Ï�Ï8Ï ÆL.õ¾ , thenweknow =~Ô�Æ�=£H8Æ Ï�Ï8Ï Æ�=¬¾ . Conversely, if weknow =0Ô�Æ�=xH8Æ Ï8Ï�Ï Æ�=¬¾ ,thenweknow . Ô�ÊZ=0Ô�Æ
.'H�ÊZ=£H�Ëæ=~Ô�Æ Ï8Ï�Ï ÆL.õ¾ØÊ,=Ø¾¬Ë6=¬¾&ôõÔ . DefinethefiltrationÇ Ù Ê Ò+*÷Æ,$
ÖdÆÇ·¾ Ê  £ÍE.BÔ4Æ
.'H6Æ Ï�Ï�Ï Æ
.P¾8Î�ÊZ £Í&=~Ô�Æ�=£H�Æ Ï�Ï8Ï Æ�=¬¾�ÎmÆ Å·ÊòÀoÆ Ï�Ï8Ï ÆEº Ï
Theorem 1.34 Ò<=¬¾6Ö ú ¾�û Ù is a martingale(underIP).

Proof: Ð ï=Þ�= ¾�à Ô â Ç ¾ ã Ê Ð ï=Þ . ¾�à Ô Á@= ¾ â Ç ¾ ãÊ Ð ï .P¾�à Ô Á@=Ø¾Ê =Ø¾ Ï
131
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Figure12.1:Discrete-timeBrownianmotion.

Theorem 1.35 Ò<= ¾ Ö ú ¾�û Ù is a Markovprocess.

Proof: Notethat Ð ïÃÞ��÷Í&=¬¾EàBÔEÎ�â Ç·¾4ãPÊ?Ð ïÃÞ�� Í�.P¾�à Ô Á@=Ø¾6Î�â Ç"¾�ã Ï
UsetheIndependenceLemma.DefineRBÍ%-&Î÷Ê?Ð ï[�÷ÍE.P¾�àBÔ Á.-&Î÷Ê Àì Û:ó + ;ô ; �÷Í&�ØÁ/-&Î0� ô ÔH � � ½c� Ï
Then Ð ïÃÞ��÷ÍE.P¾�àBÔ Ád=Ø¾6Î�â Ç ¾4ãPÊ@R Í&=Ø¾8Î&Æ
which is a functionof =¬¾ alone.

12.2 The StockPrice Process

Givenparameters:t y�çîÐ ] , themeanrateof return.
t  ä=» , thevolatility.
t ý Ù ä=» , theinitial stockprice.

Thestock priceprocessis thengivenbyý ¾	Êgý Ù ï�÷ � ø  µ=Ø¾�Á?ÍEy�Ë ÔH  H ÎIÅ û Æ Å·Êg»�Æ Ï8Ï�Ï ÆEº Ï
Notethat ý ¾�àBÔáÊ?ý ¾ ï�÷ � ø  O.P¾�àBÔ|Á�Í�y Ë ÔH  H Î û Æ



CHAPTER12. Semi-ContinuousModels 133Ð ïðÞ�ý ¾EàBÔ�â Ç·¾mã Ê ý ¾8Ð ïÃÞ1�  O.P¾�àBÔ â Ç ¾&ã Ï ��2 ô ÔH 	 �Ê ý ¾3� ÔH  � � 2 ô ÔH 	 �Ê � 2 ý ¾ Ï
Thus yîÊ%587:9 Ð ïÃÞJý ¾�àBÔmâ Ç ¾4ãý ¾ Ê%587:9�Ð ï � ýB¾EàBÔý ¾ 



 Ç ¾ � Æand 4 �(5 `:587:9 ýB¾EàBÔý ¾ b Ê 4 ��5 z� O. ¾EàBÔ ÁLÍEy�Ë ÔH  H Î|{·ÊZ H Ï
12.3 Remainderof the Mark et

Theotherprocessesin themarketaredefinedasfollows.

Money marketprocess: ñ ¾¬Ê6�87 ¾ Æ�Å"Êg»�Æ�À�Æ Ï�Ï8Ï Æ�º Ï
Portfolioprocess:t ù Ù Æ�ùÃÔ&Æ Ï�Ï8Ï ÆEù ú ôõÔ�Æt

EachùÝ¾ is Ç·¾ -measurable.

Wealthprocess:t ü Ù given,nonrandom.
t

üð¾�à Ô Ê ù·¾�ý ¾�àBÔ|Á9� 7 ÍÿüÃ¾	Ë´ùÝ¾�ý ¾8ÎÊ ù·¾dÍUýB¾EàBÔáË:� 7 ýB¾�Î Á/� 7 üð¾t
EachüÃ¾ is Ç·¾ -measurable.

Discountedwealthprocess: üÃ¾EàBÔñ ¾EàBÔ Êgù·¾ ` ý ¾�àBÔñ ¾�à Ô Ë ýB¾ñ ¾ b Á üð¾ñ ¾ Ï
12.4 Risk-Neutral Measure

Definition 12.1 Let ; Ð Ñ bea probabilitymeasureon Í%$¬Æ2Ç Î , equivalentto themarketmeasureIP. Ifø ý ¾ñ ¾ û ú ¾�û Ù is a martingaleunder; Ð Ñ , wesaythat ; Ð Ñ is a risk-neutral measure.
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Theorem 4.36 If ; Ð Ñ is a risk-neutral measure, theneverydiscountedwealthprocess
ø üÃ¾ñ ¾ û ú ¾�û Ù is

a martingaleunder ;Ð Ñ , regardlessof theportfolio processusedto generateit.

Proof:

;Ð ïg� üÃ¾EàBÔñ ¾�àBÔ 



 Ç·¾ � Ê ; Ð ï �ÿù·¾~` ý ¾�àBÔñ ¾�àBÔ Ë ý ¾ñ ¾ b Á ü ¾ñ ¾ 



 Ç ¾ �Ê ùÝ¾~` ; Ð ïg� ý ¾�àBÔñ ¾�àBÔ 



 Ç·¾ � Ë ý ¾ñ ¾ b Á üð¾ñ ¾Ê üð¾ñ ¾ Ï
12.5 Risk-Neutral Pricing

Let
� ú bethepayoff at time º , andsayit is Ç ú -measurable.Notethat

� ú maybepath-dependent.

Hedgingashortposition:t
Sell thesimpleEuropeanderivativesecurity

� ú .t
Receive ü Ù at time0.

t
Constructaportfolio processù Ù Æ Ï�Ï8Ï ÆEù ú ôõÔ which startswith ü Ù andendswith ü ú Ê � ú .t
If thereis a risk-neutralmeasure;Ð Ñ , thenü Ù Ê ;Ð ï ü úñ ú Ê ; Ð ï � úñ ú Ï

Remark 12.1 Hedgingin this “semi-continuous”modelis usuallynot possiblebecausethereare
notenoughtradingdates.Thisdifficulty will disappearwhenwe goto thefully continuousmodel.

12.6 Arbitrage

Definition 12.2 An arbitrageis aportfolio whichstartswith ü Ù Ê?» andendswith ü ú satisfyingÐ Ñ·Íÿü ú=< »�Î�ÊòÀ�Æ÷Ð Ñ·Íÿü ú ä=»�Î�ä�» Ï
(IP hereis themarketmeasure).

Theorem 6.37(FundamentalTheorem of AssetPricing: Easypart) If thereisarisk-neutral mea-
sure,thenthere is noarbitrage.



CHAPTER12. Semi-ContinuousModels 135

Proof: Let ; Ð Ñ bea risk-neutralmeasure,let ü Ù Ê�» , andlet ü ú bethefinal wealthcorresponding

to any portfolio process.Since
ø ü ¾ñ ¾ û ú ¾�û Ù is amartingaleunder; Ð Ñ ,; Ð ï ü úñ ú Ê�; Ð ï6fih> h Ê?» Ï (6.1)

SupposeÐ Ñ·Íÿü ú?< »�Î�ÊòÀ . We haveÐ Ñ·Íÿü ú=< »�Î�ÊòÀ�Ê'W Ð Ñ·Íÿü ú ¼=»�Î�Ê?»¬ÊXW ; Ð ÑðÍ ü ú ¼=»�Î�Ê?»¬ÊXW ; Ð ÑÃÍÿü ú�< »�Î�Ê À Ï (6.2)

(6.1)and(6.2) imply ;Ð ÑðÍÿü ú Ê?»�Î�ÊòÀ . We have; Ð ÑðÍ ü ú Ê?»�Î�ÊòÀ	ÊXW ; Ð ÑÃÍÿü ú ä=»�Î�ÊZ»0Ê'W Ð Ñ·Í ü ú ä »oÎ£Ê?» Ï
This is notanarbitrage.

12.7 Stalking the Risk-Neutral Measure

Recallthatt . Ô�ÆL.XH�Æ Ï�Ï8Ï ÆL. ú areindependent,standardnormalrandomvariablesonsomeprobabilityspaceÍ%$¬ÆIÇ�ÆLs£Î .t ý ¾ Ê?ý Ù ï�÷ � ø  µ= ¾ Á?ÍEy�Ë ÔH  H ÎIÅ û .t
ýB¾EàBÔ Ê ý Ù ï�÷ � ø  £Í$=Ø¾�Ád.P¾�àBÔ4ÎõÁ�Í�y Ë ÔH  H Î8ÍUÅ0ÁZÀ�Î ûÊ ý ¾ ï�÷ �~ø  O.P¾�àBÔ|Á�Í�y Ë ÔH  H Î�û Ï

Therefore, ý ¾�àBÔñ ¾�àBÔ Ê ýB¾ñ ¾ ÏLï�÷ � ø  X. ¾EàBÔ Á?ÍEyîË�Â¬Ë ÔH  H Î û ÆÐ ï � ýB¾EàBÔñ ¾EàBÔ 



 Çð¾ � Ê ý ¾ñ ¾ Ï Ð ï_Þ ï�÷ � Ò� �.õ¾EàBÔ8Öáâ Ç·¾&ã Ï
ï�÷ � Ò�yîË�Â¬Ë ÔH  H ÖÊ ý ¾ñ ¾ ÏLï�÷ � Ò ÔH  H Ö ÏLï�÷ � Òoy Ë¸Â¬Ë ÔH  H ÖÊ � 2 ô 7 Ï ýB¾ñ ¾ Ï
If yîÊ?Â , themarketmeasureis risk neutral.If y9@ÊgÂ , wemustseekfurther.
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ý ¾�àBÔñ ¾EàBÔ Ê ýB¾ñ ¾ ÏLï�÷ �xø  �.õ¾EàBÔ�Á�ÍEy�Ë�Â¬Ë ÔH  H Î�ûÊ ýB¾ñ ¾ ÏLï�÷ � ø  |Í�.P¾�à Ô�ÁA2 ô 7	 Î�Ë ÔH  H ûÊ ýB¾ñ ¾ ÏLï�÷ � ø  È.õ¾EàBÔ�Ë ÔH  H û Æ
where

È.P¾�àBÔáÊ%.õ¾EàBÔ|ÁB2 ô 7	 Ï
Thequantity 2 ô 7	 is denotedC andis calledthemarketpriceof risk.

We wanta probabilitymeasure; Ð Ñ underwhich

È.BÔ�Æ Ï8Ï�Ï Æ È. ú areindependent,standardnormalran-
domvariables.Thenwe wouldhave;Ð ï � ý ¾EàBÔñ ¾�à Ô 



 Ç ¾ � Ê ý ¾ñ ¾ Ï ;Ð ï ü ï�÷ � Ò< È. ¾�à Ô Ö â Ç ¾ ý Ï
ï�÷ � ÒdË ÔH  H ÖÊ ý ¾ñ ¾ ÏLï�÷ � Ò ÔH  H Ö ÏLï�÷ � ÒdË ÔH  H ÖÊ ý ¾ñ ¾ Ï
Cameron-Martin-Girsanov’ s Idea: Definetherandomvariableé Ê ï�÷ � �� úD� û Ô Í,ËDCo. � Ë ÔH C H Î �� Ï
Propertiesof

é
:t é < » .t

Ð ï é Ê Ð ï ï�÷ � �� � úD� ûBÔ Í,ËDC�. � Î  "# ÏLï�÷ � � Ë º Û C H �Ê ï�÷ � � º Û C H � Ï
ï�÷ � � Ë º Û C H � ÊòÀ Ï
Define ; Ð ÑðÍ&#¬Î�ÊZ+�- é ½¿Ð Ñ æ'#�çjÇ Ï
Then ; Ð ÑÃÍ&#ØÎ < » for all #�çjÇ and ; Ð ÑðÍ%$	Î�ÊgÐ ï é ÊòÀ Ï
In otherwords, ;Ð Ñ is a probabilitymeasure.
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We show that ; Ð Ñ is a risk-neutralmeasure.For this, it sufficesto show thatÈ. Ô Ê%. Ô Á9C�Æ Ï�Ï8Ï Æ È. ú Ê%. ú Á.C
areindependent,standardnormalunder; Ð Ñ .

Verification:t . Ô�ÆL.XH�Æ Ï�Ï8Ï ÆL. ú : Independent,standardnormalunderIP, andÐ ï ï�÷ � �� úD� ûBÔ Ä � . � �� Ê ï�÷ � �� úD� ûBÔ ÔH Ä H� �� Ït È. Ê%.BÔ Á9C�Æ Ï�Ï8Ï Æ È. ú Ê%. ú Á9C Ït é ä�» almostsurely.t é Ê ï�÷ � üFE ú� ûBÔ Í,ËDC�. � Ë ÔH C H Î ý Æ; Ð ÑÃÍ&#¬Î�Ê + - é ½¿Ð Ñ æ'#Lç�Ç�Æ
; Ð ï0üyÊ?Ð ï�Íÿü é Î for every randomvariableü .t
Computethemomentgeneratingfunctionof Í È. Ô Æ Ï�Ï�Ï Æ È. ú Î under;Ð Ñ :

;Ð ï ï�÷ � �� úD� ûBÔ Ä � È. � �� Ê Ð ï ï�÷ � �� úD� ûBÔ Ä � ÍE. � Á.C6Î Á úD� û Ô Í,ËDCo. � Ë ÔH C H Î ��Ê Ð ï ï�÷ � �� úD� ûBÔ ÍUÄ � Ë:C�Î|. � �� ÏLï�÷ � �� úD� ûBÔ ÍUÄ � CØË ÔH C H Î ��Ê ï�÷ � �� úD� ûBÔ ÔH ÍpÄ � Ë:C�Î H �� ÏLï�÷ � �� úD� û Ô ÍUÄ � C¬Ë ÔH C H Î ��Ê ï�÷ � �� úD� ûBÔ z�Í ÔH Ä H� Ë´Ä � C	Á ÔH C H Î Á?ÍUÄ � C0Ë ÔH C H Î|{ ��Ê ï�÷ � �� úD� ûBÔ ÔH Ä H� �� Ï
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12.8 Pricing a EuropeanCall

Stockpriceat time º isý ú Ê ý Ù ï�÷ � ø  X= ú Á�Í�y Ë ÔH  H Î2º ûÊ ý Ù ï�÷ �)�� �  úD� ûBÔ . � Á?ÍEy�Ë ÔH  H ÎIº  "#Ê ý Ù ï�÷ � �� �  úD� ûBÔ ÍE. � ÁA2 ô 7	 Î�Ë=ÍEy�Ë´Â6ÎIº�Á�ÍEy�Ë ÔH  H ÎIº  "#Ê ý Ù ï�÷ �)�� �  úD� ûBÔ È. � Á ÍpÂ	Ë ÔH  H Î2º  "# Ï
Payoff at time º is ÍUý ú Ë:G Î à . Priceat time zerois

;Ð ï ÍUý ú Ë:G Î àñ ú Ê ; Ð ï �� � ô 7 úIHJrý Ù ï�÷ � �� �  úD� ûBÔ È. � Á�ÍUÂ¬Ë ÔH  H ÎIº  "# ËKGMLN à ��Ê + ;ô ; � ô 7 ú z ý Ù ï�÷ �>ø  O- ÁLÍUÂ	Ë ÔH  H ÎIºiû·Ë:G { à Ï Àì Û"ó º � ôQP �� I � ½R-
since E ú� ûBÔ È. � is normalwith mean0, varianceº , under; Ð Ñ .

This is theBlack-Scholesprice.It doesnot dependon y .
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Brownian Motion

13.1 Symmetric RandomWalk

Tossa fair coin infinitely many times.Define

ü � ÍêÓ£Î�Ê �
À if Ó � Ê?Õ ÆË0À if Ó � ÊZÚ Ï
Set ñ Ù Ê?»ñ ¾ Ê ¾D� ûBÔ ü � Æ Å < À Ï
13.2 The Law of Lar geNumbers

We will usethemethodof momentgeneratingfunctionsto derive theLaw of LargeNumbers:

Theorem 2.38(Law of Large Numbers:)ÀÅ ñ ¾�r=» almostsurely, as Å�rd� Ï
139
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Proof: S ¾ ÍUÄ³Î�Ê?Ð ï ï�÷ � � ÄÅ ñ ¾ �Ê?Ð ï ï�÷ � �� � ¾D� ûBÔ ÄÅ ü �  "# (Def. of
ñ ¾ Ï )Ê ¾T� ûBÔ Ð ï ï�÷ � � ÄÅ ü � � (Independenceof the ü � ’s)Ê z ÔH �VU W¬Á ÔH � ô U W"{ ¾ Æ

which implies, 587:9 S ¾¿ÍUÄ³Î�Ê?Å 5B7"9az ÔH ��U W¬Á ÔH � ô U W:{
Let J Ê Ô¾ . Then5 �YX¾ r ; 587:9 S ¾¿ÍUÄ³Î�Ê 5 ��XZ r Ù 587:9½z ÔH �\[ Z Á ÔH � ô [ Z {JÊ 5 ��XZ r Ù [ H � [ Z Ë [ H � ô [ ZÔH � [ Z Á ÔH � ô [ Z (L’Hôpital’sRule)Ê?» Ï
Therefore, 5 ��X¾ r ; S ¾¿ÍUÄ³Î�Ê6� Ù ÊòÀ�Æ
which is them.g.f. for theconstant0.

13.3 Central Limit Theorem

We usethemethodof momentgeneratingfunctionsto prove theCentralLimit Theorem.

Theorem 3.39(Central Limit Theorem)Àì Å ñ ¾�r Standard normal,as Å�r@� Ï
Proof: S ¾¿ÍUÄ³Î�Ê?Ð ï ï�÷ � � Äì Å ñ ¾ �Ê z ÔH � U] W Á ÔH � ô U] W { ¾ Æ
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sothat, 587:9 S ¾¿ÍUÄ³Î�Ê?Å 5B7"9az ÔH � U] W Á ÔH � ô U] W { Ï
Let J Ê Ô^ ¾ . Then

5 ��X¾ r ; 587:9 S ¾dÍUÄrÎ�Ê 5 �YXZ r Ù 587:9�z ÔH � [ Z Á ÔH � ô [ Z {J HÊ 5 �YXZ r Ù [ H � [ Z Ë [ H � ô [ ZÛ J z ÔH � [ Z Á ÔH � ô [ Z { (L’Hôpital’sRule)Ê 5 �YXZ r Ù ÀÔH � [ Z Á ÔH � ô [ Z Ï 5 ��XZ r Ù [ H � [ Z Ë [ H � ô [ ZÛ JÊ 5 �YXZ r Ù [ H � [ Z Ë [ H � ô [ ZÛ JÊ 5 �YXZ r Ù [ �H �8[ Z Ë [ �H � ô [ ZÛ (L’Hôpital’sRule)Ê ÔH Ä H Ï
Therefore,

5 ��X¾ r ; S ¾¿ÍUÄ³Î�Ê6� ÔH [ � Æ
which is them.g.f. for astandardnormalrandomvariable.

13.4 Brownian Motion asa Limit of RandomWalks

Let º beapositiveinteger. If _ < » is of theform ¾ú , thenset

= j ú m Í`_,Î�Ê Àì º ñba ú Ê Àì º ñ ¾ Ï
If _ < » is not of theform ¾ú , thendefine = j ú m Í`_OÎ by linearinterpolation(SeeFig. 13.1).

Herearesomepropertiesof = j Ô ÙIÙ m Í`_,Î :
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k/n (k+1)/n
Figure13.1:Linear Interpolationto define= j ú m Íc_OÎ .

Propertiesof = j Ô ÙIÙ m Í,À8Î*p= j Ô ÙIÙ m Í,À�Î÷Ê ÀÀ�» Ô ÙIÙD� ûBÔ ü � (Approximatelynormal)Ð ï[= j Ô ÙIÙ m Í,À�Î÷Ê ÀÀ�» Ô ÙIÙD� ûBÔ Ð ï�ü � Ê?» Ï4 ��5 Í&= j Ô ÙIÙ m ÍþÀ�ÎIÎ÷Ê ÀÀ�»�» Ô ÙIÙD� û Ô 4 ��5 Íÿü � Î£ÊòÀ
Propertiesof = j Ô ÙIÙ m ÍUÛoÎ*p= j Ô ÙIÙ m ÍUÛ�Î÷Ê ÀÀ�» H ÙIÙD� ûBÔ ü � (Approximatelynormal)Ð ï[= j Ô ÙIÙ m ÍUÛ�Î÷Ê?» Ï4 ��5 Í&= j Ô ÙIÙ m ÍpÛ�ÎIÎ÷Ê?Û Ï

Also notethat:t = j Ô ÙIÙ m Í,À8Î and = j Ô ÙIÙ m ÍUÛoÎ�Ë6= j Ô ÙIÙ m ÍþÀ�Î areindependent.
t = j Ô ÙIÙ m Í`_,Î is acontinuousfunctionof _ .

To getBrownianmotion,let ºXr_� in = j ú m Í`_OÎmÆd_ < » .
13.5 Brownian Motion

(Pleasereferto Oksendal,Chapter2.)
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t

(Ω, F,P)

ω

B(t) = B(t,ω)

Figure13.2:Continuous-timeBrownianMotion.

A randomvariable =ÃÍ`_OÎ (seeFig. 13.2) is calleda Brownian Motion if it satisfiesthe following
properties:

1. =ðÍU»�Î�Êg» ,
2. =ðÍ`_,Î is a continuousfunctionof _ ;
3. = hasindependent,normallydistributedincrements:If»�Ê)_ Ù ¼9_2ÔØ¼9_¸H~¼ Ï�Ï8Ï ¼9_ ú

and . Ô�ÊZ=ðÍ`_2Ô4Î�Ë6=ÃÍ`_ Ù Î&Æ .'H
ÊZ=ðÍ`_|H&Î�Ë6=ðÍc_IÔ4ÎmÆ Ï�Ï�Ï . ú ÊZ=ÃÍ`_ ú Î�Ë6=ÃÍ`_ ú ôPÔ�Î&Æ
then
t . Ô�ÆL.XH�Æ Ï�Ï8Ï ÆL. ú areindependent,
t Ð ï . � Ê?» æ�ÿdÆt 4 ��5 Í�. � Î�Ê)_ � Ëe_ � ôõÔ æ�ÿ Ï

13.6 Covarianceof Brownian Motion

Let »?Ügf�Üg_ be given. Then =ÃÍ%f�Î and =ÃÍ`_OÎ0Ë%=ðÍhf�Î are independent,so =ÃÍ%f�Î and =ðÍ`_,ÎîÊÍ&=ÃÍ`_OÎ�Ë�=ðÍ%f8ÎIÎ Ád=ÃÍ%f�Î arejointly normal.Moreover,Ð ï[=ðÍhf�Î£Êg»�Æ 4 �(5 Í&=ðÍhf�ÎIÎ�Ê6foÆÐ ï[=ðÍc_OÎ£Êg»�Æ 4 �(5 Í&=ðÍc_OÎIÎ�Ê)_�ÆÐ ï[=ðÍ%f8ÎL=ðÍc_OÎ£ÊgÐ ï[=ðÍ%f8Î&ÞëÍ&=ÃÍ`_OÎ�Ë6=ÃÍ%f�Î2Î Ád=ÃÍ%f�Î*ãÊgÐ ï[=ðÍ%f8Î�Í&=ðÍc_OÎ�Ë�=ðÍ%f8ÎIÎ� ��� �Ù Á�Ð ï[= H Íhf�Î� ��� �iÊjf Ï
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Thusfor any f < » , _ < » (not necessarilyf�Ü9_ ), wehaveÐ ï =ÃÍ%f�Î
=ðÍ`_,Î£Ê6flkm_ Ï
13.7 Finite-DimensionalDistrib utions of Brownian Motion

Let » ¼9_2ÔØ¼9_¸H~¼ Ï�Ï8Ï ¼9_ ú
begiven.Then Í&=ðÍ`_ Ô Î&Æ�=ÃÍ`_ H Î&Æ Ï�Ï�Ï Æ�=ðÍ`_ ú Î2Î
is jointly normalwith covariancematrix

�LÊ �nnn� Ð ï = H Í`_IÔEÎ Ð ï[=ÃÍ`_IÔEÎL=ÃÍ`_¸H&Î Ï�Ï8Ï Ð ï[=ðÍ`_2Ô4ÎL=ÃÍ`_ ú ÎÐ ï =ÃÍ`_ H ÎL=ðÍc_ Ô Î Ð ï[= H Í`_ H Î Ï�Ï8Ï Ð ï[=ðÍ`_ H ÎL=ÃÍ`_ ú ÎÏ�Ï&Ï8Ï&Ï�Ï&Ï8Ï�Ï&Ï�Ï&Ï8Ï&Ï�Ï8Ï&Ï�Ï&Ï�Ï&Ï8Ï&Ï�Ï8Ï&Ï�Ï&Ï�Ï&Ï8Ï&Ï�Ï8Ï&Ï�Ï&Ï�Ï&Ï8Ï�Ï&Ï8Ï&Ï�Ï&Ï�Ï&ÏÐ ï[=ðÍc_ ú ÎL=ÃÍ`_IÔ&Î�Ð ï =ÃÍ`_ ú ÎL=ÃÍ`_¸H&Î Ï�Ï8Ï Ð ï[= H Í`_ ú Î
�1ooo�

Ê �nnn� _IÔp_IÔ Ï�Ï8Ï _IÔ_IÔp_¸H Ï�Ï8Ï _¸HÏ&Ï�Ï&Ï&Ï&Ï8Ï&Ï&Ï�Ï&Ï&Ï8Ï&Ï&Ï_ Ô _ H Ï�Ï8Ï _ ú
�1ooo�

13.8 Filtration generatedby a Brownian MotionÒ�ÇîÍ`_,Î�Ö a%q Ù
Requiredproperties:t

For each_ , =ÃÍ`_OÎ is ÇîÍ`_,Î -measurable,
t

For each_ andfor _�¼9_2ÔØ¼9_¸H~¼6r�r3r�¼9_ ú , theBrownianmotionincrements=ðÍ`_ Ô Î�Ë6=ðÍ`_,Î�Æ =ÃÍ`_ H Î�Ë6=ðÍc_ Ô ÎmÆ Ï�Ï�Ï Æ =ðÍc_ ú Î�Ë6=ÃÍ`_ ú ôPÔ Î
areindependentof ÇîÍ`_,Î .

Hereis oneway to constructÇîÍ`_OÎ . First fix _ . Let f�ç×ÞJ»�Æ0_pã and �óç3v0ÍUÐ ]0Î begiven.PutthesetÒ�=ðÍ%f8Î�ç3�·ÖØÊLÒmÓ p:=ðÍ%foÆ,ÓáÎ�ç3�ÝÖ
in ÇîÍ`_OÎ . Do this for all possiblenumbersf ç�ÞJ» Æ0_Uã and � ç@v ÍUÐ ]0Î . Thenput in every otherset
requiredby the  -algebraproperties.

This ÇîÍ`_,Î containsexactly theinformationlearnedby observingtheBrownianmotionuptotime _ .Ò�ÇîÍ`_,Î�Ö a%q Ù is calledthefiltrationgeneratedby theBrownianmotion.
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13.9 Martingale Property

Theorem 9.40 Brownianmotionis a martingale.

Proof: Let »·Ü/f�Ü9_ begiven.ThenÐ ïÃÞ�=ÃÍ`_OÎ8â ÇîÍ%f�Îpã�ÊgÐ ïÃÞëÍ&=ðÍc_OÎ÷Ëæ=ÃÍ%f�ÎIÎBÁd=ðÍ%f8Î�â ÇîÍ%f�ÎOãÊgÐ ïÃÞ�=ðÍ`_,Î÷Ëæ=ðÍhf�Î*ã Á@=ðÍ%f8ÎÊ,=ðÍ%f8Î Ï
Theorem 9.41 Let C çîÐ ] begiven.Thené Í`_,Î£Ê ï�÷ � ø ËDC�=ðÍc_OÎ�Ë ÔH C H _ û
is a martingale.

Proof: Let »·Ü/f�Ü9_ begiven.ThenÐ ïÃÞ é Í`_OÎ�â Ç Í%f8Î*ãPÊ?Ð ï	� ï�÷ � ÒdËDC�Í&=ðÍ`_,Î£Ë6=ÃÍ%f�Î÷Ád=ðÍhf�ÎIÎ�Ë ÔH C H ÍIÍ`_÷Ë:f�Î Á/f�Î�Ö 



 ÇjÍhf�Î �Ê?Ð ï	� é Í%f8Î ï�÷ � ÒdËDC�Í&=ðÍc_OÎ�Ëæ=ðÍhf�ÎIÎ�Ë ÔH C H Íc_|Ë:f8Î�Ö 



 ÇîÍ%f�Î �Ê é Í%f�ÎIÐ ï ü ï�÷ � ÒdËDC�Í&=ðÍc_OÎ�Ëæ=ðÍhf�ÎIÎ�Ë ÔH C H Í`_ Ë:f8Î�Ö ýÊ é Í%f�Î ï�÷ �~ø ÔH ÍþËDC�Î H 4 ��5 Í&=ðÍ`_,Î�Ëæ=ÃÍ%f�Î2Î�Ë ÔH C H Í`_ Ësf�Î�ûÊ é Í%f�Î Ï
13.10 The Limit of a Binomial Model

Considerthe º ’ th Binomialmodelwith thefollowing parameters:t Ä ú Ê À£Á  ^ ú Ï “Up” factor. (  ä=» ).t ½ ú ÊòÀ
Ë  ^ ú Ï “Down” factor.
t ÂØÊ?» .t ÈÉ ú Ê ÔIô�t I[ I ô�t I Ê  õ ^ úH  õ ^ ú Ê ÔH .t ÈÌ ú Ê ÔH .



146

Let u2¾dÍUÕ Î denotethenumberof Õ in thefirst Å tosses,andlet uI¾¿ÍÿÚØÎ denotethenumberof Ú in the
first Å tosses.Then uI¾¿ÍUÕ Î³Á.u2¾dÍÿÚØÎ�ÊgÅõÆu ¾ ÍUÕ Î ËKu ¾ ÍÿÚØÎ�Ê ñ ¾ Æ
which implies, u ¾ ÍpÕ Î�Ê ÔH ÍpÅ0Á ñ ¾ Îu2¾dÍÿÚØÎ�Ê ÔH ÍpÅ Ë ñ ¾�Î Ï
In the º ’ th model,take º stepsperunit time. Set ý j ú mÙ ÊòÀ . Let _�Ê ¾ú for someÅ , andletý j ú m Í`_,Î£Ê `�À£Á  ì º b ÔH j ú a à > I,v m `�À
Ë  ì º b ÔH j ú a ô > I,v m Ï
Under ; Ð Ñ , thepriceprocessý j ú m is amartingale.

Theorem 10.42 As º'r@� , thedistribution of ý j ú m Í`_,Î convergesto thedistributionofï�÷ � Ò< X=ðÍ`_,Î£Ë ÔH  H _IÖdÆ
where = is a Brownianmotion. Notethat the correction Ë ÔH  H _ is necessaryin order to havea
martingale.

Proof: Recallthatfrom theTaylorserieswehave587:9õÍ,À£Á J Î�Ê J Ë ÔH J H Á9w Í Jyx Î&Æ
so 587:9áý j ú m Í`_OÎ�Ê ÔH ÍUºV_ Á ñ ú a Î�587:9õÍ,À�Á  ì º ÎõÁ ÔH ÍUºV_�Ë ñ ú a Î�5B7"9PÍ,À�Ë  ì º ÎÊ?ºV_ ` ÔH 587:9PÍ,À£Á  ì º ÎBÁ ÔH 587:9 Í,À�Ë  ì º Î bÁ ñ ú a ` ÔH 5B7"9PÍ,À£Á  ì º Î Ë ÔH 587:9�ÍþÀáË  ì º Î bÊ?ºV_{z ÔH  ì º Ë À|  Hº Ë ÔH  ì º Ë À|  Hº Ásw�ÍUº ô x õ H Î~}Á ñ ú a z ÔH  ì º Ë À|  Hº Á ÔH  ì º Á À|  Hº Ásw�ÍUº ô x õ H Î~}ÊòË ÔH  H _PÁ�w ÍUº ô ÔH ÎÁd 2` Àì º ñ ú a b� ��� �r � v Á ` Àº ñ ú a b� ��� �r Ù w ÍUº ô ÔH Î
As ºXr_� , thedistributionof 5B7"9áý j ú m Í`_OÎ approachesthedistributionof  X=ðÍ`_,Î£Ë ÔH  H _ .
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B(t) = B(t,ω)

tω
x

(Ω, F,  P )x

Figure13.3:Continuous-timeBrownianMotion,startingat �b��6� .
13.11 Starting at Points Other Than 0

(Theremainingsectionsin thischapterweretaughtDec7.)

For aBrownianmotion �=�c��� thatstartsat0, we have:� � �h�=� � � �6� � �A�(�
For a Brownianmotion �=�c��� thatstartsat � , denotethecorrespondingprobabilitymeasureby

� ���
(SeeFig. 13.3),andfor suchaBrownianmotionwehave:� � � �%�=� � � � ��� �����
Notethat:� If �b��6� , then

� � �
putsall its probabilityona completelydifferentsetfrom IP.� Thedistributionof �=�c��� under

� � �
is thesameasthedistributionof ���9�=�`�~� underIP.

13.12 Mark ov Property for Brownian Motion

We prove that

Theorem 12.43 BrownianmotionhastheMarkovproperty.

Proof:

Let ��� �y� ��� � begiven(SeeFig. 13.4).� ���`� �%�=�%�l�s�~�0������ � �h��� � � � ���  ¡ � �(�=�%�¢�9�~�¤£:�=�%�3�¥ ¦¨§ ©
Independentof ªl«�¬®­ � �=�%�3�¥ ¦¨§ ©ªl«�¬®­ -measurable

������ � �%����¯1°°±
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s s+t

restart

B(s)

Figure13.4:MarkovPropertyof BrownianMotion.

UsetheIndependenceLemma.Define² �%��� � � �/³1� ���=�h�´�s���¢£:�=�h�����/�µ��¶� � � �  ¡ � ���·� �=�c���¥ ¦¨§ ©
samedistribution as ¸´«�¬�¹�º»­(¼D¸¢«Y¬½­ � ¯ °°±� � � � � �%�m�`���0� �

Then � � � � �%�m�%�l�s���V� ���� � �%�3�h¾ � ² �h�=�%�3�0�� � ¸´«�¬®­ � �%�m�`���¿� �
In factBrownianmotionhasthestrongMarkovproperty.

Example13.1(Strong Mark ov Property) SeeFig. 13.5.Fix ÀÂÁQÃ anddefineÄ·Å:Æ�ÇFÈ¤É~Ê¤Ë Ã(ÌÎÍ·Ï Ê�Ð�Å À
ÑÓÒ
Thenwehave: Ô Õ �`Ö Ï�Í×Ï ÄlØÙÊ�Ð�Ð ���� Ú Ï Ä�Ð ¾ ÅeÛ Ï»Í·Ï Ä�Ð®ÐÜÅ

Ô ÕlÝ Ö Ï`Í·Ï Ê�Ð½Ð Ò
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τ + t

restart

τ

x

Figure13.5:StrongMarkovPropertyof BrownianMotion.

13.13 Transition Density

Let Þ��c� � � �,ß � betheprobabilitythat theBrownianmotionchangesvaluefrom � to ß in time � , and
let à bedefinedasin theprevioussection.Þ��`� � � �,ß � � �á â�ã �+ä ¼lå1æ¿ç+è~éFêê®ë² �%��� � � � � � �%�=�c���0� � ìí¼ ì � � ß �%Þ��c� � � �,ß ��î ß��� � � � �%�m�%�´�����0� ���� � �%�3� ¾ � ² �%�m�%���¿� � ìí¼ ì � � ß �%Þ��c� � �m�%��� �,ß ��î ß��� � � � �%�m�%à��s�~�0� ���� � �hày� ¾ � ìí¼ ì � � ß �%Þ��`� � � �,ß ��î ß��
13.14 First PassageTime

Fix �ðï � . Define à �6ñ�ò�ó�ô ��� �
õ �=�c��� � ��ö �
Fix ÷�ï � . Then ø\ù!ú·û ÷+�m�`�ýüðày�¤£ÿþ� ÷ � �c� üðày� �
is amartingale,and � � ø\ù!ú û ÷��=�`�ýüðày� £ÿþ� ÷ � �`� üMày� � �A���
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We have � òYñº�� ì ø\ùyú û £mþ� ÷ � �`��ü ày� � ���� � ä ¼lþ�
	 ê�� if à�
�� �� if à � � � (14.1)��� ø\ùyú ô ÷��=�`�ýüMày�¤£ þ� ÷ � �`� üMày�¨ö � ä 	 � �
Let ����� in (14.1),usingtheBoundedConvergenceTheorem,to get� ��� ø\ùyú ô ÷�� £Aþ� ÷ � àVö
��� ��� ì�� � �A���
Let ÷ � � to get

� � � � ��� ì�� �A� , so � � ô à�
��/ö ������ � ø\ùyú ô £mþ� ÷ � àVö � ä ¼ 	 � � (14.2)

Let ! � þ� ÷ � . We have them.g.f.:� � ä ¼#" � � ä ¼ �%$ � " � !sï �y� (14.3)

Dif ferentiationof (14.3)w.r.t. ! yields£ � �'& à ä ¼(" ��) � £ �á â ! ä ¼ �%$ � " �
Letting !*� � , weobtain � � à � � � (14.4)

Conclusion.Brownianmotionreacheslevel � with probability1. Theexpectedtime to reachlevel� is infinite.

We usetheReflectionPrinciplebelow (seeFig. 13.6).

� � ô à � � � �m�`���+
.�Óö � � � ô �m�`����ï.�Óö� � ô à � �0ö � � � ô à � � � �m�`���,
.��öl� � � ô à � � � �m�`��� ï.��ö� � � ô �m�`����ï.�Óö � � � ô �m�`����ï.�Óö� â � � ô �m�`��� ï.��ö� âá â�ã � ìí � ä ¼ æ êê®ë î ß
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τ

x

shadow path

Brownian motion

t

Figure13.6:ReflectionPrinciple in BrownianMotion.

Usingthesubstitution - � .$ º � î/- �102.$ º weget� � ô à � �0ö � âá â�ã ìí è3 ë ä ¼54 êê î6- �
Density: 7 � �`��� �988 � � � ô à � �0ö � �á â�ã �;: ä ¼ è êê®ë �
whichfollowsfrom thefact thatif < �c��� � =í> «Fº»­ ² �?-��¤î6- �
then 8 <8 � � £ 8A@8 � ² � @ �`���¿� �
Laplacetransformformula: � � ä ¼(" � � ìí B ä ¼("�º 7 � �c���0î(� � ä ¼ �%$ � " �
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Chapter 14

The It ô Integral

Thefollowing chaptersdealwith StochasticDifferentialEquationsin Finance. References:

1. B. Oksendal,StochasticDifferentialEquations, Springer-Verlag,1995

2. J.Hull, Options,FuturesandotherDerivativeSecurities,PrenticeHall, 1993.

14.1 Brownian Motion

(SeeFig. 13.3.) �?C � � �ED � is given,alwaysin thebackground,evenwhennot explicitly mentioned.
Brownian motion, �m�`� �GF �IH ³ �
� �9�KJLCM� � N , hasthefollowing properties:

1. �=� � � �j�yõ Technically,
� � ô%F·õ �=� �y�2F � �j� ö �A� ,

2. �=�`�~� is a continuousfunctionof � ,
3. If ��� � B � � þ �6���3�/� �;O , thentheincrements�=�`� þ �¤£:�=�c� B � ���3����� �=�`�;O��¤£:�=�c�PO ¼ þ �

areindependent,normal,and � �m³ �=�c��Q ¹ þ � £K�=�c��Q��h¶ �6�y�� �m³ �=�c��Q ¹ þ �Ü£K�=�c��Q��½¶ � � �2Q ¹ þ £e�2Q �
14.2 First Variation

Quadraticvariationis a measureof volatility. First we will considerfirst variation,

<�R � 7 � , of a
function

7 �`�~� .
153



154

t

t

1

2
t

f(t)

T

Figure14.1:Examplefunction

7 �`�~� .
For thefunctionpicturedin Fig. 14.1,thefirst variationover theinterval

³ �y�ES ¶ is givenby:<�R*T B%U V#W � 7 � � ³ 7 �c� þ �¤£ 7 � � �½¶�£ ³ 7 �c� � �¤£ 7 �`� þ �½¶R� ³ 7 � S �Ü£ 7 �`� � �½¶� º 
í B 7YX �`�~�´î(� � º êíº 
 �~£ 7YX �`���¿�¤î����
Víº ê
7(X �`���¢î�� �

� Ví B[Z 7YX �c��� Z î(� �
Thus,first variationmeasuresthetotalamountof upanddown motionof thepath.

Thegeneraldefinitionof first variationis asfollows:

Definition 14.1(First Variation) Let \ �ÿô � B � � þ ���3���y� � O ö bea partition of
³ �y�ES ¶ , i.e.,�·� � B � � þ �6���3�/� � O �]Sµ�

Themeshof thepartitionis definedto be

Z^Z \ Z^Z � ñ�_ ùQa` B%Ucbcbcb?U O ¼ þ �`� Q ¹ þ £e� Q � �
We thendefine <�R T B%U VdW � 7 � � � ò�ñece fgece � B O ¼ þhQa` B Z 7 �c��Q ¹ þ � £ 7 �c��Q�� Z �
Suppose

7
isdifferentiable.ThentheMeanValueTheoremimpliesthatin eachsubinterval

³ ��Q � ��Q ¹ þ ¶ ,
thereis apoint ��iQ suchthat 7 �`�2Q ¹ þ �¤£ 7 �`��Q�� � 7 X �`� iQ ���`�2Q ¹ þ £:�2Q�� �
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Then O ¼ þhQa` B Z 7 �c��Q ¹ þ � £ 7 �c��Q�� Z � O ¼ þhQj` B Z 7 X �`� iQ � Z �`�2Q ¹ þ £e��Q�� �
and <�R T B%U V#W � 7 � � � ò�ñece fgece � B O ¼ þhQa` B Z 7 X �`� iQ � Z �`��Q ¹ þ £b��Q��� Ví BkZ 7YX �c��� Z î(� �
14.3 Quadratic Variation

Definition 14.2(Quadratic Variation) Thequadraticvariationof afunction

7
onaninterval

³ �
��S ¶
is l 7Am � S � � � ò�ñece fnece � B O ¼ þhQa` B Z 7 �c��Q ¹ þ �¤£ 7 �`��Q�� Z � �
Remark 14.1(Quadratic Variation of DifferentiableFunctions) If

7
isdifferentiable,then

l 7om � S � �� , because O ¼ þhQa` B Z 7 �`��Q ¹ þ �¤£ 7 �`��Q�� Z � � O ¼ þhQj` B Z 7YX �c� iQ � Z � �c��Q ¹ þ £e��Q�� �� Z^Z \ Z^Z � O ¼ þhQa` B Z 7 X �c� iQ � Z � �c��Q ¹ þ £e��Q��
and l 7Am � S � � � ò�ñece fgece � B Z^Z \ Z^Z � � ò�ñece fgece � B O ¼ þhQj` B Z 7 X �`� iQ � Z � �`��Q ¹ þ £:��Q��� � ò�ñece fgece � B Z^Z \ Z^Z Ví B Z 7 X �`��� Z � î(��6�y�
Theorem 3.44 l � m � S � �]Sµ�
or moreprecisely, � � ô%Fqp C õ l �m� ���GF � m � S � �rS ö �A���
In particular, thepathsof Brownianmotionarenot differentiable.
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Proof: (Outline)Let \ �Bô � B � � þ �3���3�y� �POVö bea partitionof
³ �y��S ¶ . To simplify notation,set stQ ��=�c� Q ¹ þ �¤£:�=�c� Q � . Definethesamplequadratic variationu f � O ¼ þhQa` B s �Q �

Then u f £ S)� O ¼ þhQa` B ³ s �Q £.�`�2Q ¹ þ £e�2Q��½¶ �
We wantto show that � ò�ñece fgece � B � u f £ S � �6�
�
Consideranindividualsummands �Q £)�`��Q ¹ þ £:��Q�� � ³ �=�`�2Q ¹ þ �Ü£s�=�`�2Q+��¶ � £)�`��Q ¹ þ £:�2Q+� �
Thishasexpectation0, so� � � u f £ S � � � � O ¼ þhQj` B ³ s �Q £ �`� Q ¹ þ £:� Q �½¶ �j�y�
For vð��xw , theterms s �y £.�`� y ¹ þ £e� y � and s �Q £ �`� Q ¹ þ £:� Q �
areindependent,soz _
{ � u f £ S � � O ¼ þhQa` B z _
{ ³ s �Q £)�`��Q ¹ þ £:�2Q��½¶� O ¼ þhQa` B � �m³ st|Q £ â �`��Q ¹ þ £e�2Q+�Es �Q �6�`�2Q ¹ þ £e��Q�� � ¶� O ¼ þhQa` B ³~} �c� Q ¹ þ £e� Q � � £ â �`� Q ¹ þ £:� Q � � �ÿ�`� Q ¹ þ £:� Q � � ¶

(if � is normalwith mean0 andvariance� � , then
� � ��� | � � } � | )� â O ¼ þhQa` B �`� Q ¹ þ £e� Q � �� â Z�Z \ Z�Z O ¼ þhQj` B �`��Q ¹ þ £b��Q��� â Z�Z \ Z�Z S��

Thuswe have � � � u f £ S � �j�y�z _
{ � u f £ S � � â Z^Z \ Z^Z �cS��
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As Z^Z \ Z^Z � � , z _
{ � u f £ S ��� � , so � ò�ñece fgece � B � u f £ S � �6�
�
Remark 14.2(Differential Representation) We know that� �=³ �%�=�`�2Q ¹ þ �¤£:�m�`��Q��0� � £.�`��Q ¹ þ £e��Q��½¶ �j�y�
We showedabove thatz _
{ ³ �%�=�c��Q ¹ þ � £:�=�`�2Q��~� � £.�`��Q ¹ þ £e�2Q+��¶ � â �`�2Q ¹ þ £:�2Q�� � �
When �`� Q ¹ þ £e� Q � is small, �c� Q ¹ þ £b� Q � � is verysmall,andwehave theapproximateequation�%�m�`��Q ¹ þ �Ü£K�m�`��Q��0� ��� ��Q ¹ þ £e��Q �
whichwe canwrite informally as î �=�`�~�´î �=�`�~� � î�� �
14.4 Quadratic Variation asAbsoluteVolatility

Onany time interval
³ S þ �ES � ¶ , we cansampletheBrownianmotionat timesS þ � � B � � þ �6���3�/� �PO �]S �

andcomputethesquaredsampleabsolutevolatility�S � £ S þ O ¼ þhQj` B �%�=�c��Q ¹ þ �¤£:�=�c��Q��0� � �
This is approximatelyequalto�S � £ S þ ³ l � m � S � � £ l � m � S þ ��¶ � S � £ S þS � £ S þ �A���
As we increasethe numberof samplepoints,this approximationbecomesexact. In otherwords,
Brownianmotionhasabsolutevolatility 1.

Furthermore,considertheequationl � m � S � �]S.� Ví B � î�� � �(S � �y�
This saysthat quadraticvariation for Brownian motion accumulatesat rate 1 at all timesalong
almosteverypath.
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14.5 Construction of the It ô Integral

The integrator is Brownian motion �=�`�~� � � � � , with associatedfiltration � �c��� � �?� � , andthe
following properties:

1. � � � �A� everysetin � �%�3� is alsoin � �c��� ,2. �=�`�~� is � �`��� -measurable,� � ,
3. For � � � þ �j�����6� �PO , theincrements�m�`� þ � £K�=�c��� � �=�`� � �¤£K�m�`� þ � ���3���y� �m�`�PO �¤£K�m�`�PO ¼ þ �

areindependentof � �`�~� .
The integrand is �!�c��� � �´� � , where

1. �!�c��� is � �`�~� -measurable� � (i.e., � is adapted)

2. � is square-integrable: � � Ví B � � �`�~�´î(�5
�� � �(Sµ�
We wantto definetheIt ô Integral:� �`�~� � ºí B �y�?�V�¤îR�m�?��� � ��� �y�
Remark 14.3(Integral w.r.t. a differentiable function) If

7 �`�~� is a differentiablefunction, then
wecandefine ºí B �y�?�V�¤î 7 �?��� � í ºB �y�?�V� 7YX �?�V�¤î/� �
This won’t work whenthe integratoris Brownianmotion, becausethe pathsof Brownianmotion
arenotdifferentiable.

14.6 It ô integral of an elementaryintegrand

Let \ �ÿô � B � � þ ���3���y� � O ö beapartitionof
³ �y�ES ¶ , i.e.,�·� � B � � þ �6���3�/� �;O �]Sµ�

Assumethat �y�`�~� is constanton eachsubinterval
³ �2Q � ��Q ¹ þ ¶ (seeFig. 14.2). We call sucha � an

elementaryprocess.

Thefunctions�m�`��� and �!�c� Q � canbeinterpretedasfollows:� Think of �m�`��� asthepriceperunit shareof anassetat time � .
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t )δ(

t )δ(
δ( ) δ( t )=t

)tδ(

0=t0
t t t =  T2 3 4t1

0

δ( t )= 1

δ( t )= 2

δ( t )= 3

Figure14.2:Anelementaryfunction � .� Think of � B � � þ ���3���V� �PO asthetradingdatesfor theasset.� Think of �!�c��Q�� asthenumberof sharesof theassetacquiredat tradingdate ��Q andhelduntil
tradingdate�2Q ¹ þ .

ThentheItô integral
� �`�~� canbeinterpretedasthegainfromtradingat time � ; thisgainis givenby:

� �`�~� � ������ �����
�y�`� B � ³ �=�`�~�¤£ �m�`� B �¥ ¦,§ ©` ¸´« B ­ ` B ¶ � �t� � � � þ�y�`� B � ³ �=�`� þ �¤£s�=�`� B �½¶!���y�`� þ � ³ �=�c���¤£:�m�`� þ �½¶ � � þ � � � � ��y�`� B � ³ �=�`� þ �¤£s�=�`� B �½¶!���y�`� þ � ³ �=�c� � �¤£:�m�`� þ �½¶R���!�c� � � ³ �m�`��� £K�=�c� � �½¶ � � � � � � � : �

In general,if ��Q � � � ��Q ¹ þ ,� �`�~� � Q ¼ þhy ` B �y�`� y � ³ �=�`� y ¹ þ � £:�=�`� y �½¶y���!�c��Q�� ³ �=�`�~�¤£K�m�`��Q��½¶ �
14.7 Propertiesof the It ô integral of an elementaryprocess

AdaptednessFor each� � � �`�~� is � �`�~� -measurable.

Linearity If � �`��� � ºí B �y�?�V�¤îR�m�?��� � � �c��� � ºí B�� �?�V��î �=�?�V�
then � �`�~��� � �`��� � í ºB �?�y�?�V�A� � �?���¿��î �=�?�V�
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Figure14.3:Showing� and � in differentpartitions.

and � � �`��� � í ºB � �y�?�V�0îR�m�?��� �
Martingale

� �`��� is a martingale.

We prove themartingalepropertyfor theelementaryprocesscase.

Theorem 7.45(Martingale Property)� �`��� � Q ¼ þhy ` B �y�`� y � ³ �m�`� y ¹ þ �¤£:�m�`� y �½¶ ���y�`�2Q+� ³ �=�`�~�¤£:�=�c��Q��½¶ � ��Q � � � ��Q ¹ þ
is a martingale.

Proof: Let �r� � � � be given. We treat the moredifficult casethat � and � are in different
subintervals,i.e., therearepartitionpoints �?� and � Q suchthat � p ³ �?� � ��� ¹ þ ¶ and � p ³ � Q � � Q ¹ þ ¶ (See
Fig. 14.3).

Write � �`�~� � � ¼ þhy ` B �y�`� y � ³ �m�`� y ¹ þ �¤£:�=�`� y ��¶ ���y�`��� � ³ �m�`�?� ¹ þ �¤£:�m�`�?�,�½¶� Q ¼ þhy ` � ¹ þ �y�`� y � ³ �m�`� y ¹ þ �¤£:�=�c� y �½¶ ���y�`��Q�� ³ �=�`�~�¤£:�=�`�2Q��½¶
We computeconditionalexpectations:� � �¡ � ¼ þhy ` B �y�`� y �3�%�=�`� y ¹ þ �Ü£s�=�`� y �0� ���� � �%��� ¯± � � ¼ þhy ` B �y�`� y ���%�m�`� y ¹ þ �¤£:�=�c� y �0� �� � � �y�`� � ���%�m�`� � ¹ þ �¤£:�m�`� � ��� ���� � �%�3�½¾ � �!�c� � ��� � �m³ �m�`� � ¹ þ � Z � �%���h¶ £s�=�`� � �0�� �!�c� � � ³ �m�%���¤£:�m�`� � �½¶
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Thesefirst two termsaddup to
� �%�3� . Weshow thatthethird andfourth termsarezero.� � �¡ Q ¼ þhy ` � ¹ þ �y�`� y ���%�m�`� y ¹ þ �¤£K�m�`� y �~� ���� � �%�3� ¯± � Q ¼ þhy ` � ¹ þ � ���`� � � �y�`� y �3�%�=�`� y ¹ þ �Ü£s�=�`� y �0� ���� � �`� y � ¾ ���� � �%�3� ¾� Q ¼ þhy ` � ¹ þ � � � ¡ �!�c� y �Ü� � �=³ �=�`� y ¹ þ � Z � �`� y �½¶�£K�m�`� y �0�¥ ¦¨§ ©` B ���� � �h��� ¯ °±� � � �y�`�2Q+�3�%�=�`�~�¤£:�=�c��Q��0� ���� � �%��� ¾ � � � � ¡ �y�`�2Q���� � �m³ �m�`��� Z � �`��Q3�½¶�£K�=�c��Q��0�¥ ¦,§ ©` B ���� � �h��� ¯1°±

Theorem 7.46(It ô Isometry) � ��� � �c��� � � � í ºB � � �����¤î6� �
Proof: To simplify notation,assume� � ��Q , so� �c��� � Qhy ` B �y�`� y � ³ �=�`� y ¹ þ �¤£s�=�`� y �¥ ¦¨§ ©�*� ¶
Eachs y hasexpectation0, anddifferent s y areindependent.� � �`�~� ���� Qhy ` B �y�`� y ��s yj�� �

� Qhy ` B � � �`� y ��s �y � â h � � y �y�`�
� ���y�`� y ��s � s y �

Sincethecrosstermshave expectationzero,� ��� � �`�~� � Qhy ` B � �m³ � � �`� y ��s �y ¶� Qhy ` B � ��� � � �`� y � � � � �%�=�`� y ¹ þ �¤£s�=�`� y �~� � ���� � �`� y � ¾+¾� Qhy ` B � � � � �`� y ���`� y ¹ þ £e� y �� � � Qhy ` B º �P�

íº � � � �?�V�¤î/�� � � í ºB � � �?�V�¤î/�
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Figure14.4:Approximatinga general processbyanelementaryprocess� | , over
³ �y�ES ¶ .

14.8 It ô integral of a generalintegrand

Fix S ï � . Let � bea process(not necessarilyanelementaryprocess)suchthat� �!�c��� is � �`�~� -measurable,� � p ³ �y��S ¶ ,� � ��� VB � � �`�~�´î(�5
�� �
Theorem 8.47 There is a sequenceof elementaryprocessesô �aOyö ìO�` þ such that� ò�ñO � ì � � í VB Z �aO �c���¤£��!�c��� Z � î�� �6�y�
Proof: Fig. 14.4showsthemainidea.

In thelastsectionwehave defined � Oý� S � � í VB �aOÓ�`�~�¤îR�m�`���
for every   . Wenow define í VB �!�c���¤î �=�`�~� � � ò�ñO � ì í VB �aO �`�~�´î �=�`�~� �



CHAPTER14. TheItô Integral 163

Theonly difficulty with thisapproachis thatwe needto makesuretheabove limit exists. Suppose  and ¡ arelargepositiveintegers.Thenz _¢{ � � Oý� S �Ü£ �a£ � S �0� � � ��¤ í VB ³ �aO �`��� £�� £ �`�~�½¶ î �=�`�~�2¥ �
(Itô Isometry:) � � � í VB ³ �aO �`��� £�� £ �`�~�½¶ � î(�� � � í VB ³ Z �aO �`��� £��y�`��� Z � Z �y�`���Ü£�� £ �`��� Z ¶ � î���0� @ ��¦\� � � â @ � � â ¦ � H � � â � � í VB Z �aO �`�~�¤£§�y�`��� Z � î(� � â � � í VB Z � £ �`���¤£§�y�`�~� Z � î(� �

which is small.Thisguaranteesthatthesequenceô � Oý� S �¨ö ìO�` þ hasa limit.

14.9 Propertiesof the (general)It ô integral

� �`��� � í ºB �y�?���¤î �=����� �
Here � is any adapted,square-integrableprocess.

Adaptedness.For each� , � �`�~� is � �`�~� -measurable.

Linearity . If � �`��� � ºí B �y�?�V�¤îR�m�?��� � � �c��� � ºí B � �?�V��î �=�?�V�
then � �`�~��� � �`��� � í ºB �?�y�?�V�A� � �?���¿��î �=�?�V�
and � � �`��� � í ºB � �y�?�V�0îR�m�?��� �

Martingale.
� �`�~� is amartingale.

Continuity.
� �`�~� is acontinuousfunctionof theupperlimit of integration � .

It ô Isometry.
� ��� � �`�~� � � ��� ºB � � �����¤î6� .

Example14.1() ConsidertheItô integral í©¨ª Í·Ï¬« Ð�­ Í·Ï¬« Ð Ò
We approximatetheintegrandasshown in Fig. 14.5
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T/4 2T/4 3T/4 T

Figure14.5:Approximatingtheintegrand �=�?�V� with � | , over
³ �y��S ¶ .

®�¯ Ï�« ÐýÅ ������ �����
Í·Ï»Ã ÐýÅ Ã if Ã,°±«³²L´Kµ·¶�ÌÍ·Ï^´Kµ·¶ Ð if ´Kµ·¶¸°§«³²§¹%´Kµ·¶�ÌÒ,Ò¨ÒÍ�ºd» ¯
¼Y½�¾ ¨¨ ¿ if » ¯¢¼(½P¾ ¨¯ °À«Á²Â´¤Ò

By definition, í�¨ª Í·Ï�« Ð�­ Í·Ï�« ÐýÅÄÃFÇFÆ¯�ÅÇÆ ¯
¼(½hÈ%É ª ÍrÊgË ´¶LÌ � ÍrÊ Ï Ë Ø�Í¨Ð ´¶ ÌÇÎ ÍrÊnË ´¶ÏÌ ¾ Ò
To simplify notation,wedenote Í È�ÐÅ ÍxÊ�Ë ´¶ ÌÇÑ
so íÒ¨ª Í×Ï�« Ð�­ Í·Ï�« ÐýÅ�ÃFÇFÆ¯�ÅÂÆ ¯¢¼(½hÈÓÉ ª Í È Ï`Í È%Ô ½ Î Í È Ð Ò
We compute ½Õ ¯
¼(½hÈ%É ª Ï»Í ÈÓÔ ½ Î Í È Ð Õ Å ½Õ ¯¢¼(½hÈ%É ª Í ÕÈÓÔ ½ Î ¯¢¼(½hÈÓÉ ª Í È Í È%Ô ½ Ø ½Õ ¯¢¼(½hÈÓÉ ª Í ÕÈÅ ½Õ Í Õ¯ Ø ½Õ ¯
¼Y½hÖjÉ ª Í ÕÖ Î ¯
¼Y½hÈÓÉ ª Í È Í È%Ô ½ Ø ½Õ ¯
¼Y½hÈÓÉ ª Í ÕÈÅ ½Õ Í Õ¯ Ø ¯¢¼(½hÈÓÉ ª Í ÕÈ Î ¯
¼(½hÈ%É ª Í È Í ÈÓÔ ½Å ½Õ Í Õ¯ Î ¯¢¼(½hÈÓÉ ª Í È Ï`Í È%Ô ½ Î Í È Ð Ò
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Therefore, ¯
¼(½hÈ%É ª Í È Ï»Í ÈÓÔ ½ Î Í È ÐýÅ ½Õ Í Õ¯ Î ½Õ ¯
¼(½hÈ%É ª Ï»Í ÈÓÔ ½ Î Í È Ð Õ Ñ
or equivalently¯
¼Y½hÈ%É ª ÍrÊgË ´¶§Ì � ÍxÊ Ï Ë Ø�Í¨Ð ´¶ ÌLÎ ÍxÊ�Ë ´¶§Ì ¾ Å ½Õ Í Õ Ï^´ Ð Î ½Õ ¯¢¼(½hÈÓÉ ª � ÍrÊ Ï Ë Ø�Í,Ð ´¶ Ì ÊIË´�Ì ¾ Õ Ò
Let ¶ ÅÇ×

andusethedefinitionof quadraticvariationto getíØ¨ª Í·Ï¬« Ð�­ Í·Ï¬« ÐOÅ ½Õ Í Õ Ï�´ Ð Î ½Õ ´¤Ò
Remark 14.4(Reasonfor the þ� S term) If

7
is differentiablewith

7 � � � �6� , thení VB 7 �?�V�¤î 7 �?�V� � í VB 7 ����� 7YX �?���¤î6�� þ� 7 � �?��� ����
VB� þ� 7 � � S � �

In contrast,for Brownianmotion,we haveí VB �=�?�V�0îR�m�?��� � þ� � � � S �¤£ÿþ� Sµ�
The extra term þ� S comesfrom thenonzeroquadraticvariationof Brownian motion. It hasto be
there,because � � í VB �m�?���¢îR�m�?��� �6� (Itô integral is a martingale)

but � � þ� � � � S � � þ� S��
14.10 Quadratic variation of an It ô integral

Theorem 10.48(Quadratic variation of It ô integral) Let� �`��� � í ºB �y�?���¤î �=����� �
Then l � m �`�~� � í ºB � � �?�V�¤î/� �
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Thisholdsevenif � is notanelementaryprocess.Thequadraticvariationformulasaysthatat each
time � , the instantaneousabsolutevolatility of

�
is � � �?�V� . This is the absolutevolatility of the

Brownianmotionscaledby thesizeof theposition(i.e. �y�`��� ) in theBrownianmotion. Informally,
wecanwrite thequadraticvariationformulain differentialform asfollows:î � �`�~�¤î � �`�~� � � � �`�~�¤î�� �
Comparethiswith î �=�`�~�´î �=�`�~� � î�� �
Proof: (For anelementaryprocess� ). Let \ �Bô � B � � þ ���3����� �POyö bethepartitionfor � , i.e., �y�`�~� ��y�`��Q3� for �2Q � � � �2Q ¹ þ . To simplify notation,assume� � �PO . We havel � m �`��� � O ¼ þhQa` B ³ l � m �`�2Q ¹ þ �Ü£ l � m �`�2Q\�½¶ �
Let uscompute

l � m �`��Q ¹ þ � £ l � m �`��Q3� . Let Ù �ÿô � B � � þ ���3���y� � £ ö bea partition��Q � � B � � þ �j�����¢� � £ � ��Q ¹ þ �
Then � �%� y ¹ þ � £ � �%� y � � ¬ �P� 
í¬ � �y�`��Q3�¤îR�m�?���� �y�`�2Q�� ³ �m�%� y ¹ þ �¤£K�m�%� y �½¶ �
so l � m �c��Q ¹ þ �¤£ l � m �`��Q\� � £ ¼ þhy ` B ³1� �%� y ¹ þ ��£ � �h� y �½¶ �� � � �`�2Q�� £ ¼ þhy ` B ³ �=�h� y ¹ þ �¤£:�=�%� y ��¶ �Z^Z Ù Z^Z � �£V£y£�£y£6� � � �`��Q3���`�2Q ¹ þ £:�2Q�� �
It followsthat l � m �`��� � O ¼ þhQj` B � � �c��Q����`�2Q ¹ þ £e��Q��� O ¼ þhQj` B º�Ú �


íº Ú � � �?���¤î6�
Z^Z \ Z^Z � �£®£y£y£y£V£^� í ºB � � �����¤î6� �



Chapter 15

It ô’s Formula

15.1 It ô’s formula for oneBrownian motion

We wanta rule to “dif ferentiate”expressionsof the form

7 �%�m�`���¿� , where

7 �h��� is a differentiable
function.If �=�`�~� werealsodifferentiable,thentheordinarychain rule wouldgiveîî(� 7 �%�m�`���¿� � 7 X �%�=�c���0�0� X �`��� �
whichcouldbewritten in differentialnotationasî 7 �h�=�`�~�0� � 7 X �%�m�`���0�¿� X �`���¢î��� 7YX �%�m�`���0�¿îR�m�`���
However, �=�`�~� is notdifferentiable,andin particularhasnonzeroquadraticvariation,sothecorrect
formulahasanextra term,namely,î 7 �%�=�c���0� � 7YX �h�=�`�~�0�¤îR�m�`���Ü�Bþ� 7YX X �h�=�`�~�0� î��¥,¦¨§¨©0 ¸¢« º»­ 0 ¸´«Fº»­ �
This is Itô’s formulain differential form. Integratingthis,weobtainItô’s formulain integral form:7 �%�=�`�~�0�¤£ 7 �%�m� � �0�¥ ¦,§ ©Û « B ­ � í ºB 7YX �%�=�?�V�0�¤î �=�?�V�ý�Bþ� í ºB 7YXcX �%�m�?���0�¤î6� �
Remark 15.1(Differential vs. Integral Forms) Themathematicallymeaningfulform of Itô’sfor-
mulais Itô’s formulain integral form:7 �%�=�`�~�0�¤£ 7 �%�m� � �0� � í ºB 7YX �%�=�?�V�0�¤î �=�?�V�ý�Bþ� í ºB 7YXcX �%�m�?���0�¤î6� �
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This is becausewe have solid definitionsfor both integralsappearingon the right-handside. The
first, í ºB 7 X �%�=�����0�¢îR�m�?���
is anItô integral, definedin thepreviouschapter. Thesecond,í ºB 7(X X �%�=�����0�¤î6� �
is aRiemannintegral, thetypeusedin freshmancalculus.

For paperandpencilcomputations,themoreconvenientform of Itô’s rule is Itô’s formulain differ-
ential form: î 7 �%�m�`���0� � 7 X �%�=�`�~�0�¤î �=�`�~�ý� þ� 7 XcX �%�=�`�~�0�¤î(� �
Thereis anintuitivemeaningbut nosoliddefinitionfor thetermsî 7 �%�m�`���¿� � î �=�`�~� and î(� appearing
in this formula.This formulabecomesmathematicallyrespectableonly afterwe integrateit.

15.2 Derivation of It ô’s formula

Consider

7 �%��� � þ� � � , sothat 7YX �%�V� � � � 7YXcX �%��� �����
Let �(Q � �YQ ¹ þ benumbers.Taylor’s formulaimplies7 �%�(Q ¹ þ �¤£ 7 �%�(Q�� � �h�(Q ¹ þ £:�YQ�� 7YX �%�YQ��ý�Bþ� �h�(Q ¹ þ £s�(Q3� � 7YXcX �%�YQ�� �

In thiscase,Taylor’s formulato secondorderis exactbecause

7
is aquadratic function.

In thegeneralcase,theaboveequationis only approximate,andtheerroris of theorderof �%�(Q ¹ þ £� Q � : . Thetotalerrorwill have limit zeroin thelaststepof thefollowing argument.

Fix S ï � andlet \ �ÿô � B � � þ �3�����V� �;Oyö bea partitionof
³ �y��S ¶ . UsingTaylor’s formula,wewrite:7 �%�m� S �0�¤£ 7 �%�m� � �0�� þ� � � � S ��£ þ� � � � � �� O ¼ þhQa` B ³ 7 �%�m�`��Q ¹ þ �0�Ü£ 7 �h�=�`�2Q+�¿�½¶� O ¼ þhQa` B ³ �m�`��Q ¹ þ �¤£:�m�`��Q��½¶ 7YX �%�m�`��Q��0��� þ� O ¼ þhQj` B ³ �m�`��Q ¹ þ �¤£:�m�`��Q��½¶ � 7YXcX �h�=�`�2Q+�¿�� O ¼ þhQa` B �m�`��Q�� ³ �m�`��Q ¹ þ �¤£s�=�`�2Q+��¶(� þ� O ¼ þhQa` B ³ �=�`�2Q ¹ þ � £:�=�`�2Q+��¶ � �
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We let Z^Z \ Z^Z � � to obtain7 �%�m� S �0�¤£ 7 �%�m� � �0� � í VB �m�?���¢îR�m�?���O�Bþ� l � m � S �¥ ¦¨§ ©V� í VB 7YX �%�m�?���0�¤î �=�����ý�Bþ� í VB 7YXcX �%�m�?���¿�¥ ¦¨§ ©þ î/� �
This is Itô’s formulain integral form for thespecialcase7 �%��� � þ� � � �
15.3 GeometricBrownian motion

Definition 15.1(GeometricBrownian Motion) GeometricBrownianmotionisÜ �`��� � Ü � � � ø\ù!ú û �O�=�`�~���Ýº�Þ £Aþ� � � ¿ � � �
whereÞ and �eï � areconstant.

Define 7 �c� � �V� � Ü � � � ø\ùyú û �O���Ýº�Þ £Aþ� � � ¿ � � �
so Ü �`�~� � 7 �`� � �=�`�~�0� �
Then 7 º � º Þ £Aþ� � � ¿ 7 � 7 � � � 7 � 7 �\� � � � 7 �
Accordingto Itô’s formula,î Ü �`��� � î 7 �`� � �m�`���0�� 7 º î���� 7 � îR�/� þ� 7 �\� îR��îR�¥ ¦¨§ ©0 º� �¬Þ £ þ� � � � 7 î(� ��� 7 î �)� þ� � � 7 î��� Þ Ü �`�~�0î(� ��� Ü �`���¤î �=�`�~�
Thus,GeometricBrownianmotionin differential form isî Ü �`��� � Þ Ü �`�~�0î(� ��� Ü �`���¤î �=�`�~� �
andGeometricBrownianmotionin integral form isÜ �`�~� � Ü � � ��� í ºB Þ Ü �����¤î6��� í ºB � Ü �?�V��î �=����� �
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15.4 Quadratic variation of geometricBrownian motion

In theintegral form of GeometricBrownianmotion,Ü �`��� � Ü � � �V� í ºB Þ Ü �?�V�¤î/�·� í ºB � Ü �����¤î �=�?�V� �
theRiemannintegral < �`�~� � í ºB Þ Ü �?�V�¤î/�
is differentiablewith

< X �c��� � Þ Ü �`��� . This termhaszeroquadraticvariation.TheItô integralß �`�~� � í ºB � Ü �?�V��î �=�����
is notdifferentiable.It hasquadraticvariationl ß m �c��� � í ºB � � Ü � �?���¤î6� �
Thusthequadraticvariationof

Ü
is givenby thequadraticvariationof

ß
. In differentialnotation,

wewrite î Ü �`�~�¤î Ü �`��� � �¬Þ Ü �c���0î(� ��� Ü �`���¿îR�m�`���0� � � � � Ü � �c���¤î(�
15.5 Volatility of GeometricBrownian motion

Fix �L�'S þ �'S � . Let \ � ô � B �3���3��� �;Oyö bea partitionof
³ S þ ��S � ¶ . Thesquaredabsolutesample

volatility of
Ü

on
³ S þ ��S � ¶ is�S � £ S þ O ¼ þhQj` B ³ Ü �`��Q ¹ þ �¤£ Ü �`�2Q��½¶ � � �S � £ S þ V êíV 
 � � Ü � �����¤î6�� � � Ü � � S þ �

As S � � S þ , the above approximationbecomesexact. In otherwords,the instantaneousrelative
volatility of

Ü
is � � . This is usuallycalledsimply thevolatility of

Ü
.

15.6 First derivation of the Black-Scholesformula

Wealth of an investor. An investorbeginswith nonrandominitial wealth � B andat eachtime � ,
holds àð�`�~� sharesof stock.Stockis modelledby a geometricBrownianmotion:î Ü �`��� � Þ Ü �c���0î(� ��� Ü �`���¿îR�m�`��� �



CHAPTER15. Itô’sFormula 171àð�`�~� can be random,but mustbe adapted.The investorfinanceshis investingby borrowing or
lendingat interestrate á .
Let �.�`��� denotethewealthof theinvestorat time � . Thenî¢�.�`��� � àð�`�~�0î Ü �`�~� ��á ³ �.�`�~��£�àð�`�~� Ü �`�~�½¶�î��� àð�`�~� ³ Þ Ü �`�~�0î(� ��� Ü �`���0î �=�c���½¶R��á ³ �.�`���¤£§àM�`��� Ü �`����¶8î(�� á �.�`���0î(�=��àM�`��� Ü �`��� �¬Þ £§á��¥ ¦,§ ©

Riskpremium

î�� ��àð�c��� Ü �`�����VîR�m�`��� �
Valueof an option. ConsideranEuropeanoptionwhichpays² � Ü � S �0� attime S . Let â��`� � ��� denote
the valueof this option at time � if the stockprice is

Ü �`�~� � � . In otherwords,the valueof the
optionateachtime � p ³ �y��S ¶ is â��`� � Ü �`�~�0� �
Thedifferentialof thisvalueisî/â��`� � Ü �c���0� � â º î(� ��â � î Ü �Bþ� â �\� î Ü î Ü� â º î(� ��â � ³ Þ Ü î(�ý��� Ü î ��¶!�Bþ� â �\� � � Ü � î(�� � â º ��Þ Ü â � � þ� � � Ü � â �\� � î��ý��� Ü â � î �
A hedgingportfolio startswith someinitial wealth � B andinvestssothat thewealth �.�`��� at each
time tracks â �c� � Ü �`���¿� . We saw abovethatî¢�.�`��� � ³ á ����àM�¬Þ £�á�� Ü ¶µî(� ��� Ü à�î � �
To ensurethat �.�`��� � â��`� � Ü �c���0� for all � , weequatecoefficientsin theirdifferentials.Equatingtheî � coefficients,weobtainthe à -hedgingrule:àð�`��� � â � �`� � Ü �`�~�0� �
Equatingthe î�� coefficients,weobtain:â º ��Þ Ü â � � þ� � � Ü � â �\� � á � ��àð�¬Þ £§á�� Ü �
But wehaveset à � â � , andweareseekingto cause� to agreewith â . Makingthesesubstitutions,
weobtain â º ��Þ Ü â � �Bþ� � � Ü � â �\� � á�âD��â � �¬Þ £§á�� Ü �
(where â � â �c� � Ü �`���¿� and

Ü � Ü �`�~� ) whichsimplifiestoâ º ��á Ü â � � þ� � � Ü � â �\� � á�â �
In conclusion,weshouldlet â bethesolutionto theBlack-Scholespartial differentialequationâ º �c� � �V����á+�Yâ � �c� � �V��� þ� � � � � â �\� �`� � ��� � á�â��`� � ���
satisfyingtheterminalcondition â�� Sµ� ��� � ² �%�V� �
If aninvestorstartswith � B � â � �y� Ü � � �0� andusesthehedgeàð�`�~� � â � �`� � Ü �`�~�0� , thenhewill have�.�`��� � â �`� � Ü �`���0� for all � , andin particular, �.� S � � ² � Ü � S �¿� .
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15.7 Mean and varianceof the Cox-Ingersoll-Rossprocess

TheCox-Ingersoll-Rossmodelfor interestratesisî/áy�`�~� � @ ��¦l£ � á!�c���0�0î(�����Kã áy�`���¤î �=�c��� �
where@ � ¦ � � � � and áy� � � arepositiveconstants.In integral form, thisequationisáy�`��� � á!� � ��� @ í ºB �?¦¢£ � áy�?�V�0�Üî/�·��� í ºB ã á!�����¤î �=�?�V� �
We applyItô’s formulato computeî6á � �`�~� . This is î 7 �?áy�`���0� , where

7 �h��� � � � . We obtainî6á � �c��� � î 7 ��á!�c���0�� 7YX �?áy�`���¿�¤î/áy�`�~� �Bþ� 7(XcX �?áy�`���¿�¤î/áy�`�~�¤î/áy�`�~�� â áy�`�~� � @ �?¦¢£ � áy�`�~�0�Üî������nã á!�c���¤î �=�`�~� ¾ � � @ ��¦´£ � áy�`�~�0�¤î������nã áy�`���¤î �=�`�~� ¾ �� â @ ¦%áy�`���¤î(��£ â @ � á � �`���¢î���� â ��áYäê �`���¤î �=�`�~�ý��� � áy�`�~�¤î��� � â @ ¦Ü��� � ��áy�`�~�¤î��Ü£ â @ � á � �`���¢î���� â ��áYäê �`���¤î �=�c���
The meanof á!�c��� . Theintegral form of theCIR equationisáy�`��� � á!� � ��� @ í ºB �?¦¢£ � áy�?�V�0�Üî/�·��� í ºB ã á!�����¤î �=�?�V� �
Takingexpectationsandrememberingthattheexpectationof anItô integral is zero,we obtain� � áy�`�~� � áy� � � � @ í ºB �?¦¢£ � � � áy�?���0�Üî6� �
Differentiationyields îî�� � � áy�`��� � @ �?¦l£ � � � áy�`�~�0� � @ ¦l£ @ � � � áy�`��� �
which impliesthat îî(� � ä >jå º � � áy�`�~� � � ä >jå º � @ � � � á!�c����� îî(� � � áy�`�~� ¾ � ä >jå º @ ¦ �
Integrationyields ä >aå º � � áy�`���Ü£�áy� � � � @ ¦ í ºB ä >jå¬æ î/� � ¦� � ä >aå º £ � � �
We solvefor

� � áy�`��� : � � áy�`��� � ¦� � ä ¼ >jå º Ê áy� � �Ü£ ¦ � Ì �
If áy� � � � =å , then

� � áy�`��� � = å for every � . If áy� � ���� =å , then áy�`�~� exhibits meanreversion:� ò�ñº�� ì � � áy�`��� � ¦ � �
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Varianceof áy�`�~� . Theintegral form of theequationderivedearlierfor î6á � �`�~� isá � �`�~� � á � � � �ý�6� â @ ¦���� � � í ºB áy�?�V�¤î/� £ â @ � í ºB á � �?�V�¤î/��� â � í ºB á(äê �?���¤î �=�?�V� �
Takingexpectations,weobtain� � á � �`�~� � á � � � ��� � â @ ¦Ü��� � � í ºB � � áy�?���Üî/� £ â @ � í ºB � � á � �����¤î6� �
Differentiationyields îî(� � � á � �`��� � � â @ ¦���� � � � � áy�`���O£ â @ � � � á � �`��� �
which impliesthat îî(� ä � >jå º � � á � �`��� � ä � >aå º � â @ � � � á � �c����� îî(� � � á � �`��� ¾� ä � >aå º � â @ ¦���� � � � � áy�`�~� �
Using the formula alreadyderived for

� � áy�`��� andintegratingthe last equation,after considerable
algebraweobtain� � á � �c��� � ¦%� �â @ � � � ¦ �� � � Ê áy� � �Ü£ ¦� Ì ¤ � �@ � � â ¦� ¥ ä ¼ >aå º� Ê áy� � ��£ ¦� Ì � � �@ � ä ¼ � >jå º � � �@ � Ê ¦â � £�áy� � � Ì ä ¼ � >jå º �z _¢{ á!�c��� � � � á � �`���¤£)� � � áy�`���¿� �� ¦%� �â @ � � � Ê áy� � �Ü£ ¦� Ì � �@ � ä ¼ >jå º � � �@ � Ê ¦â � £§áy� � � Ì ä ¼ � >aå º �
15.8 Multidimensional Brownian Motion

Definition 15.2( î -dimensionalBrownian Motion) A î -dimensionalBrownianMotion is a pro-
cess �=�`�~� � �h� þ �`�~� ���3���y� � 0 �`�~�0�
with thefollowing properties:� Each�+Qy�`��� is a one-dimensionalBrownianmotion;� If ç �� v , thentheprocesses� � �c��� and � y �`��� areindependent.

Associatedwith a î -dimensionalBrownianmotion,wehave afiltration ô � �`��� ö suchthat� For each� , therandomvector �m�`��� is � �c��� -measurable;� For each� � � þ �6�3���6� � O , thevectorincrements�=�`� þ �Ü£K�m�`��� �3���3��� �m�`�PO �¤£K�m�`�PO ¼ þ �
areindependentof � �`�~� .
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15.9 Cross-variations of Brownian motions

Becauseeachcomponent� � is aone-dimensionalBrownianmotion,wehavetheinformalequationî � � �`�~�´î � � �`��� � î�� �
However, wehave:

Theorem 9.49 If çl�� v , î � � �`�~�´î � y �`��� �6�
Proof: Let \ �Aô � B ���3���V� �PO
ö bea partitionof

³ �y�ES ¶ . For ç��� v , definethesamplecrossvariation
of � � and � y on

³ �y�ES ¶ to beè f � O ¼ þhQa` B ³ � � �`��Q ¹ þ �¤£:� � �`��Q3�½¶ ³ � y �`�2Q ¹ þ �¤£:� y �`��Q��½¶ �
Theincrementsappearingon theright-handsideof theabove equationareall independentof one
anotherandall have meanzero.Therefore,� � è f �6�y�

We computez _
{ � è f � . First notethatè �f � O ¼ þhQj` B � � � �`�2Q ¹ þ �Ü£s� � �`��Q�� ¾ � � � y �`��Q ¹ þ �¤£K� y �`�2Q�� ¾ �� â O ¼ þh� � Q ³ �
� �`� � ¹ þ �¤£:� � �`� � ��¶ ³ � y �`� � ¹ þ �¤£K� y �`� � ��¶ � ³ � � �`�2Q ¹ þ � £:� � �`�2Q��½¶ ³ � y �c��Q ¹ þ �¤£:� y �`�2Q��½¶

All the incrementsappearingin the sumof crosstermsare independentof oneanotherandhave
meanzero.Therefore,z _¢{ � è f � � � � è �f� � � O ¼ þhQa` B ³ � � �`��Q ¹ þ �¤£K� � �`��Q��½¶ � ³ � y �`��Q ¹ þ �¤£:� y �`��Q3�½¶ � �
But

³ � � �`�2Q ¹ þ �Ü£s� � �`��Q��½¶ � and
³ � y �`�2Q ¹ þ � £:� y �`��Q3�½¶ � areindependentof oneanother, andeachhas

expectation�`�2Q ¹ þ £e�2Q�� . It followsthatz _
{ � è f � � O ¼ þhQa` B �c��Q ¹ þ £e��Q�� � � Z^Z \ Z^Z O ¼ þhQa` B �`��Q ¹ þ £:�2Q+� � Z^Z \ Z^Z �cS��
As Z^Z \ Z^Z � � , we have z _
{ � è f ��� � , so

è f convergesto theconstant
� � è f �6� .
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15.10 Multi-dimensional It ô formula

To keepthenotationassimpleaspossible,we write the Itô formulafor two processesdrivenby a
two-dimensionalBrownianmotion. Theformulageneralizesto anynumberof processesdrivenby
a Brownianmotionof anynumber(notnecessarilythesamenumber)of dimensions.

Let � and é beprocessesof theform�.�`��� � �.� � ��� í ºB !��?�V�´î6�·� í ºB � þ0þ �?���¤î � þ �����ý� í ºB � þ � �?�V�¤îR� � ����� �éð�`�~� � é?� � �ý� í ºBÇê �?���¤î6��� í ºB � � þ �?�V�¤îR� þ �?�V� � í ºB � ��� �?�V�¤îR� � �?�V� �
Suchprocesses,consistingof a nonrandominitial condition,plusa Riemannintegral, plusoneor
moreItô integrals,arecalledsemimartingales. The integrands!l�?��� � ê �?�V� � and � � y �?�V� canbeany
adaptedprocesses.Theadaptednessof theintegrandsguaranteesthat � and é arealsoadapted.In
differentialnotation,wewrite î¢� � !eî(� ��� þ¿þ î � þ ��� þ � îR� � �îYé � ê î������ � þ î � þ ��� �E� î � � �
Giventhesetwo semimartingales� and é , thequadraticandcrossvariationsare:

î¢� î
� � �?!Mî������ þ0þ î � þ ��� þ � îR� � � � �� � �þ0þ î � þ î � þ¥ ¦¨§ ©0 º � â � þ0þ � þ � î � þ î � �¥ ¦¨§ ©B ��� �þ � î � � îR� �¥ ¦,§ ©0 º� �?� �þ¿þ ��� �þ � � � î(� �î(éÿî(é � � ê î(� ��� � þ îR� þ ��� ��� î � � � �� �?� �� þ ��� ���� � � î(� �î
� î(é � �?!Mî������ þ0þ î � þ ��� þ � îR� � ��� ê î(�Ó��� � þ î � þ ��� ��� î � � �� �?� þ¿þ � � þ ��� þ � � ��� �¤î(�
Let

7 �`� � � �¨ß � bea functionof threevariables,andlet ���c��� and éð�`�~� besemimartingales.Thenwe
have thecorrespondingItô formula:î 7 �`� � � �¨ß � � 7 º î(�=� 7 � î¢� � 7 . îYé � þ� ³ 7 �\� î
� î
� � â 7 � . î¢� îYé � 7 .�. îYé îYé·¶ �
In integral form, with � and é asdecribedearlierandwith all thevariablesfilled in, thisequation
is 7 �`� � �.�`��� � éÂ�c���0�Ü£ 7 � �
� �.� � � � é�� � �0�� í ºB ³ 7 º ��! 7 � � ê 7 . �Bþ� �?� �þ0þ ��� �þ � � 7 �\� � ��� þ0þ � � þ ��� þ � � ��� � 7 � . �Bþ� �?� �� þ ��� ���� � 7 .E. ¶Óî6�� í ºB ³ � þ0þ 7 � ��� � þ 7 . ¶ î � þ � í ºB ³ � þ � 7 � ��� ��� 7 . ¶·îR� � �
where

7 � 7 �?� � �.�?��� � é �?�V� , for ç � v peôR��� â ö , � � y � � � y �?��� , and � � � � � ����� .
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Chapter 16

Mark ov processesand the Kolmogorov
equations

16.1 StochasticDiffer ential Equations

Considerthestochasticdifferentialequation:î¢�.�`��� � @ �`� � ���c���0�Üî������´�`� � �.�`���¿�ýîR�m�`��� � (SDE)

Here @ �c� � �V� and �¢�`� � ��� aregivenfunctions,usuallyassumedto becontinuousin �`� � �V� andLips-
chitzcontinuousin � ,i.e.,thereis aconstantë suchthatZ @ �`� � �V��£ @ �`� �,ß � Z � ë Z � £ ß Z � Z �¤�`� � ���Ü£��¤�`� �,ß � Z � ë Z � £ ß Z
for all � � � �,ß .
Let �`� B � �V� begiven. A solutionto (SDE)with the initial condition �`� B � ��� is a processô �.�`���¨ö º?ìyº^í
satisfying �.�`� B � � � ��.�`�~� � ���c� B �ý� ºíº^í @ �h� � �.�%�3�0�ýî �´� ºíº^í �¤�%� � �.�%���¿��î �=�%�3� � �l�9� B
Thesolutionprocessô �.�`�~�¨ö º?ìyº^í will beadaptedto thefiltration ô � �c���¨ö º�ì B generatedby theBrow-
nian motion. If you know the pathof the Brownian motion up to time � , thenyou canevaluate�.�`��� .
Example16.1(Drifted Brownian motion) Let î bea constantand ï Å�Í , so­ ð Ï Ê�ÐýÅ î ­8Ê
ØÇ­ Í×Ï Ê�Ð Ò
If Ï Ê ª Ñ À Ð is givenandwestartwith theinitial conditionð Ï Ê ª ÐýÅ À Ñ
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then ð Ï Ê�ÐÜÅ À Ø î Ï Ê Î Ê ª Ð�Ø Ï»Í·Ï Ê�Ð Î Í·Ï Ê ª Ð®Ð Ñ Ê ËMÊ ª Ò
To computethedifferentialw.r.t. Ê , treat Ê ª and Í·Ï Ê ª Ð asconstants:­ ð Ï Ê�ÐýÅ î ­8Ê
ØÇ­ Í×Ï Ê�Ð Ò
Example16.2(GeometricBrownian motion) Let ñ and ï beconstants.Consider­·ð Ï Ê�ÐýÅ ñ ð Ï Ê�Ðg­8Ê!Ø ï ð Ï Ê�Ðn­ Í·Ï Ê�Ð Ò
Giventheinitial condition ð Ï Ê ª ÐýÅ À Ñ
thesolutionis ð Ï Ê�ÐýÅ ÀKò�ó�ôöõ ïýÏ»Í×Ï Ê�Ð Î Í·Ï Ê ª Ð½ÐyØ Ï�ñ Î ½Õ ï Õ Ð Ï Ê Î Ê ª Ðj÷ Ò
Again,to computethedifferentialw.r.t. Ê , treat Ê ª and Í×Ï Ê ª Ð asconstants:­ ð Ï Ê�ÐOÅ Ï¬ñ Î ½Õ ï Õ Ð?ð Ï Ê�Ðg­8Ê�Ø ï ð Ï Ê�Ð�­ Í·Ï Ê�ÐVØ ½Õ ï Õ ð Ï Ê�Ð�­8ÊÅ ñ ð Ï Ê�Ðn­8Ê!Ø ï ð Ï Ê�Ðn­ Í×Ï Ê�Ð Ò
16.2 Mark ov Property

Let �¸� � B 
9� þ begivenandlet
� � ß � bea function.Denoteby� � º^í U � � �¬�.�`� þ �0�

theexpectationof
� �¬�.�`� þ �0� , giventhat ���c� B � � � . Now let ø p � N begiven,andstartwith initial

condition �.� � � � ø �
We havetheMarkovproperty� � B%U ù �`� �¬�.�`� þ �0� ���� � �`� B � ¾ � � � º^í U ú «Fº^í�­ � �¬�.�`� þ �0� �
In otherwords,if you observe thepathof thedriving Brownianmotionfrom time 0 to time � B , and
basedonthis information,youwantto estimate

� �����c� þ �0� , theonly relevantinformationis thevalue
of �.�`� B � . You imaginestartingthe � Ü s � � at time � B at value �.�`� B � , andcomputethe expected
valueof

� �¬�.�`� þ �0� .



CHAPTER16. Markov processesandtheKolmogorov equations 179

16.3 Transition density

Denoteby ûgü�ýPþ
ÿ�ý�� ��� ÿ ���
thedensity(in the � variable)of � ü¬ý	� � , conditionedon � ü¬ý;þ ��
�� . In otherwords,
 �����	� ��� ü � ü¬ý�� ����
���� � � ü ��� ûgü�ýPþ
ÿ�ý�� ��� ÿ ���������
TheMarkov propertysaysthatfor �! ý;þ  ý	�

andfor every " ,
 � þ � #%$&� ü � ü¬ý	� �	�('''' ) ü¬ýPþ �+*�
 � � � � ü ��� ûgü¬ýPþ�ÿ�ý�� � � ü¬ýPþ � ÿ ���������
Example16.3(Drifted Brownian motion) ConsidertheSDE,.-0/214365879,:1<;=,?>@/A143	B
Conditionedon

-C/A14DE3F5HG
, the randomvariable

-C/A1	IJ3
is normalwith mean

G%;K7�/A1	I�LM14DJ3
andvariance/A1 I LN1 D 3

, i.e., O /A14DEPQ1	IJR6G�P4S.365 TU VXW /21 I LY1 D 3[Z	\(]_^ L /`SaLb/cG9;d7�/A1 I LY1 D 3+3e3efV /A1 I Lg1 D 3 h B
Notethat

O
dependson

14D
and

1	I
only throughtheir difference

1	I6LY14D
. This is alwaysthecasewhen

7�/21JP4G�3
and i /21JP4G�3 don’t dependon

1
.

Example16.4(GeometricBrownian motion) Recallthatthesolutionto theSDE,X-C/214365Kjk-C/2143l,:1m; i -C/A143�,(>%/A143�P
with initial condition

-0/21 D 3[5KG
, is GeometricBrownianmotion:-C/21	In3658G Z�\?]_o i /`>@/A1	IJ3�Lp>%/A14Dk3e3q;8/cj�L If i f 3	/21	I6LY14D	3Jr�B

Therandomvariable
>%/21 I 3sL0>%/21 D 3

hasdensityt u=v >@/A1	I	3wL0>@/A14DE3[xy,(zk{|5 TU V.W /A1 I LY1 D 3wZ�\?] ^ L z	fV /21 I LN1 D 3 h ,(zEP
andwearemakingthechangeof variableS958G Z�\?] o i zw;}/`j~L If.i f 3�/A1	I6LY14Dk3 r
or equivalently, z�5 Ti������.� SG Ld/`j~L If i f 3�/A1 I LY1 D 3Q��B
Thederivative is ,(S,(z 5 i S�P or equivalently,

,(z�5 ,(Si S B
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Therefore,O /214DXPQ1	IJR�G�P�SX3w,(S95 t u=v -C/A1	I	3�xN,?S�{5 Ti S U VXW /21	I6LY14D	3 Z	\(] ^ L TV /21	I6LN14Dk3 i f �A���.� SG L�/cj�L If(i f 3�/A1 I Lg1 D 3Q� f h ,(S�B
Using the transitiondensityand a fair amountof calculus,onecan computethe expectedpayoff from a
Europeancall: t �a��� � /�-0/��|3[L0�N3+�C5 �d�D /`S�Lp�N3+� O /21JPe�9R�G�P4S.3�,(S5��	�����w���`�+G���� Tiq  �dLN1 � �A�X� G� ;=j(/&�=L¡143q; If.i f /��dLN143 �E¢LM�g� � Ti   �pLY1 �£�A�.� G� ;�j(/��pLY143�L If?i f /&�=LY143�� ¢
where �C/c¤?3[5 T  VXW �C¥� � � �

If �E¦ ,(G%5 T  V.W � �� ¥ � �
If �E¦ ,(G�B

Therefore,t � D � § $ � ���	���w���`� /�-C/&�|3[L0�N3+� '''' ¨ /2143 * 5�� ���	���w���c�et ����� ©��£�`� /�-0/��|3wLC�N3e�5d-C/A143e�ª� Ti   �dLN1 $ �A�X� -C/A143� ;pj(/��pLY143q; If i f /&�dLg143 * ¢LM� �������w���`� �«� � Ti   �=LY1 $ �A�X� -C/A143� ;dj(/&�=LN143wL If(i f /��pLg143 * ¢

16.4 The Kolmogorov Backward Equation

Consider � � ü¬ý ��
�¬ ü¬ýjÿ � ü�ý �	��� ýw­ � ü¬ýaÿ � ü¬ý ���6��® ü¬ý � ÿ
andlet

ûgü¬ýPþ�ÿ�ý�� �J� ÿ ��� bethetransitiondensity. ThentheKolmogorov BackwardEquationis:¯±°° ýPþ ûgü¬ý;þ�ÿEý	� ��� ÿ ����
²¬ ü¬ý;þ
ÿ ��� °° � ûgü�ýPþ
ÿ�ý�� ��� ÿ ��� ­ �³ � ³ ü¬ýPþ
ÿ ��� ° ³° � ³ ûgü¬ý;þ
ÿ�ý	� �|� ÿ ���E� (KBE)

Thevariables
ý;þ

and � in
ü�´ ® � � arecalledthebackward variables.

In thecasethat ¬ and � arefunctionsof � alone,
ûgü¬ýPþ�ÿ�ý�� �µ� ÿ ��� dependson

ý;þ
and

ý	�
only through

their difference¶ 
 ý � ¯ ý þ
. We thenwrite

ûgü ¶ �Y� ÿ ��� ratherthan
ûgü�ý þ ÿ�ý � �Y� ÿ ��� , and

ü�´ ® � �
becomes °° ¶ ûgü ¶ ��� ÿ ����
�¬ ü ��� °° � ûgü ¶ ��� ÿ ��� ­ �³ � ³ ü ��� ° ³° � ³ ûgü ¶ ��� ÿ ���E� (KBE’)
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Example16.5(Drifted Brownian motion),.-0/214365879,:1<;d,(>%/A143O /`·<R¸G�P4S.365 T  V.W · Z	\(] ^ L /cS�L�/`G9;=7(·�3e3+fV · h B¹¹ · O 5 O�º 5 � ¹¹ · T  V.W · ¢ Z	\(] ^ L /cS�LpG»LC7?·¼3efV · hL � ¹¹ · /`SaLpG»L07(·�3+fV · ¢ T  VXW · Z	\(] ^ L /`S�LpG»LC7(·�3efV · h5 $ L«TV · ; 7�/`SFL0G»Lp7(·�3· ; /`S�LpG»LC7(·�3V · f * O B¹¹ G O 5 O � 5 S�L0G½LM7(·· O B¹ f¹ G f O 5 O �J� 5 � ¹¹ G SFL0G»Lp7(·· ¢ O ; SaLMG½L07(·· O �5¾L T· O ; /cS�LCG»Lp7?·¼3ef· f O B
Therefore, 7 O � ; If O �J� 5 $ 7�/cS�L0G½LM7(·�3· L TV · ; /`SaLMG½L07(·�3efV · f * O5 O º B
This is theKolmogorov backwardequation.

Example16.6(GeometricBrownian motion),X-C/214365Kjk-C/2143l,:1m; i -C/A143�,(>%/A143�BO /c·qR6G�P4S.365 Ti S   VXW · Z	\(] ^ L TV · i f �A�A�.� SG Lb/cj�L If(i f 3+·(� f h B
It is truebut very tediousto verify that

O
satisfiestheKBEO�º 5KjEG O � ; If i f G f O �k� B

16.5 Connectionbetweenstochasticcalculusand KBE

Consider � � ü¬ý ��
�¬ ü � ü�ý �	��� ýw­ � ü � ü¬ý �	�l��® ü�ý �E� (5.1)

Let
� ü ��� bea function,anddefine ¿ ü¬ýjÿ ����
 
 � ��� � � ü � ücÀ ��� ÿ
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where�N ý  À . Then ¿ ü¬ýjÿ ����
 � � ü ��� ûgücÀ ¯ ý �µ� ÿ ���l��� ÿ¿ � ü¬ýjÿ ����
 ¯ � � ü ��� û � ücÀ ¯ ý �|� ÿ ������� ÿ¿ � ü¬ýjÿ ����
 � � ü ��� û � ücÀ ¯ ý ��� ÿ ������� ÿ¿ �E� ü¬ýjÿ ����
 � � ü ��� û �E� ücÀ ¯ ý ��� ÿ ���������
Therefore,theKolmogorov backwardequationimplies¿ � ü¬ýaÿ ��� ­ ¬ ü ��� ¿ � ü�ýjÿ ��� ­ �³ � ³ ü ��� ¿ �E� ü¬ýaÿ ����
� � ü ��� � ¯ û � ücÀ ¯ ý �k� ÿ ��� ­ ¬ ü ��� û � ücÀ ¯ ý �J� ÿ ��� ­ �³ � ³ ü ��� û �E� ücÀ ¯ ý �J� ÿ ��� � ����
 �
Let

ü � ÿ " � beaninitial conditionfor theSDE(5.1). We simplify notationby writing

 �

ratherthan
 � þ � #
.

Theorem 5.50 Startingat � ü � �l
 " , theprocess

¿ ü¬ýaÿ � ü¬ý �	� satisfiesthemartingaleproperty:
 � $ ¿ ü¬ýjÿ � ü�ý �	�('''' ) ü�Á � * 
 ¿ ü�Á¢ÿ � ü�Á �	� ÿ �! Á  ý  À �
Proof: Accordingto theMarkov property,
 � $ � ü � ücÀ �	� '''' ) ü¬ý � * 
 
 �Â��� Ã»Ä�� ­ � ü � ücÀ �	��
 ¿ ü¬ýjÿ � ü�ý �	� ÿ
so 
 �ÆÅ ¿ ü¬ýaÿ � ü¬ý �	�XÇ ) ü�Á �4È¸
 
 � $ 
 � $ � ü � ücÀ �	� '''' ) ü¬ý � *�'''' ) ü�Á � *
 
 � $ � ü � ücÀ �	� '''' ) ü�Á � *
 
 � ¬ � Ã»Ä ¬®­ � ü � üÉÀ �	� (Markov property)
 ¿ üQÁ
ÿ � ü�Á �	�E�
Itô’s formulaimplies� ¿ ü�ýjÿ � ü¬ý �	�w
 ¿ � � ýw­ ¿ � � � ­ �³ ¿ �E� � � � �
 ¿ � � ýw­ ¬ ¿ � � ý¸­ � ¿ � ��® ­ �³ � ³ ¿ �E� � ý �
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In integral form, wehave¿ ü¬ýaÿ � ü¬ý ���6
 ¿ ü � ÿ � ü � �	�­ � �þ � ¿ � ü�Ê�ÿ � ü�Ê �	� ­ ¬ ü � ü�Ê �	� ¿ � ü�Ê�ÿ � ü�Ê �	� ­ �³ � ³ ü � ü�Ê ��� ¿ �E� ü�Ê�ÿ � üQÊ �	� � � Ê­ � �þ � ü � ü�Ê �	� ¿ � ü�Ê*ÿ � ü�Ê ���6��® ü�Ê �:�
We know that

¿ ü¬ýaÿ � ü¬ý ��� is a martingale,sotheintegral Ë �þ � ¿ � ­ ¬ ¿ � ­ �³ � ³ ¿ �E� � � Ê mustbezero
for all

ý
. This impliesthattheintegrandis zero;hence¿ � ­ ¬ ¿ � ­ �³ � ³ ¿ �E� 
 � �

Thusby two differentarguments,onebasedon theKolmogorov backwardequation,andtheother
basedon Itô’s formula,we havecometo thesameconclusion.

Theorem 5.51(Feynman-Kac) Define¿ ü�ýjÿ ���l
 
 �Â��� �?� ü � ücÀ �	� ÿ �! ý  Àöÿ
where � � ü¬ý ��
�¬ ü � ü�ý �	��� ýw­ � ü � ü¬ý �	�l��® ü�ý �E�
Then ¿ � ü¬ýaÿ ��� ­ ¬ ü ��� ¿ � ü¬ýjÿ ��� ­ �³ � ³ ü ��� ¿ �E� ü�ýjÿ ����
 � (FK)

and
¿ üÉÀöÿ ���6
 � ü ���E�

TheBlack-Scholesequationis aspecialcaseof this theorem,aswe show in thenext section.

Remark 16.1(Derivation of KBE) We plunkeddown the Kolmogorov backwardequationwith-
outany justification.In fact,onecanuseItô’sformulato prove theFeynman-KacTheorem,anduse
theFeynman-KacTheoremto derive theKolmogorov backwardequation.

16.6 Black-Scholes

ConsidertheSDE ��Ì ü¬ý ��
�Í(Ì ü�ý ��� ý¸­ � Ì ü¬ý ����® ü¬ý �E�
With initial condition Ì ü¬ý ��
�� ÿ
thesolutionis Ì ü�Ê ��
��FÎEÏmÐ%Ñ � ü ® ü�Ê � ¯ ® ü¬ý �	� ­xü Í ¯ �³ � ³ � ü�Ê ¯ ý �EÒ ÿ ÊCÓ�ý �
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Define ¿ ü¬ýaÿ ���l
 
 ���Q� �?� ü Ì ücÀ ���
 
 �Ô�MÕ �FÎEÏmÐ Ñ � ü ® ücÀ � ¯ ® ü¬ý �	� ­xü Í ¯ �³ � ³ � ücÀ ¯ ý � ÒqÖ ÿ
where

�
is a functionto bespecifiedlater.

Recallthe IndependenceLemma: If × is a � -field, � is × -measurable,and Ø is independentof × ,
then 
 � $ � ü � ÿ Ø � '''' × * 
ÚÙ ü � � ÿ
where Ù ü ����
 
 �!� ü � ÿ Ø �E�
With geometricBrownianmotion,for �! ý  À , wehaveÌ ü�ý ��
�Ì ü � �qÎEÏqÐ9Ñ � ® ü¬ý � ­xü Í ¯ �³ � ³ � ý Ò ÿ

Ì ücÀ ��
�Ì ü � �qÎEÏqÐ9Ñ � ® ücÀ � ­ ü Í ¯ �³ � ³ � À Ò
 Ì ü¬ý �Û ÜkÝ Þß ÄA� ­ -measurable

ÎEÏqÐ Ñ � ü ® ücÀ � ¯ ® ü¬ý �	� ­ ü Í ¯ �³ � ³ � ücÀ ¯ ý � ÒÛ ÜJÝ Þ
independentof

ß ÄA� ­
We thushave Ì ücÀ ��
 �dØ ÿ
where � 
�Ì ü¬ý �Ø 
ÚÎEÏqÐ Ñ � ü ® ücÀ � ¯ ® ü¬ý �	� ­xü Í ¯ �³ � ³ � ücÀ ¯ ý � Ò �
Now 
 �!� ü � Ø ��
 ¿ ü¬ýjÿ ���E�
Theindependencelemmaimplies
 � $ � ü Ì ücÀ �	� '''' ) ü¬ý � * 
 
 �àÅ£� ü �dØ �XÇ ) ü¬ý �QÈ
 ¿ ü¬ýjÿ � �
 ¿ ü¬ýjÿ Ì ü¬ý �	�E�
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We haveshown that ¿ ü¬ýjÿ Ì ü¬ý �	�l
 
 �á$c� ü Ì ücÀ �	�('''' ) ü¬ý �+* ÿ �g ý  À �
Notethattherandomvariable

� ü Ì ücÀ �	� whoseconditionalexpectationis beingcomputeddoesnot
dependon

ý
. Becauseof this, thetowerpropertyimpliesthat

¿ ü�ýjÿ Ì ü¬ý ��� ÿ �% ý  À , is amartingale:
For �! Á  ý  À , 
 � $ ¿ ü¬ýaÿ Ì ü�ý �	� '''' ) ü�Á � * 
 
 � $ 
 � $ � ü Ì ücÀ ��� '''' ) ü¬ý � * '''' ) üQÁ � *
 
 �â$c� ü Ì ücÀ �	�('''' ) ü�Á �+*
 ¿ ü�Á
ÿ Ì ü�Á �	�E�
This is aspecialcaseof Theorem5.51.

Because

¿ ü¬ýaÿ Ì ü¬ý �	� is a martingale,the sum of the � ý termsin � ¿ ü¬ýaÿ Ì ü�ý �	� must be 0. By Itô’s
formula, � ¿ ü�ýjÿ Ì ü¬ý ���6
 � ¿ � ü¬ýjÿ Ì ü¬ý �	��� ýw­ Í?Ì ü¬ý � ¿ � ü¬ýjÿ Ì ü¬ý �	� ­ �³ � ³ Ì ³ ü¬ý � ¿ �E� ü¬ýaÿ Ì ü¬ý �	� � � ý­ � Ì ü¬ý � ¿ � ü¬ýjÿ Ì ü¬ý �	�l��® ü�ý �E�
This leadsusto theequation¿ � ü¬ýjÿ ��� ­ Í(� ¿ � ü¬ýjÿ ��� ­ �³ � ³ � ³ ¿ �E� ü¬ýaÿ ����
 � ÿ �N ý9ã�À+ÿ � Ó � �
This is aspecialcaseof Theorem5.51(Feynman-Kac).

Along with theabove partialdifferentialequation,wehave theterminalcondition¿ üÉÀöÿ ���6
 � ü ��� ÿ � Ó � �
Furthermore,if Ì ü¬ý ��
 � for some

ý¡ä Å � ÿ	À È , thenalso Ì ücÀ �Â
 � . This givesus the boundary
condition

¿ ü¬ýaÿ � ��
 � ü � � ÿ �! ý  À �
Finally, weshalleventuallyseethatthevalueat time

ý
of a contingentclaimpaying

� ü Ì ücÀ �	� isÊnü¬ýjÿ ����
�å(æqç ÄAè æ � ­ 
 ���Q� �?� ü Ì ücÀ ���
�å(æqç ÄAè æ � ­ ¿ ü¬ýaÿ ���
at time

ý
if Ì ü¬ý ��
�� . Therefore,¿ ü¬ýjÿ ����
�å ç ÄAè æ � ­ Ênü¬ýjÿ ��� ÿ¿ � ü¬ýjÿ ����
 ¯ Í(å ç ÄAè æ � ­ Êgü�ýjÿ ��� ­ å ç ÄAè æ � ­ Ê � ü¬ýjÿ ��� ÿ¿ � ü¬ýjÿ ����
�åEç ÄAè æ � ­ Ê � ü�ýjÿ ��� ÿ¿ �E� ü¬ýjÿ ����
�åEç ÄAè æ � ­ Ê �E� ü�ýjÿ ���E�
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Pluggingtheseformulasinto the partialdifferentialequationfor

¿
andcancellingthe å ç Ä�è æ � ­ ap-

pearingin every term,weobtaintheBlack-Scholespartial differentialequation:¯ Í Êgü¬ýaÿ ��� ­�Ê � ü¬ýaÿ ��� ­ Í(� Ê � ü¬ýjÿ ��� ­ �³ � ³ � ³ Ê �E� ü¬ýjÿ ����
 � ÿ �g ý�ã�Àöÿ � Ó � �
(BS)

Comparethiswith theearlierderivationof theBlack-ScholesPDEin Section15.6.

In termsof thetransitiondensityûnü¬ýjÿ�À ��� ÿ ����
 é� � U ê�ë üÉÀ ¯ ý � ÎEÏqÐ�ì ¯ éê ücÀ ¯ ý � � ³ $�í�î¼ï �� ¯ ü Í ¯ �³ � ³ � ücÀ ¯ ý � * ³�ð
for geometricBrownianmotion(SeeExample16.4),wehave the“stochasticrepresentation”Ênü¬ýjÿ ����
Úå æqç ÄAè æ � ­ 
 � �Q� � � ü Ì ücÀ ��� (SR)
Úå(æqç ÄAè æ � ­ �pñþ � ü ��� ûnü¬ýjÿ�À �l� ÿ ���������
In thecaseof acall, � ü ����
 ü � ¯ ´ �	ò
andÊgü¬ýaÿ ���l
��Yó � é�6ô À ¯ ý $�í�î¼ï �´ ­ Í ücÀ ¯ ý � ­ �³ � ³ ücÀ ¯ ý � * ¢

¯ å(æqç ÄAè æ � ­ ´ ó � é� ô À ¯ ý $�íAî�ï �´ ­ Í ücÀ ¯ ý � ¯ �³ � ³ üÉÀ ¯ ý � * ¢
Even if

� ü ��� is someotherfunction (e.g.,
� ü ���%
 ü�´ ¯ ��� ò , a put),

Êgü�ýjÿ ��� is still givenby and
satisfiestheBlack-ScholesPDE(BS) derivedabove.

16.7 Black-Scholeswith price-dependentvolatility

��Ì ü¬ý �l
²Í?Ì ü¬ý ��� ý¸­¾õ�ü Ì ü¬ý �	����® ü¬ý � ÿ¿ ü�ýjÿ ���l
²å æqç Ä�è æ � ­ 
 � ��� � ü Ì ücÀ � ¯ ´ � ò �
TheFeynman-KacTheoremnow impliesthat¯ Í ¿ ü�ýjÿ ��� ­ ¿ � ü�ýjÿ ��� ­ Í?� ¿ � ü�ýjÿ ��� ­ �³ õ ³ ü ��� ¿ �E� ü¬ýaÿ ����
 � ÿ �N ý�ã�À+ÿ �Cö � �¿

alsosatisfiestheterminalcondition¿ ücÀ+ÿ ���[
 ü � ¯ ´ � ò ÿ � Ó � ÿ
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andtheboundarycondition
¿ ü�ýjÿ � �l
 � ÿ �! ý  À �

An exampleof sucha processis thefollowing from J.C.Cox,Notesonoptionspricing I: Constant
elasticityof variancediffusions,Working Paper, StanfordUniversity, 1975:��Ì ü¬ý ��
²Í?Ì ü¬ý ��� ý¸­ � Ì|÷ ü¬ý �|��® ü¬ý � ÿ
where �¾ ùø ã é . The “volatility” � Ì ÷ æ � ü¬ý � decreaseswith increasingstockprice. The corre-
spondingBlack-Scholesequationis¯ Í ¿ ­ ¿ � ­ Í?� ¿ � ­ �³ � ³ � ³ ÷ ¿ �E� 
 � ÿ �! ý�ã�À �=ö � �¿ ü¬ýaÿ � ��
 � ÿ �! ý  À¿ üÉÀöÿ ���6
 ü � ¯ ´ �	ò ÿ � Ó � �
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Chapter 17

Girsanov’s theoremand the risk-neutral
measure

(PleaseseeOksendal,4th ed.,pp145–151.)

Theorem 0.52(Girsanov, One-dimensional) Let ® ü¬ý � ÿ �² ý  À
, be a Brownian motion on

a probability space
üQúöÿ ) ÿ	û � . Let ) ü¬ý � ÿ �ü ý  À

, be the accompanyingfiltration, and letý ü¬ý � ÿ �! ý  À , bea processadaptedto thisfiltration. For �N ý  À , defineþ® ü¬ý ��
�� �þ ý ü�Ê ��� ÊÂ­ ® ü¬ý � ÿÿ ü¬ý ��
ÚÎEÏmÐ ^ ¯ � �þ ý ü�Ê ����® ü�Ê � ¯ �³ � �þ ý ³ ü�Ê ��� Ê h ÿ
anddefinea new probabilitymeasureby� 
 � ü�� ��
���� ÿ ücÀ ��� 
 � ÿ ���Hä ) �
Under

�
 �
, theprocess

þ® ü�ý � ÿ �� ý  À , is a Brownianmotion.

Caveat: This theoremrequiresa technicalconditionon thesizeof
ý
. If
 � ÎEÏqÐ�ì �³ � èþ ý ³ ü�Ê ��� Ê ð ã	�rÿ

everythingis OK.

We makethefollowing remarks:ÿ ü¬ý � is a matingale. In fact,� ÿ ü¬ý �|
 ¯ ý ü¬ý � ÿ ü¬ý ����® ü¬ý � ­ �³ ý ³ ü¬ý � ÿ ü¬ý ����® ü¬ý ����® ü¬ý � ¯ �³ ý ³ ü¬ý � ÿ ü�ý ��� ý
 ¯ ý ü¬ý � ÿ ü¬ý ����® ü¬ý �E�
189
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 �
is a probability measure. Since

ÿ ü � ��
 é , wehave

 �!ÿ ü�ý ��
 é for every

ýµÓ � . In particular� 
 � ü�ú ��
���
 ÿ ücÀ ��� 
 � 
 
 �!ÿ üÉÀ ��
 é ÿ
so
�
 �

is a probabilitymeasure.�
 �
in terms of


 �
. Let

�
 �
denoteexpectationunder

� 
 �
. If � is a randomvariable,then�
 �Ôÿ 
 
 �ÆÅ£ÿ ücÀ � � È��

To seethis,considerfirst thecase� 
�� � , where
� ä ) . Wehave� 
 � � 
 � 
 � ü
� ��
�� � ÿ ücÀ ��� 
 � 
²� 
 ÿ ücÀ ��� � � 
 � 
 
 �ÆÅ�ÿ ücÀ � � È��

Now useWilliams’ “standardmachine”.� 
 �
and


 �
. Theintuition behindtheformula�
 � ü�� ��
 � � ÿ ücÀ ��� 
 � ���Hä )

is thatwewantto have � 
 � ü�� �|
 ÿ ücÀ+ÿ�� � 
 � ü�� � ÿ
but since


 � ü�� ��
 � and
� 
 � ü�� �|
 � , thisdoesn’t reallytell usanythingusefulabout

� 
 �
. Thus,

weconsidersubsetsof
ú

, ratherthanindividualelementsof
ú

.

Distrib ution of
þ® ücÀ � . If

ý
is constant,thenÿ ücÀ ��
 ÎEÏmÐ Ñ ¯ ý ® ücÀ � ¯ �³ ý ³ À Òþ® ücÀ ��
 ý À�­ ® üÉÀ �E�

Under

 �

, ® ücÀ � is normalwith mean0 andvariance
À

, so
þ® üÉÀ � is normalwith mean

ý À
and

variance
À

: 
 � ü þ® ücÀ � ä ���� ��
 éô ê�ë À ÎEÏmÐ ì ¯ ü �� ¯ ý À � ³ê À ð ���� �
Removalof Drift fr om

þ® ücÀ � . Thechangeof measurefrom

 �

to
� 
 �

removesthedrift from
þ® ücÀ � .

To seethis,wecompute� 
 � þ® ücÀ ��
 
 �àÅ£ÿ ücÀ � ü ý À�­ ® ücÀ ���+È
 
 � � ÎEÏqÐ Ñ ¯ ý ® ücÀ � ¯ �³ ý ³ À Ò ü ý À�­ ® ücÀ �	� �
 éô ê¼ë À � ñæ ñ ü ý À ­ � �<ÎEÏmÐ�� ¯ ý�� ¯ �³ ý ³ À�� ÎEÏmÐ�ì ¯ � ³ê À ð � �

 éô ê¼ë À � ñæ ñ ü ý À ­ � �<ÎEÏmÐ%ì ¯ ü � ­ ý À � ³ê À ð � �ü ��
 ý À�­ � ��
 éô ê¼ë À �dñæ ñ ��ÎEÏqÐ�ì ¯ �

³ê ð ��� (Substitute�Â
 ý À ­ �
)
 � �
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Wecanalsoseethat
�
 � þ® ücÀ ��
 � by arguingdirectly from thedensityformula
 � Ñ þ® ü�ý � ä � �� ÒY
 éô ê�ë À ÎEÏqÐ�ì ¯ ü �� ¯ ý À � ³ê À ð � �� �

Because ÿ üÉÀ ��
ÚÎEÏqÐ�� ¯ ý ® ücÀ � ¯ �³ ý ³ À��
ÚÎEÏqÐ�� ¯ ý ü þ® ücÀ � ¯ ý À � ¯ �³ ý ³ À��
ÚÎEÏqÐ�� ¯ ý þ® ücÀ � ­ �³ ý ³ À��/ÿ
wehave � 
 � Ñ þ® ücÀ � ä � �� ÒY
 
 � Ñ þ® üÉÀ � ä � �� Ò8ÎEÏqÐ%Ñ ¯ ý �� ­ �³ ý ³ À Ò
 éô ê�ë À ÎEÏqÐ�ì ¯ ü �� ¯ ý À � ³ê À ¯ ý �� ­ �³ ý ³ À ð � �� �


 éô ê�ë À ÎEÏqÐ�ì ¯ �� ³ê À ð � �� �
Under

� 
 �
,
þ® üÉÀ � is normalwith meanzero andvariance

À
. Under


 �
,
þ® ücÀ � is normalwith

mean
ý À

andvariance
À

.

Meanschange,variancesdon’t. Whenwe usethe Girsanov Theoremto changethe probability
measure,meanschangebut variancesdo not. Martingalesmay be destroyedor created.
Volatilities,quadraticvariationsandcrossvariationsareunaffected.Check:� þ® � þ® 
 ü ý ü¬ý �|� ý¸­ ��® ü�ý �	� ³ 
���®N����® 
�� ý �

17.1 Conditional expectationsunder
����

Lemma 1.53 Let �! ý  À . If � is ) ü�ý � -measurable,then� 
 � � 
 
 �YÅ � � ÿ ü¬ý �4È4�
Proof: � 
 � � 
 
 �YÅ � � ÿ ücÀ �+È�
 
 �àÅ�
 �YÅ � � ÿ ücÀ �XÇ ) ü�ý �+ÈqÈ
 
 �àÅ � 
 �YÅ£ÿ ücÀ �XÇ ) ü�ý �+ÈqÈ
 
 �YÅ � � ÿ ü¬ý �4È
because

ÿ ü¬ý � ÿ �! ý  À , is a martingaleunder

 �

.



192

Lemma 1.54(Baye’sRule) If � is ) ü¬ý � -measurableand �! Á  ý  À , then�
 �YÅ � Ç ) üQÁ �+È¸
 éÿ ü�Á � 
 �¡Å � ÿ ü¬ý �XÇ ) üQÁ �+È4� (1.1)

Proof: It is clearthat

�� Ä ¬®­ 
 �YÅ � ÿ ü�ý �XÇ ) üQÁ �+È is ) ü�Á � -measurable.We checkthe partialaveraging
property. For

� ä ) ü�Á � , wehave� � éÿ ü�Á � 
 �YÅ � ÿ ü�ý �XÇ ) üQÁ �+È¸� � 
 � 
 �
 � $ � � éÿ ü�Á � 
 �¡Å � ÿ ü¬ý �XÇ ) ü�Á �+È *
 
 �ÚÅ � � 
 �¡Å � ÿ ü¬ý �XÇ ) ü�Á �+È&È (Lemma1.53)
 
 �ÚÅ 
 �¡Å � � � ÿ ü¬ý �XÇ ) ü�Á �+È&È (Takingin whatis known)
 
 �¡Å � � � ÿ ü¬ý �+È
 �
 �¡Å � � � È (Lemma1.53again)
 � � � � � 
 � �
Although we have proved Lemmas1.53and1.54,we have not proved Girsanov’s Theorem.We
will not prove it completely, but hereis thebeginningof theproof.

Lemma 1.55 Usingthenotationof Girsanov’sTheorem,wehavethemartingaleproperty�
 �YÅ þ® ü�ý �XÇ ) ü�Á �+È¸
 þ® ü�Á � ÿ �N Á  ý  À �
Proof: We first checkthat

þ® ü¬ý � ÿ ü�ý � is amartingaleunder

 �

. Recall� þ® ü¬ý ��
 ý ü�ý �|� ý¸­ ��® ü¬ý � ÿ� ÿ ü¬ý ��
 ¯ ý ü¬ý � ÿ ü¬ý �µ��® ü�ý �E�
Therefore, � ü þ® ÿ ��
 þ®«� ÿ ­ ÿ � þ® ­ � þ®H� ÿ
 ¯ þ® ý ÿ ��® ­ ÿ ý � ýw­ ÿ ��® ¯ ý ÿ � ý
 ü ¯ þ® ý ÿ ­ ÿ ����®g�
Next weuseBayes’Rule.For �! Á  ý  À ,� 
 �gÅ þ® ü¬ý �XÇ ) ü�Á �+È¸
 éÿ ü�Á � 
 �¡Å þ® ü¬ý � ÿ ü�ý �XÇ ) ü�Á �QÈ
 éÿ ü�Á � þ® ü�Á � ÿ ü�Á �
 þ® ü�Á �:�
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Definition 17.1(Equivalent measures) Two measureson thesameprobabilityspacewhich have
thesamemeasure-zerosetsaresaidto beequivalent.

The probability measures

 �

and
� 
 �

of the Girsanov Theoremareequivalent. Recall that
� 
 �

is
definedby �
 � ü
� ��
�� ÿ üÉÀ �|� 
 � ÿ � ä ) �
If

 � ü
� �9
 � , then Ë � ÿ üÉÀ ��� 
 � 
 � � Because

ÿ ücÀ �Fö � for every
�

, we caninvert thedefinition
of
� 
 �

to obtain 
 � ü
� �|
 � � éÿ ücÀ � � � 
 � ÿ ��ä ) �
If
� 
 � ü�� ��
 � , then Ë � �� Ä�è ­ � 
 � 
 � �

17.2 Risk-neutral measure

As usualwe aregiventheBrownian motion: ® ü¬ý � ÿ �= ý  À
, with filtration ) ü¬ý � ÿ �M ý  À

,
definedona probabilityspace

ü�ú+ÿ ) ÿ	û � . We canthendefinethefollowing.

Stockprice: ��Ì ü¬ý ��
 � ü�ý �	Ì ü¬ý ��� ý¸­"! ü�ý �	Ì ü¬ý ����® ü¬ý �E�
The processes� ü�ý � and

!5ü�ý � are adaptedto the filtration. The stock price model is completely
general,subjectonly to theconditionthatthepathsof theprocessarecontinuous.

Interestrate: Í ü�ý � ÿ �! ý  À . TheprocessÍ ü¬ý � is adapted.

Wealth of an agent, startingwith � ü � �N
 � . We can write the wealthprocessdifferential in
severalways:� � ü¬ý ��
 # ü¬ý ����Ì ü¬ý �Û ÜkÝ Þ

Capitalgainsfrom Stock

­ Í ü¬ý � Å � ü¬ý � ¯ # ü¬ý �	Ì ü�ý �+È�� ýÛ ÜkÝ Þ
Interestearnings
²Í ü�ý � � ü¬ý �l� ý¸­ # ü¬ý � Å ��Ì ü¬ý � ¯ Í(Ì ü¬ý ��� ý È
²Í ü�ý � � ü¬ý �l� ý¸­ # ü¬ý � ü � ü¬ý � ¯ Í ü¬ý �	�Û ÜkÝ Þ

Riskpremium

Ì ü¬ý ��� ýw­ # ü¬ý � !5ü¬ý �	Ì ü¬ý �l��® ü�ý �

²Í ü�ý � � ü¬ý �l� ý¸­ # ü¬ý � ! ü�ý �	Ì ü¬ý � $%%%%& � ü¬ý � ¯ Í ü¬ý �!Kü¬ý �Û ÜJÝ Þ

Marketpriceof risk=	 ÄA� ­ �
ý¸­ ��® ü¬ý � '�(((()
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Discountedprocesses:� � å æ Ë+*� ç Ä-, ­/. , Ì ü¬ý � ¢ 
�å æ Ë0*� ç Ä-, ­�. , Å ¯ Í ü¬ý �	Ì ü¬ý ��� ý¸­ ��Ì ü�ý �+È� � å æ Ë1*� ç Ä-, ­2. , � ü¬ý � ¢ 
�å æ Ë0*� ç Ä-, ­�. , Å ¯ Í ü¬ý � � ü¬ý �l� ý¸­ � � ü¬ý �+È
3# ü¬ý �	� � å æ Ë1*� ç Ä4, ­�. , Ì ü¬ý � ¢ �
Notation: õ�ü�ý �|
²å Ë1*� ç Ä4, ­�. , ÿ éõ�ü¬ý � 
²å æ Ë�*� ç Ä-, ­/. , ÿ� õ�ü¬ý ��
�Í ü¬ý � õIü¬ý ��� ýjÿ � � éõIü¬ý � ¢ 
 ¯ Í ü¬ý �õ�ü¬ý � � ý �
Thediscountedformulasare� � Ì ü¬ý �õ�ü¬ý � ¢ 
 éõ�ü�ý � Å ¯ Í ü¬ý �	Ì ü¬ý �l� ý6­ ��Ì ü¬ý �4È
 éõ�ü�ý � Å ü � ü¬ý � ¯ Í ü¬ý ���	Ì ü¬ý �l� ý¸­"!Kü¬ý �	Ì ü¬ý ����® ü�ý �+È
 éõ�ü�ý � !5ü¬ý �	Ì ü¬ý � Å ý ü�ý �|� ý¸­ ��® ü¬ý �4È ÿ� � � ü¬ý �õ�ü¬ý � ¢ 
3# ü�ý ��� � Ì ü¬ý �õ�ü�ý � ¢
 # ü�ý �õ�ü�ý � !Kü¬ý ��Ì ü¬ý � Å ý ü¬ý ��� ýw­ ��® ü¬ý �+È��
Changing the measure. Define þ® ü�ý �|
²� �þ ý ü�Ê ��� ÊÂ­ ® ü¬ý �E�
Then � � Ì ü�ý �õIü¬ý � ¢ 
 éõ�ü¬ý � !5ü�ý �	Ì ü¬ý ��� þ® ü¬ý � ÿ� � � ü�ý �õIü¬ý � ¢ 
 # ü¬ý �õ�ü¬ý � !5ü�ý �	Ì ü¬ý ��� þ® ü¬ý �E�
Under

� 
 �
, 5 ÄA� ­6 ÄA� ­ and

Ã»ÄA� ­6 ÄA� ­ aremartingales.

Definition 17.2(Risk-neutral measure) A risk-neutral measure (sometimescalleda martingale
measure) is any probability measure,equivalentto the marketmeasure


 �
, which makesall dis-

countedassetpricesmartingales.
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For themarketmodelconsideredhere,�
 � ü
� ��
�� � ÿ üÉÀ �|� 
 � ÿ � ä ) ÿ
where ÿ ü¬ý �|
ÚÎEÏqÐ ^ ¯ � �þ ý ü�Ê ����® ü�Ê � ¯ �³ � �þ ý ³ üQÊ ��� Ê h ÿ
is theuniquerisk-neutralmeasure.Notethatbecause

ý ü¬ý ��
87 ÄA� ­ æmç ÄA� ­! ÄA� ­ ÿ
wemustassumethat

!Kü¬ý ��9
� .
Risk-neutral valuation. Consideracontingentclaimpayingan ) ücÀ � -measurablerandomvariable:

at time
À

.

Example17.1 ; 5¾/=<�/&�|3[L0�g3e��P
Europeancall

; 5¾/`� L><l/��|3e3+�|P
Europeanput; 5@?!T� � �D <l/BA�3[,CA½L0�ED � P Asiancall; 5GFEH \DJI � I � <�/2143	P Look back

If thereis ahedgingportfolio, i.e.,aprocess# ü¬ý � ÿ �Â ý  À , whosecorrespondingwealthprocess
satisfies� ücÀ ��
 : , then � ü � �l
 � 
 �á$ :õ�üÉÀ � *_�
This is because

Ã_ÄA� ­6 ÄA� ­ is amartingaleunder
� 
 �

, so

� ü � �l
 � ü � �õ�ü � � 
 � 
 � $ � ücÀ �õ�ücÀ � * 
 � 
 � $ :õIücÀ � * �
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Chapter 18

Martingale RepresentationTheorem

18.1 Martingale RepresentationTheorem

SeeOksendal,4th ed.,Theorem4.11,p.50.

Theorem 1.56 Let ® ü¬ý � ÿ �! ý  À+ÿ
bea Brownianmotionon

ü�ú�ÿ ) ÿ	û � . Let ) ü�ý � ÿ �! ý  À , be
thefiltrationgeneratedby thisBrownianmotion. Let � ü¬ý � ÿ �! ý  À , bea martingale(under


 �
)

relativeto thisfiltration. Thenthere is anadaptedprocessø ü¬ý � ÿ �Â ý  À , such that� ü¬ý �l
 � ü � � ­ � �þ ø ü�Ê ����® üQÊ � ÿ �! ý  À �
In particular, thepathsof � are continuous.

Remark 18.1 Wealreadyknow thatif � ü�ý � is aprocesssatisfying� � ü¬ý ��
 ø ü¬ý ����® ü¬ý � ÿ
then� ü¬ý � is amartingale.Now weseethatif � ü¬ý � is amartingaleadaptedto thefiltrationgenerated
by theBrownianmotion ® ü¬ý � , i.e, theBrownianmotionis theonly sourceof randomnessin � , then� � ü¬ý �l
 ø ü�ý �|��® ü�ý �
for someø ü¬ý � .
18.2 A hedgingapplication

Homework Problem 4.5. In thecontext of Girsanov’sTheorem,suppsethat ) ü¬ý � ÿ �Y ý  Àöÿ
is

thefiltration generatedby theBrownianmotion ® (under

 �

). Supposethat Ø is a
�
 �

-martingale.
Thenthereis anadaptedprocessÙ ü¬ý � ÿ �Â ý  À , suchthatØ ü¬ý ��
 Ø ü � � ­ � �þ Ù ü�Ê �l� þ® ü�Ê � ÿ �g ý  À �

197
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��Ì ü¬ý �l
 � ü�ý �	Ì ü¬ý ��� ý¸­"! ü�ý �	Ì ü¬ý ����® ü¬ý � ÿõ�ü¬ý ��
 ÎEÏmÐ ^ � �þ Í ü�Ê ��� Ê h ÿ
ý ü�ý �|
 � ü�ý � ¯ Í ü�ý �! ü�ý � ÿ
þ® ü¬ý ��
 � �þ ý ü�Ê �|� Ê%­ ® ü�ý � ÿÿ ü�ý �|
 ÎEÏmÐ ^ ¯ � �þ ý üQÊ �|��® üQÊ � ¯ �³ � �þ ý ³ ü�Ê ��� Ê h ÿ� 
 � ü
� ��
 � � ÿ ücÀ ��� 
 � ÿ ��� ä ) �

Then � � Ì ü¬ý �õ�ü¬ý � ¢ 
 Ì ü¬ý �õ�ü¬ý � ! ü¬ý ��� þ® ü¬ý �E�
Let # ü¬ý � ÿ �Â ý  Àöÿ

beaportfolio process.Thecorrespondingwealthprocess� ü¬ý � satisfies� � � ü¬ý �õ�ü¬ý � ¢ 
K# ü¬ý � ! ü�ý � Ì ü¬ý �õ�ü¬ý � � þ® ü¬ý � ÿ
i.e., � ü¬ý �õ�ü�ý � 
 � ü � � ­ � �þ # üQÊ � !Kü�Ê � Ì ü�Ê �õ�üQÊ � � þ® üQÊ � ÿ �g ý  À �
Let
:

be an ) üÉÀ � -measurablerandomvariable,representingthe payoff of a contingentclaim at
time

À
. Wewantto choose� ü � � and # ü�ý � ÿ �� ý  À , sothat� üÉÀ �l
 : �

Definethe
�
 �

-martingale Ø ü¬ý ��
 � 
 �á$ :õ�ücÀ � '''' ) ü¬ý �4* ÿ �! ý  À �
Accordingto Homework Problem4.5,thereis anadaptedprocessÙ ü¬ý � ÿ �% ý  À , suchthatØ ü¬ý ��
 Ø ü � � ­ � �þ Ù ü�Ê �l� þ® ü�Ê � ÿ �g ý  À �
Set � ü � �l
 Ø ü � ��
 � 
 � �>L6 ÄAè ­ � andchoose# ü�Ê � sothat# ü�Ê � !güQÊ � Ì ü�Ê �õ�ü�Ê � 
ÚÙ ü�Ê �:�
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With thischoiceof # ü�Ê � ÿ �Â Ê  À , wehave� ü¬ý �õ�ü¬ý � 
 Ø ü¬ý ��
 � 
 � $ :õ�ücÀ � '''' ) ü¬ý � * ÿ �! ý  À �
In particular, � ücÀ �õ�ücÀ � 
 �
 � $ :õIücÀ � '''' ) ücÀ � * 
 :õ�ücÀ � ÿ
so � ücÀ ��
 : �
TheMartingaleRepresentationTheoremguaranteestheexistenceof a hedgingportfolio, although
it doesnot tell ushow to computeit. It alsojustifiestherisk-neutralpricing formula� ü¬ý ��
 õ�ü¬ý � �
 � $ :õ�ücÀ � '''' ) ü�ý � *
 õ�ü�ý �ÿ ü¬ý � 
 � $ ÿ ücÀ �õ�üÉÀ � : '''' ) ü¬ý � *
 éM ü¬ý � 
 �â$ M ücÀ � : '''' ) ü¬ý �+* ÿ �N ý  À+ÿ
where M ü¬ý ��
 ÿ ü¬ý �õ�ü�ý �
ÚÎEÏqÐ ^ ¯ � �þ ý ü�Ê ����® üQÊ � ¯ � �þ ü Í ü�Ê � ­ �³ ý ³ üQÊ �	��� Ê h
18.3 N -dimensionalGirsanov Theorem

Theorem 3.57( � -dimensionalGirsanov) O ® ü¬ý ��
 ü ® ��ü�ý � ÿ �X�X� ÿ ® . ü�ý �	� ÿ �Ú ý  À
, a � -

dimensionalBrownianmotionon
ü�ú�ÿ ) ÿ�û � ;O ) ü�ý � ÿ �� ý  À+ÿ

theaccompanyingfiltration,perhapslarger thantheonegeneratedby ® ;O ý ü�ý �|
 ü ý � ü¬ý � ÿ �X�.� ÿ ý . ü¬ý �	� ÿ �Â ý  À , � -dimensionaladaptedprocess.

For �! ý  Àöÿ
defineþ®QP ü¬ý ��
²� �þ ý P ü�Ê ��� Ê�­ ®QP ü¬ý � ÿ R 
 é ÿ �.�X� ÿ � ÿÿ ü�ý �|
 ÎEÏmÐ ^ ¯ � �þ ý üQÊ �E����® ü�Ê � ¯ �³ � �þ Ç&Ç ý ü�Ê �XÇ&Ç ³ � Ê h ÿ� 
 � ü
� ��
 � � ÿ ücÀ ��� 
 � �
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Then,under
� 
 �

, theprocessþ® ü¬ý ��
 ü þ® ��ü�ý � ÿ �X�X� ÿ þ® . ü�ý �	� ÿ �g ý  Àöÿ
is a � -dimensionalBrownianmotion.

18.4 N -dimensionalMartingale RepresentationTheorem

Theorem 4.58 O ® ü¬ý �Â
 ü ® ��ü¬ý � ÿ �.�X� ÿ ® . ü¬ý �	� ÿ �C ý  Àöÿ
a � -dimensionalBrownianmotion

on
ü�ú�ÿ ) ÿ�û � ;O ) ü�ý � ÿ �� ý  À+ÿ

thefiltrationgeneratedby theBrownianmotion ® .

If � ü¬ý � ÿ �à ý  À
, is a martingale(under


 �
) relative to ) ü¬ý � ÿ �Ú ý  À

, then there is a� -dimensionaladpatedprocessø ü¬ý �|
 ü ø �·ü¬ý � ÿ �.�X� ÿ ø . ü�ý �	� , such that� ü¬ý ��
 � ü � � ­ � �þ ø üQÊ �E�(��® ü�Ê � ÿ �N ý  À �
Corollary 4.59 If wehavea � -dimensionaladaptedprocess

ý ü¬ý ��
 ü ý ��ü¬ý � ÿ �.�X� ÿ ý . ü¬ý �	� ÿ thenwecan
define

þ® ÿ ÿ
and
� 
 �

asin Girsanov’sTheorem.If Ø ü¬ý � ÿ �! ý  À , is a martingaleunder
�
 �

relative
to ) ü¬ý � ÿ �N ý  À , thenthere is a � -dimensionaladpatedprocessÙ ü¬ý ��
 ü Ù �·ü¬ý � ÿ �X�.� ÿ Ù . ü�ý �	� such
that Ø ü�ý ��
 Ø ü � � ­ � �þ Ù ü�Ê �E�(� þ® ü�Ê � ÿ �! ý  À �
18.5 Multi-dimensional market model

Let ® ü¬ý ��
 ü ® � ü¬ý � ÿ �X�.� ÿ ® . ü¬ý �	� ÿ �  ý  À
, be a � -dimensionalBrownian motion on someü�ú�ÿ ) ÿ�û � , andlet ) ü�ý � ÿ �� ý  À

, be the filtration generatedby ® . Thenwe candefinethe
following:

Stocks ��Ì+S ü�ý ��
T�+S ü¬ý �	Ì+S ü¬ý �|� ý¸­ Ì+S ü¬ý � .UPWV � ! SXP ü�ý �|��®YP ü¬ý � ÿ Z 
 é ÿ �X�.� ÿ\[
Accumulation factorõ�ü�ý ��
ÚÎEÏqÐ ^ � �þ Í ü�Ê ��� Ê h �
Here, �+S ü¬ý � ÿ\! SXP ü¬ý � and Í ü¬ý � areadpatedprocesses.
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Discountedstockprices

� � Ì S ü¬ý �õ�ü¬ý � ¢ 
 ü �+S ü¬ý � ¯ Í ü¬ý ���Û ÜJÝ Þ
Risk Premium

Ì S ü¬ý �õ�ü¬ý � � ý¸­ Ì S ü¬ý �õ�ü¬ý � .UPWV � ! SXP ü¬ý �|��®QP ü¬ý �]
 Ì+S ü¬ý �õ�ü¬ý � .UPWV � ! SXP ü�ý � Å ý P ü¬ý � ­ ��®QP ü�ý �+ÈÛ ÜkÝ Þ. þ^�_ ÄA� ­ (5.1)

For 5.1to besatisfied,weneedto choose
ý ��ü¬ý � ÿ �X�.� ÿ ý . ü¬ý � , sothat.UPJV � ! S�P ü¬ý � ý P ü�ý ��
T�+S ü¬ý � ¯ Í ü¬ý � ÿ Z 
 é ÿ �X�.� ÿ\[ � (MPR)

Market price of risk. The marketprice of risk is an adaptedprocess
ý ü¬ý �N
 ü ý ��ü¬ý � ÿ �X�.� ÿ ý . ü�ý �	�

satisfyingthesystemof equations(MPR)above. Therearethreecasesto consider:

CaseI: (Unique Solution). For Lebesgue-almostevery
ý

and

 �

-almostevery
�

, (MPR) hasa
uniquesolution

ý ü¬ý � . Using
ý ü¬ý � in the � -dimensionalGirsanov Theorem,wedefineaunique

risk-neutral probability measure
� 
 �

. Under
� 
 �

, every discountedstockprice is a martingale.
Consequently, thediscountedwealthprocesscorrespondingto any portfolio processis a

� 
 �
-

martingale,and this implies that the marketadmitsno arbitrage. Finally, the Martingale
RepresentationTheoremcanbeusedto show thatevery contingentclaim canbehedged;the
marketis saidto becomplete.

CaseII: (No solution.)If (MPR)hasnosolution,thenthereis no risk-neutral probabilitymeasure
andthemarketadmitsarbitrage.

CaseIII: (Multiple solutions).If (MPR)hasmultiplesolutions,thentherearemultiplerisk-neutral
probabilitymeasures. Themarketadmitsnoarbitrage, but therearecontingentclaimswhich
cannotbehedged;themarketis saidto be incomplete.

Theorem 5.60(FundamentalTheorem of AssetPricing) Part I. (Harrison and Pliska, Martin-
galesandStochasticintegralsin thetheoryof continuoustrading,StochasticProc.andApplications
11 (1981),pp215-260.):
If a markethasa risk-neutral probabilitymeasure,thenit admitsnoarbitrage.

Part II. (HarrisonandPliska,Astochasticcalculusmodelofcontinuoustrading: completemarkets,
StochasticProc.andApplications15(1983),pp313-316):
Therisk-neutral measure is uniqueif andonly if everycontingentclaimcanbehedged.
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Chapter 19

A two-dimensionalmarket model

Let ® ü¬ý �»
 ü ® ��ü¬ý � ÿ ® ³ ü¬ý �	� ÿ �g ý  Àöÿ
bea two-dimensionalBrownianmotionon

ü�ú+ÿ ) ÿ	û � . Let) ü¬ý � ÿ �! ý  Àöÿ
bethefiltration generatedby ® .

In what follows, all processescandependon
ý

and
�

, but areadaptedto ) ü¬ý � ÿ �¾ ý  À
. To

simplify notation,weomit theargumentswhenever thereis noambiguity.

Stocks: ��Ì � 
�Ì � Å � � � ýw­	![� ��® � È ÿ��Ì ³ 
�Ì ³ $ � ³ � ý6­a`b! ³ ��® �l­3c é ¯ ` ³ ! ³ ��® ³ * �
We assume

! � ö � ÿd! ³ ö � ÿ ¯ é  `  é � Notethat��Ì � ��Ì ³ 
�Ì ³� ! ³ � ��® � ��® � 
 ! ³ � Ì ³� � ýjÿ��Ì ³ ��Ì ³ 
�Ì ³³ ` ³ ! ³³ ��® � ��® �l­ Ì ³³ ü é ¯ ` ³ � ! ³³ ��® ³ ��® ³
 ! ³³ Ì ³³ � ýaÿ��Ì � ��Ì ³ 
�Ì �J!�� Ì ³ `b! ³ ��® � ��® � 
 `e!��J! ³ Ì � Ì ³ � ý �
In otherwords,O . 5�f5�f hasinstantaneousvariance

! ³ �
,O . 5hg5ig hasinstantaneousvariance
! ³³ ,O . 5�f5�f and . 5hg5ig have instantaneouscovariancè

e![�\! ³ .
Accumulation factor: õIü¬ý ��
ÚÎEÏmÐ ^ � �þ Í_� Ê h �
Themarketpriceof risk equationsare ! � ý � 
"� � ¯ Í`e! ³ ý � ­ c é ¯ ` ³ ! ³ ý ³ 
"� ³ ¯ Í (MPR)
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Thesolutionto theseequationsisý � 
 � � ¯ Í! � ÿ
ý ³ 
 ![��ü � ³ ¯ Í(� ¯ `e! ³ ü � � ¯ Í(�! � ! ³ U é ¯ ` ³ ÿ

provided ¯ é ãj`Yã é .
Supposē é ãk`¡ã é . Then(MPR)hasauniquesolution

ü ý �·ÿ ý ³ � ; wedefineÿ ü¬ý ��
ÚÎEÏqÐ ^ ¯ � �þ ý � ��® � ¯ � �þ ý ³ ��® ³ ¯ �³ � �þ ü ý ³ � ­ ý ³³ ��� Ê h ÿ�
 � ü�� ��
 � � ÿ ücÀ �|� 
 � ÿ ���Hä ) �� 
 �
is theuniquerisk-neutralmeasure.Defineþ® ��ü¬ý ��
 � �þ ý � � ÊÂ­ ® ��ü¬ý � ÿþ® ³ ü¬ý ��
 � �þ ý ³ � ÊÂ­ ® ³ ü¬ý �E�

Then ��Ì � 
�Ì � � Í»� ýs­j! � � þ® � � ÿ��Ì ³ 
�Ì ³ $ Í%� ý¸­a`e! ³ � þ® �l­ c é ¯ ` ³ ! ³ � þ® ³ *_�
Wehavechangedthemeanratesof returnof thestockprices,but not thevariancesandcovariances.

19.1 Hedgingwhen l"mTnpoqnrm
� � 
T# � ��Ì � ­ # ³ ��Ì ³ ­ Í ü � ¯ # � Ì � ¯ # ³ Ì ³ ��� ý� � � õ ¢ 
 éõ ü � � ¯ Í � � ý �
 éõ # � ü ��Ì � ¯ Í(Ì � � ý � ­ éõ # ³ ü ��Ì ³ ¯ Í(Ì ³ � ý �
 éõ # � Ì � ! � � þ® � ­ éõ # ³ Ì ³ $ `b! ³ � þ® � ­ c é ¯ ` ³ ! ³ � þ® ³ * �

Let
:

be ) üÉÀ � -measurable.Definethe
� 
 �

-martingaleØ ü�ý �|
 � 
 � $ :õ�üÉÀ � '''' ) ü¬ý � * ÿ �N ý  À �
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TheMartingaleRepresentationCorollaryimplies

Ø ü�ý �|
 Ø ü � � ­ � �þ Ù � � þ® �l­ � �þ Ù ³ � þ® ³ �
We have � � � õ ¢ 
 � éõ # � Ì �J!��l­ éõ # ³ Ì ³ `e! ³ ¢ � þ® �­ éõ # ³ Ì ³ c é ¯ ` ³ ! ³ � þ® ³ ÿ� Ø 
 Ù � � þ® � ­ Ù ³ � þ® ³ �
We solvetheequations éõ # � Ì �W! �l­ éõ # ³ Ì ³ `b! ³ 
 Ù �éõ # ³ Ì ³ c é ¯ ` ³ ! ³ 
 Ù ³
for thehedgingportfolio

ü # � ÿ # ³ � . With thischoiceof
ü # � ÿ # ³ � andsetting� ü � �l
 Ø ü � ��
 � 
 � :õ�ücÀ � ÿ

wehave � ü¬ý ��
 Ø ü¬ý � ÿ �! ý  Àöÿ
andin particular,� üÉÀ �l
 : �

Every ) üÉÀ � -measurablerandomvariablecanbehedged;themarketis complete.

19.2 Hedgingwhen oKs m
Thecasè 
 ¯ é is analogous.Assumethat

` 
 é . Then��Ì � 
�Ì � Å � � � ý¸­"!6� ��® � È��Ì ³ 
�Ì ³ Å � ³ � ý¸­"! ³ ��® � È
Thestocksareperfectlycorrelated.

Themarketpriceof risk equationsare ! � ý � 
T� � ¯ Í! ³ ý � 
T� ³ ¯ Í (MPR)

Theprocess
ý ³ is free.Therearetwo cases:
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CaseI: 7 f æmç! f 9
 7 g æqç! g � Thereis no solutionto (MPR), andconsequently, thereis no risk-neutral
measure.Thismarketadmitsarbitrage.Indeed� � � õ ¢ 
 éõ # �·ü ��Ì � ¯ Í(Ì � � ý � ­ éõ # ³ ü ��Ì ³ ¯ Í(Ì ³ � ý �
 éõ # � Ì � Å ü � � ¯ Í(��� ý¸­	![� ��® � È ­ éõ # ³ Ì ³ Å ü � ³ ¯ Í(��� ý¸­	! ³ ��® � È
Suppose7 f æqç! f ö 7 g æqç! g � Set # � 
 é!6� Ì � ÿ # ³ 
 ¯ é! ³ Ì ³ �
Then � � � õ ¢ 
 éõ $ � � ¯ Í! � � ýw­ ��® � * ¯ éõ $ � ³ ¯ Í! ³ � ý¸­ ��® � *
 éõ $ � � ¯ Í! � ¯ � ³ ¯ Í! ³ *Û ÜJÝ Þ

Positive

� ý
CaseII: 7 f æqç! f 
 7 g æqç! g � Themarketpriceof risk equations!�� ý � 
 � � ¯ Í! ³ ý � 
 � ³ ¯ Í

have thesolution ý � 
 � � ¯ Í! � 
 � ³ ¯ Í! ³ ÿ
ý ³ is free;thereareinfinitely many risk-neutralmeasures.Let

� 
 �
beoneof them.

Hedging:� � � õ ¢ 
 éõ # � Ì � Å ü � � ¯ Í(��� ý¸­	! � ��® � È ­ éõ # ³ Ì ³ Å ü � ³ ¯ Í(��� ý¸­	! ³ ��® � È
 éõ # � Ì �\!�� Å ý � � ýw­ ��® � È ­ éõ # ³ Ì ³ ! ³ Å ý � � ýw­ ��® � È
 � éõ # � Ì � ! � ­ éõ # ³ Ì ³ ! ³ ¢ � þ® � �
Noticethat

þ® ³ doesnotappear.

Let
:

bean ) ücÀ � -measurablerandomvariable.If
:

dependson ® ³ , thenit canprobablynot
behedged.For example,if : 
 � ü Ì ��ücÀ � ÿ Ì ³ ücÀ ��� ÿ
and
![�

or
! ³ dependon ® ³ , thenthereis trouble.
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Moreprecisely, we definethe
� 
 �

-martingaleØ ü¬ý �|
 � 
 �â$ :õ�ücÀ � '''' ) ü¬ý �+* ÿ �g ý  À �
We canwrite

Ø ü¬ý �|
 Ø ü � � ­ � �þ Ù � � þ® �l­ � �þ Ù ³ � þ® ³ ÿ
so � Ø 
ÚÙ � � þ® �l­ Ù ³ � þ® ³ �
To get � Õ Ã 6 Ö to match� Ø , we musthaveÙ ³ 
 � �
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Chapter 20

Pricing Exotic Options

20.1 Reflectionprinciple for Brownian motion

Without drift.

Define t ücÀ ��
vuxw(Ïþhy � y è ® ü¬ý �E�
Thenwehave:
 � � t ücÀ �Fö [Lÿ ® ücÀ � ã � � 
 
 � �(® ücÀ �»ö ê [ ¯ � �
 éô ê¼ë À � ñ³�z æ�{ ÎEÏqÐ�ì ¯ � ³ê À ð ��� ÿ [ ö � ÿ � ã	[
Sothejoint densityis


 � � t ücÀ � ä � [Lÿ ® ücÀ � ä � � � 
 ¯ ° ³° [ ° � ? éô ê�ë À � ñ³Wz æ|{ ÎEÏmÐÂì ¯ � ³ê À ð ��� D � [ � �

 ¯ °° [}? éô ê�ë À ÎEÏmÐ ì ¯ ü ê [ ¯ � � ³ê À ð D � [ � � ÿ

 ê ü ê [ ¯ � �À ô ê�ë À ÎEÏqÐ�ì ¯ ü ê [ ¯ � � ³ê À ð � [ � � ÿ [ ö � ÿ � ã	[ �

With drift. Let þ® ü¬ý ��
 ý ýs­ ® ü¬ý � ÿ
209
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shadow path

m

Brownian motion

2m-b

b

Figure20.1:ReflectionPrinciple for Brownianmotionwithoutdrift

m=b

b

m

(B(T),  M(T))  lies in  here

Figure20.2:Possiblevaluesof ® ücÀ � ÿ t ücÀ � .
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where® ü¬ý � ÿ �! ý  À , is a Brownianmotion(withoutdrift) on
ü�ú+ÿ ) ÿ�û � . Defineÿ ücÀ ��
ÚÎEÏqÐ+� ¯ ý ® ücÀ � ¯ �³ ý ³ À��
ÚÎEÏqÐ+� ¯ ý ü ® ücÀ � ­ ý À � ­ �³ ý ³ À��
ÚÎEÏqÐ+� ¯ ý þ® ü¬ý � ­ �³ ý ³ À��/ÿ� 
 � ü
� ��
 � � ÿ üÉÀ ��� 
 � ÿ ��� ä ) �

Set
�t ücÀ ��
3u~w(Ï þiy � y è þ® ücÀ �E�

Under
� 
 � ÿ þ® is aBrownianmotion(withoutdrift), so� 
 � � �t üÉÀ � ä � �[Âÿ þ® ücÀ � ä � �� � 
 ê ü ê �[ ¯ �� �À ô ê�ë À ÎEÏqÐ�ì ¯ ü ê �[ ¯ �� � ³ê À ð � �[ � �� ÿ �[ ö � ÿ �� ã �[ �

Let
� ü �[Lÿ �� � beafunctionof two variables.Then
 �Ô� ü �t ücÀ � ÿ þ® ücÀ �	��
 �
 � � ü �t ücÀ � ÿ þ® ücÀ �	�ÿ ücÀ �
 �
 � � � ü �t ücÀ � ÿ þ® ücÀ ���qÎEÏqÐe� ý þ® ücÀ � ¯ �³ ý ³ À�� �


 �z V ñ��z V þ �{ V �z�� { V æ ñ � ü �[Âÿ �� �!ÎEÏqÐ�� ý �� ¯ �³ ý ³ À�� � 
 � � �t ücÀ � ä � �[Lÿ þ® ücÀ � ä � �� � �
But also,


 �Ô� ü �t ücÀ � ÿ þ® ücÀ �	��
 �z V ñ��z V þ �{ V �z�� { V æ ñ � ü �[Âÿ �� � 
 � � �t ücÀ � ä � �[Âÿ þ® üÉÀ � ä � �� � �
Since

�
is arbitrary, weconcludethat

(MPR)


 � � �t ücÀ � ä � �[Lÿ þ® üÉÀ � ä ���� �
 ÎEÏmÐ�� ý �� ¯ �³ ý ³ À�� � 
 � � �t ücÀ � ä � �[Çÿ þ® ücÀ � ä � �� �
 ê ü ê �[ ¯ �� �À ô ê¼ë À ÎEÏqÐ ì ¯ ü ê �[ ¯ �� � ³ê À ð �	ÎEÏqÐ�� ý �� ¯ �³ ý ³ À�� � �[ �/�� ÿ �[ ö � ÿ �� ã �[ �
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20.2 Up and out Europeancall.

Let � ãÆ´ ã	�
begiven.Thepayoff at time

À
isü Ì ücÀ � ¯ ´ �	ò��b� 5�� ÄAè ­��b�e� ÿ

where Ì�� ücÀ ��
}u~w(Ïþhy � y è Ì ü¬ý �:�
To simplify notation,assumethat


 �
is alreadytherisk-neutralmeasure,sothevalueat timezeroof

theoptionis¿ ü � ÿ Ì ü � �	�6
�å�æqç è�
 � � ü Ì ücÀ � ¯ ´ �	òd� � 5 � ÄAè ­��e�b� � �
Because


 �
is therisk-neutralmeasure,��Ì ü¬ý ��
�Í(Ì ü¬ý ��� ýw­	! Ì ü�ý ����® ü¬ý �Ì ü¬ý ��
�Ì þ ÎEÏqÐ�� ! ® ü¬ý � ­'ü Í ¯ �³ ! ³ � ý��

�Ì þ ÎEÏqÐT����� ����

! $%%%& ® ü¬ý � ­ � Í! ¯ ! ê ¢Û ÜkÝ Þ	
ý '�((()�� ��������
�Ì þ ÎEÏqÐ�� ! þ® ü¬ý � �/ÿ

where ý 
 � Í! ¯ ! ê ¢ ÿþ® ü¬ý �|
 ý ý6­ ® ü�ý �E�
Consequently,Ì � ü¬ý �|
�Ì þ ÎEÏqÐ�� ! �t ü¬ý � �/ÿ
where, �t ü¬ý �|
�u~w(Ïþiy , y � þ® üQÊ �E�
We compute,¿ ü � ÿ Ì ü � �	�6
�å æqç è 
 � � ü Ì ücÀ � ¯ ´ � ò � � 5 � ÄAè ­��e�b� �
�å�æqç è�
 �á$ Õ Ì ü � �qÎEÏqÐe� ! þ® ücÀ � � ¯ ´ Ö ò � � 5 Ä þ ­����\� � ! þ� ÄAè ­B�+���e� *
�å æqç è 
 �"�6Õ Ì ü � �qÎEÏqÐ�� ! þ® ücÀ � � ¯ ´ Ö � ^ þ^ Ä�è ­
� é! í�î¼ï ´Ì ü � �Û ÜJÝ Þ� � � þ� Ä�è ­
� é! íAî�ï �Ì ü � �Û ÜkÝ Þ�� h0 
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(B(T),  M(T))  lies in  here

M(T)

B(T)

x

y

b

m

~

~

~

~

x=y

Figure20.3:Possiblevaluesof
þ® üÉÀ � ÿ �t ücÀ � .

We consideronly thecase Ì ü � �  ´ ã	�Mÿ
so �! �� ã �[ �

Theothercase,́
ã Ì ü � �  � leadsto �� ã �g �[ andtheanalysisis similar.

We computeË �z�{ Ë �z� �.�X�e���!��� :¿ ü � ÿ Ì ü � �	�w
�å æqç è � �z�{ � �z� ü Ì ü � �qÎEÏqÐ�� ! � � ¯ ´ � ê ü ê � ¯ ���À ô ê�ë À ÎEÏqÐ�ì ¯ ü ê � ¯ ��� ³ê À ­ ý � ¯ �³ ý ³ À ð �������
 ¯ å æqç è � �z�{ ü Ì ü � �qÎEÏqÐ�� ! � � ¯ ´ � éô ê�ë À ÎEÏqÐ�ì ¯ ü ê � ¯ ��� ³ê À ­ ý � ¯ �³ ý ³ À ð '''' ¡ V �z¡ V �
���


�å æqç è � �z�{ ü Ì ü � �<ÎEÏmÐ�� ! � � ¯ ´ � éô ê�ë À � ÎEÏmÐ ì ¯ � ³ê À ­ ý � ¯ �³ ý ³ À ð
¯ ÎEÏqÐ�ì ¯ ü ê �[ ¯ ��� ³ê À ­ ý � ¯ �³ ý ³ À ð   ���
 éô ê�ë À å æqç è Ì ü � ��� �z�{ ÎEÏmÐ�ì ! � ¯ � ³ê À ­ ý � ¯ �³ ý ³ À ð ���

¯ éô ê�ë À å�æmç è ´ � �z�{ ÎEÏmÐÂì ¯ � ³ê À ­ ý � ¯ �³ ý ³ À ð ���
¯ éô ê�ë À å�æmç è Ì ü � � � �z� { ÎEÏmÐ�ì ! � ¯ ü ê �[ ¯ ��� ³ê À ­ ý � ¯ �³ ý ³ À ð ���­ éô ê�ë À å æmç è ´ � �z�{ ÎEÏmÐ ì ¯ ü ê �[ ¯ ��� ³ê À ­ ý � ¯ �³ ý ³ À ð ���6�

The standardmethodfor all theseintegrals is to completethe squarein the exponentand then
recognizea cumulative normaldistribution. We carry out the detailsfor thefirst integral andjust
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give theresultfor theotherthree.Theexponentin thefirst integrandis! � ¯ � ³ê À ­ ý � ¯ �³ ý ³ À
 ¯ éê À ü � ¯ !wÀ ¯ ý À � ³ ­ �³ ! ³ ÀK­	! ý À
 ¯ éê À � � ¯ Í À! ¯ !�Àê ¢ ³ ­ Í À �
In thefirst integralwemakethechangeof variable�Â
 ü � ¯ Í À£¢2! ¯ !wÀ£¢ ê � ¢ ô À ÿ ����
���� ¢ ô À ÿ
to obtain å æqç è Ì ü � �ô ê�ë À � �z�{ ÎEÏmÐ�ì ! � ¯ � ³ê À ­ ý � ¯ �³ ý ³ À ð ���
 éô ê¼ë À Ì ü � � � �z�{ ÎEÏmÐÂì ¯ éê À � � ¯ Í À! ¯ !wÀê ¢ ³�ð ���


 éô ê¼ë À Ì ü � �:�
��¤ ¥ æ�¦ ¤ ¥! æ ! ¤ ¥g�� �¤ ¥ æ ¦ ¤ ¥! æ ! ¤ ¥g ÎEÏmÐ�� ¯ � ³ê � ���


�Ì ü � � � ó ? �[ô À ¯ Í ô À! ¯ ! ô Àê D ¯ ó ? ��ô À ¯ Í ô À! ¯ ! ô Àê D   �
Puttingall four integralstogether, wehave¿ ü � ÿ Ì ü � �	�w
�Ì ü � � � ó ? �[ô À ¯ Í ô À! ¯ ! ô Àê D ¯ ó ? ��ô À ¯ Í ô À! ¯ ! ô Àê D  ¯ å æmç è ´ � ó ? �[ô À ¯ Í ô À! ­ ! ô Àê D ¯ ó ? ��ô À ¯ Í ô À! ­ ! ô Àê D  ¯ Ì ü � � � ó ? �[ô À ­ Í ô À! ­ ! ô Àê D ¯ ó ? ü ê �[ ¯ �� �ô À ­ Í ô À! ­ ! ô Àê D  ­ ÎEÏqÐ ^ ¯ Í À�­ ê �[ � Í! ¯ ! ê ¢ h $ ó ? �[ô À ­ Í ô À! ¯ ! ô Àê D ¯

ó ? ü ê �[ ¯ �� �ô À ­ Í ô À! ¯ ! ô Àê D * ÿ
where �� 
 é! íAî�ï ´Ì ü � � ÿ �[ 
 é! íAî�ï �Ì ü � � �
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T

L
v(t,L) = 0

v(T,x) = (x - K)

v(t,0) = 0

+

Figure20.4: Initial andboundaryconditions.

If we let §©¨jª weobtaintheclassicalBlack-Scholesformula«+¬
­e®�¯°¬
­2±�±�²K¯°¬
­2±�³
´£µ·¶¹¸Gº»¼ ½ µ¿¾ ¼ ½À µ À ¼ ½Á ÂQÃµ·Ä�ÅeÆ�ÇÉÈÊ³Ë´ÌµÍ¶�¸ º»¼ ½ µ ¾ ¼ ½À Î À ¼ ½Á ÂQÃ²K¯°¬
­2±�¶Ï¸ ´À ¼ ½jÐ-Ñ2Ò ¯°¬
­Ó±È Î ¾ ¼ ½À Î À ¼ ½Á Âµ·Ä ÅeÆ�Ç ÈÔ¶ ¸ ´À ¼ ½jÐ-Ñ2Ò ¯Õ¬
­2±È Î ¾ ¼ ½À µ À ¼ ½Á ÂÍÖ
If we replace

½
by
½ µÍ× andreplacē°¬�­2± by Ø in theformulafor «+¬
­e®\¯Õ¬
­2±J± , we obtaina formula

for «+¬B×�® Ø ± , thevalueof theoptionat thetime × if ¯Õ¬B×Ë±Q² Ø . We have actuallyderivedtheformula
underthe assumptionØÚÙ È ÙÛ§ , but a similar albeit longer formula can alsobe derived forÈGÜ ØÝÙ"§ . We considerthefunction«+¬B×\® Ø ±d²3Þ ßáà
â ãáäåÄ�ÅeÆ�æ4Ç0Åbà ­ ¬
¯Õ¬ ½ ±1µaÈÔ±JçdèeéJê�ë æ-Ç ­�ìeíbî�ï ® ­ Ù × Ù ½ ®ð­ Ù"ØÝÙ	§ Ö
This functionsatisfiestheterminalcondition«+¬ ½ ® Ø ±1²ñ¬ Ø µ·ÈÔ± ç ® ­ Ù	Ø Ü §
andtheboundaryconditions «+¬B×�®\­2±ò²3­e® ­ Ù × Ù ½ ®«+¬B×�® § ±ò²3­e® ­ Ù × Ù ½ Ö
We show that « satisfiestheBlack-Scholesequationµ ¾ « Î « à Îj¾ Ø « ã Î@óô À ô Ø ô « ãhã ® ­ Ù ×QÜ ½ ®d­ Ù	ØõÙ	§ Ö
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Let ¯°¬
­Ó±�ö	­ begivenanddefinethestoppingtime÷x²3øEùåú�ûü×Qý	­eþ©¯°¬B×�±d² §Qÿ Ö
Theorem 2.61 Theprocess Ä ÅeÆ�æ4à�� � ­ «+¬B×��>÷�®\¯°¬ ×��õ÷e±J±h® ­ Ù × Ù ½ ®
is a martingale.

Proof: First notethat ¯��2¬ ½ ±©Ü §��
	 ÷>ö ½ Ö
Let �
��� begiven,andchoose× ��� ­e® ½�� . If ÷1¬ � ± Ù × , thenÞ ß��=Ä ÅeÆËÇ ¬
¯°¬ ½ ±ÉµÍÈÔ± ç è é�ê�ë æ-Ç ­�ìbíeî����� � ¬B×�±���¬ � ±Í²}­ Ö
But when ÷1¬ � ± Ù × , wehave«+¬B×��>÷1¬ � ±h®\¯Õ¬B×��>÷1¬ � ±h® � ±J±d²3«+¬B×��õ÷1¬ � ±h® § ±É²3­�®
sowemaywriteÞ ß��BÄ�ÅeÆ�Ç ¬
¯Õ¬ ½ ±òµÍÈÔ±Jçdè éJê ë æ-Ç ­�ìeíbî ���� � ¬ ×Ë±���¬ � ±Í²vÄ�ÅeÆ�æ4à�� � æ � ­»­ «°¬B×��Ý÷1¬ � ±h®|¯Õ¬B×��Ý÷1¬ � ±h® � ±�± Ö
Ontheotherhand,if ÷1¬ � ±Ìöj× , thentheMarkov propertyimpliesÞ ß � Ä ÅeÆ�Ç ¬
¯°¬ ½ ±1µaÈ ± ç èeéJê�ë æ-Ç ­�ìeíbî ���� � ¬B×�± � ¬ � ±²3Þ ß à
â ê æ-à
â �´­ ä Ä ÅeÆ�Ç ¬
¯Õ¬ ½ ±0µ·ÈÔ± ç è éJê�ë æ4Ç ­
ìeíeîJï²3Ä�ÅeÆ�àË«+¬B×�®\¯°¬ ×\® � ±J±²3Ä�ÅeÆ�æ-à�� � æ �´­»­ «�¬�×��>÷e®�¯°¬ ×��Ý÷1¬ � ±h® � ±J± Ö
In bothcases,wehaveÄ�ÅeÆ�æ-à�� � ­ «+¬B×��>÷e®\¯Õ¬B×��õ÷e±J±d²3Þ ß � Ä�ÅeÆ�Ç ¬
¯Õ¬ ½ ±1µaÈÔ±Jçdè éJê ë æ-Ç ­�ìeíbî ���� � ¬ ×Ë± � Ö
Suppose­ Ù �>Ù × Ù ½ . ThenÞ ß � Ä ÅeÆ\æ-à�� � ­ «�¬ ×��>÷e®�¯°¬B×!�Ý÷e±J± ���� � ¬ � ± �²3Þ ß��BÞ ß��=Ä�ÅeÆËÇQ¬
¯°¬ ½ ±1µ·ÈÔ±Jç�è é�ê ë æ-Ç ­�ìbíeî ���� � ¬B×�±�� ���� � ¬ � ±"�²3Þ ß � Ä ÅeÆ�Ç ¬
¯Õ¬ ½ ±1µaÈÔ± ç è éJê�ë æ-Ç ­�ìeíbî ���� � ¬ � ± �²3Ä�ÅbÆ�æ$#%� � ­ «Õ¬ � �õ÷e®d¯°¬ � �õ÷e±J± Ö



CHAPTER20. PricingExoticOptions 217

For ­ Ù × Ù ½ , wecomputethedifferential&(' Ä�ÅeÆ�àË«+¬B×�®\¯°¬ ×Ë±J±*)�²KÄ�ÅeÆ�à\¬�µ ¾ « Î « à Î	¾ ¯©« ã Î óô À ô ¯ ô « ãhã ± & × Î Ä�ÅbÆ�à À+¯�« ã &,+ Ö
Integratefrom ­ to ×��Ý÷ :Ä ÅeÆ�æ4à�� �%- «�¬å×��>÷e®�¯°¬B×��>÷e±�±d²3«�¬�­e®\¯Õ¬
­2±J±Î . à�� �/ Ä ÅeÆ*# ¬�µ ¾ « Î « à Îj¾ ¯�« ã Î óô À ô ¯ ô « ãhã ± & �Î . à�� �/ Ä ÅeÆ*# À1¯�« ã &0+ Ö1 243 5

A stoppedmartingaleis still amartingale

BecauseÄ ÅbÆ�æ-à�� �%- «°¬B×��>÷e®\¯Õ¬B×��>÷e±J± is alsoa martingale,theRiemannintegral. à�� �/ Ä ÅeÆ"# ¬�µ ¾ « Î « à Îj¾ ¯�« ã Î@óô À ô ¯ ô « ãhã ± & �
is amartingale.Therefore,µ ¾ «�¬ � ®\¯Õ¬ � ±�± Î « à ¬ � ®\¯°¬ � ±J± Îa¾ ¯°¬ � ±J« ã ¬ � ®\¯°¬ � ±J± Î óô À ô ¯ ô ¬ � ±�« ãhã ¬ � ®�¯°¬ � ±J±1²3­�® ­ Ù6�õÙ ×��>÷ Ö
ThePDE µ ¾ « Î « à Î	¾ Ø « ã Î óô À ô Ø ô « ãhã ²3­e® ­ Ù × Ù ½ ®d­ Ù	ØõÙ	§ ®
thenfollows.

The Hedge & ' Ä ÅeÆ�à «�¬B×�®\¯Õ¬B×Ë±J± ) ²3Ä ÅbÆ�à À1¯Õ¬B×Ë±�« ã ¬B×\®�¯°¬B×�±J± &0+ ¬B×Ë±h® ­ Ù × Ù ÷ Ö
Let 7 ¬B×Ë± bethewealthprocesscorrespondingto someportfolio 8 ¬B×Ë± . Then& ¬
Ä ÅeÆ�à 7 ¬B×Ë±J±ò²3Ä ÅbÆ�à 8 ¬ ×Ë±JÀ+¯°¬ ×Ë± &,+ ¬B×�± Ö
We shouldtake 7 ¬
­2±ò²3«+¬
­e®\¯Õ¬
­2±J±
and 8 ¬B×Ë±d²K« ã ¬B×�®\¯Õ¬B×Ë±J±i® ­ Ù × Ù ½ �>÷ Ö
Then 7 ¬ ½ �>÷e±�²K«�¬ ½ �>÷e®�¯°¬ ½ �Ý÷e±J±²:9 «�¬ ½ ®\¯Õ¬ ½ ±J±+²ñ¬�¯°¬ ½ ±òµÍÈÔ± ç if ÷>ö ½«�¬�÷e® § ±1²3­ if ÷ Ù ½ .
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K L x

v(T, x)

0

0 K L x

v(t, x)

Figure20.5:Practial issue.

20.3 A practical issue

For × Ü ½ but × near
½

, «�¬ ×\® Ø ± hastheform shown in thebottompartof Fig. 20.5.

In particular, thehedgingportfolio 8 ¬B×Ë±d²3« ã ¬B×�®\¯°¬ ×Ë±J±
canbecomevery negative neartheknockoutboundary. Thehedgeris in anunstablesituation.He
shouldtakea largeshortpositionin thestock. If thestockdoesnot crossthebarrier § , hecovers
this shortpositionwith fundsfrom themoney market,paysoff theoption,andis left with zero. If
thestockmovesacrossthebarrier, heis now in aregionof 8 ¬B×Ë±©²3« ã ¬B×�®\¯Õ¬B×Ë±J± nearzero.Heshould
cover his shortpositionwith themoney market. This is moreexpensive thanbefore,becausethe
stockpricehasrisen,andconsequentlyheis left with nomoney. However, theoptionhas“knocked
out”, sonomoney is neededto payit off.

Becausealargeshortpositionis beingtaken,asmallerrorin hedgingcancreateasignificanteffect.
Hereis a possibleresolution.

Ratherthanusingtheboundarycondition«+¬B×�® § ±ò²3­e® ­ Ù × Ù ½ ®
solve thePDEwith theboundarycondition«�¬B×�® § ± Î<; § « ã ¬ ×\® § ±É²K­e® ­ Ù × Ù ½ ®
where ; is a “toleranceparameter”,say ´ %. At the boundary, § « ã ¬B×�® § ± is the dollar sizeof the
shortposition.Thenew boundaryconditionguarantees:

1. § « ã ¬B×\® § ± remainsbounded;

2. Thevalueof theportfolio is alwayssufficient to cover a hedgingerrorof ; timesthedollar
sizeof theshortposition.
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Asian Options

Stock: & ¯Õ¬B×Ë±ò² ¾ ¯°¬ ×Ë± & × Î À+¯Õ¬B×Ë± &,+ ¬B×�± Ö
Payoff: = ²?>Ô¸ . Ç/ ¯Õ¬B×Ë± & × Â
Valueof thepayoff at timezero:7 ¬
­2±ò²3Þ ß ³
Ä ÅeÆ�Ç > ¸ . Ç/ ¯°¬ ×Ë± & × ÂQÃ Ö
Introduceanauxiliary process@ ¬B×�± by specifying& @ ¬ ×Ë±�²K¯°¬B×�± & × Ö
With theinitial conditions ¯°¬ ×Ë±d² Ø ® @ ¬ ×Ë±d²?A�®
wehave thesolutions¯°¬ ½ ±ò² ØCBED�FHG À©¬ + ¬ ½ ±dµ + ¬B×�±J± Î ¬ ¾ µ óô À ô ±ü¬ ½ µÍ×�±EI�®@ ¬ ½ ±d²?A Î . Çà ¯°¬ � ± & � Ö
Definetheundiscountedexpectedpayoff� ¬ ×\® Ø ®JA�±É²KÞ ß à
â ã�â K >É¬ @ ¬ ½ ±J±i® ­ Ù × Ù ½ ® Ø ý"­e®LA � Þ M Ö

219
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21.1 Feynman-KacTheorem

Thefunction � satisfiesthePDE� à Îj¾ ØN� ã Î@óô À ô Ø ô � ãhã Î Ø�� K ²3­e® ­ Ù × Ù ½ ® Ø ý	­�®OA � Þ ME®
theterminalcondition � ¬ ½ ® Ø ®4A/±0²?>É¬PA�±h® Ø ý	­e®LA � Þ ME®
andtheboundarycondition � ¬B×�®\­e®4A/±ò²?>ò¬PA/±i® ­ Ù × Ù ½ ®LA � Þ M Ö
Onecansolvethisequation.Then «(QÓ×\®�¯°¬B×�±h® . à/ ¯°¬ � ± & �!R
is theoptionvalueat time × , where«+¬B×�® Ø ®4A/±ò²TÄ ÅeÆ�æ4Ç0Åeà - � ¬B×\® Ø ®JA�± Ö
ThePDEfor « is µ ¾ « Î « à Î	¾ Ø « ã Î óô À ô Ø ô « ãhã Î Ø « K ²3­�® (1.1)«�¬ ½ ® Ø ®JA�±+²?>É¬PA�±h®«�¬B×�®\­e®4A/±0²3Ä�ÅeÆ�æ4Ç0Åeà - >ò¬PA/± Ö
Onecansolvethisequationratherthantheequationfor � .
21.2 Constructing the hedge

Startwith thestockprice ¯Õ¬
­2± . Thedifferentialof thevalue 7 ¬ ×Ë± of aportfolio 8 ¬B×�± is& 7 ² 8 & ¯ Î"¾ ¬ 7 µ 8 ¯©± & ×² 8 ¯Õ¬ ¾ & × Î À &,+ ± Îj¾ 7 & ×òµ ¾ 8 ¯ & ×² 8 À0¯ &0+ Î	¾ 7 & × Ö
We wantto have 7 ¬B×Ë±ò²3«SQ�×\®�¯°¬B×�±h® . à/ ¯Õ¬ � ± & �!R ®
sothat 7 ¬ ½ ±ò²3«>¸ ½ ®�¯°¬
­2±i® . Ç/ ¯Õ¬ � ± & � Â ®²?> ¸ . Ç/ ¯°¬ � ± & � ÂÍÖ
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Thedifferentialof thevalueof theoptionis& «TQ2×\®�¯°¬B×�±h® . à/ ¯Õ¬ � ± & �!R ²3« à & × Î « ã & ¯ Î « K ¯ & × Î óô « ãhã & ¯ & ¯²ñ¬
« à Îj¾ ¯�« ã Î ¯�« K Î óô À ô ¯ ô « ãhã ± & × Î À1¯�« ã &0+² ¾ «+¬B×\®�¯°¬B×�±J± & × Î « ã ¬B×�®\¯°¬ ×Ë±J±òÀ>¯°¬B×�± &0+ ¬B×Ë± Ö (FromEq. 1.1)

Comparethiswith & 7 ¬B×Ë±ò² ¾ 7 ¬B×Ë± & × Î 8 ¬B×Ë±©À>¯°¬B×�± &0+ ¬B×Ë± Ö
Take 8 ¬ ×Ë±d²3« ã ¬B×\®�¯°¬B×�±J± Ö If 7 ¬
­2±ò²3«�¬�­e®\¯Õ¬
­2±h®J­2± , then7 ¬B×Ë±ò²3« Q ×\®�¯°¬B×�±h® . à/ ¯Õ¬ � ± & � R ® ­ Ù × Ù ½ ®
becauseboththeseprocessessatisfythesamestochasticdifferentialequation,startingfromthesame
initial condition.

21.3 Partial averagepayoff Asian option

Now supposethepayoff is = ²?>Ô¸ . Ç� ¯Õ¬B×Ë± & × Â ®
where­xÜ	÷ Ü ½ . We compute«+¬
÷e® Ø ®4A/±+²3Þ ß � â ã�â K Ä ÅeÆ\æ-Ç1Å �%- >ò¬ @ ¬ ½ ±J±
justasbefore.For ­ Ù × Ù ÷ , wecomputenext thevalueof aderivativesecuritywhichpaysoff«�¬�÷e®\¯Õ¬
÷e±h®J­2±
at time ÷ . Thisvalueis U ¬B×\® Ø ±ò²3Þ ßáà
â ã�Ä�ÅeÆ�æ � Åeà - «�¬
÷�®\¯°¬�÷e±h®J­2± Ö
Thefunction

U
satisfiestheBlack-ScholesPDEµ ¾ U Î U à Îj¾ Ø U ã Î óô À ô Ø ô U ãhã ²3­e® ­ Ù × Ù ÷e® Ø ý"­e®

with terminalcondition U ¬�÷e® Ø ±1²3«+¬
÷e® Ø ®\­2±i® Ø ý	­e®
andboundarycondition U ¬B×�®\­2±ò²3Ä�ÅbÆ�æ-Ç1Åeà - >ò¬
­2±h® ­ Ù × Ù ½ Ö
Thehedgeis givenby 8 ¬ ×Ë±�²WVX Y U ã ¬B×�®\¯°¬ ×Ë±J±h® ­ Ù × Ù ÷�®« ã ' ×\®�¯°¬B×�±h®JZ à� ¯Õ¬ � ± & � ) ® ÷ Üj× Ù ½ Ö
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Remark 21.1 While noclosed-formfor theAsianoptionpriceis known, theLaplacetransform(in
the variable

À�[\ ¬ ½ µa×Ë± ) hasbeencomputed.SeeH. GemanandM. Yor, Besselprocesses,Asian
options,andperpetuities,Math. Finance3 (1993),349–375.
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Summary of Arbitrage Pricing Theory

A simpleEuropeanderivativesecuritymakesa randompaymentat a time fixed in advance.The
valueat time × of sucha securityis theamountof wealthneededat time × in orderto replicatethe
securityby tradingin themarket.Thehedgingportfolio is a specificationof how to do this trading.

22.1 Binomial model,HedgingPortf olio

Let � bethesetof all possiblesequencesof ] coin-tosses.We have no probabilitiesat this point.
Let ¾ ý"­e® � ö ¾�Î ´2® & ²Ú´%^ � begiven.(SeeFig. 2.1)

Evolutionof thevalueof aportfolio:7`_ ç ó ² 8(_ ¯ _ ç ó Î ¬�´ Î	¾ ±ü¬ 7`_ µ 8a_ ¯ _ ± Ö
GivenasimpleEuropeanderivativesecurity

= ¬ � ó ® � ô ± , wewantto startwith anonrandom7 / and
useaportfolio processes 8 / ® 8 ó ¬cb ±i® 8 ó ¬ ½ ±
sothat 7 ô ¬ � ó ® � ô ±d² = ¬ � ó ® � ô ±ed � ó ® � ô Ö (four equations)

Therearefour unknowns: 7 / ® 8 / ® 8 ó ¬PbÔ±h® 8 ó ¬ ½ ± . Solvingtheequations,weobtain:

223
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7 ó ¬ � ó ±d² ´´ Î	¾gfhhi ´ Î	¾ µ &� µ & 7 ô ¬ � ó ®4bÔ±1 243 5j æ �lk â m - Î � µ	¬�´ Î	¾ ±� µ & 7 ô ¬ � ó ® ½ ±1 243 5j æ �nk â Ç -
oqppr ®7 / ² ´´ Î	¾ � ´ Îj¾ µ &� µ & 7 ó ¬PbÔ± Î � µ	¬�´ Îj¾ ±� µ & 7 ó ¬ ½ ±��£®8 ó ¬ � ó ±d² 7 ô ¬ � ó ®JbÔ±1µ 7 ô ¬ � ó ® ½ ±¯ ô ¬ � ó ®JbÔ±1µa¯ ô ¬ � ó ® ½ ± ®8 / ² 7 ó ¬PbÔ±òµ 7 ó ¬ ½ ±¯ ó ¬PbÔ±òµÍ¯ ó ¬ ½ ± Ö

Theprobabilitiesof thestockpricepathsareirrelevant,becausewe have a hedgewhich workson
everypath. Froma practicalpoint of view, whatmattersis that thepathsin themodelincludeall
thepossibilities.Wewantto find adescriptionof thepathsin themodel.They all have theproperty¬ Ð-Ñ2Ò ¯ _ ç ó µ Ð-Ñ2Ò ¯ _ ± ô ²sQ Ð-Ñ2Ò ¯ _ ç ó¯ _ R ô²@¬Pt Ð-Ñ2Ò � ± ô²@¬ Ð-Ñ2Ò � ± ô Ö
Let À>² Ð-Ñ2Ò � ö	­ . Then u Å óv_4w / ¬ Ð4ÑÓÒ ¯ _ ç ó µ Ð-Ñ2Ò ¯ _ ± ô ²3À ô ] Ö
Thepathsof Ð4ÑÓÒ ¯ _ accumulatequadraticvariationat rate À ô perunit time.

If we change� , thenwe changeÀ , andthepricing andhedgingformulason thepreviouspagewill
givedifferentresults.

We reiteratethattheprobabilitiesareonly introducedasanaid to understandingandcomputation.
Recall: 7`_ ç ó ² 8(_ ¯ _ ç ó Î ¬�´ Î	¾ ±ü¬ 7`_ µ 8a_ ¯ _ ± Ö
Define x _ ²@¬�´ Îj¾ ± _ Ö
Then 7`_ ç óx _ ç ó ² 8(_ ¯ _ ç óx _ ç ó Î 7`_x _ µ 8(_ ¯ _x _ ®
i.e., 7`_ ç óx _ ç ó µ 7S_x _ ² 8a_ Q ¯ _ ç óx _ ç ó µ ¯ _x _ R Ö
In continuoustime,wewill have theanalogousequation& Q 7 ¬B×Ë±x ¬B×�± R ² 8 ¬B×Ë± & Q ¯Õ¬B×Ë±x ¬B×Ë± R Ö
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If we introducea probabilitymeasurey Þ z underwhich
¯ _{%| is a martingale,then 7`_{%| will alsobea

martingale,regardlessof theportfolio used.Indeed,y Þ ß � 7`_ ç óx _ ç ó ���� � _ � ² y Þ ß � 7S_x _ Î 8(_ Q ¯ _ ç óx _ ç ó µ ¯ _x _ R ���� � _ �² 7`_x _ Î 8a_ Q yÞ ß � ¯ _ ç óx _ ç ó ���� � _ � µ ¯ _x _ R Ö1 2J3 5w /
Supposewe want to have 7 ô ² = , where

=
is some� ô -measurablerandomvariable. Thenwe

musthave ´´ Îj¾ 7 ó ² 7 óx ó ² y Þ ß � 7 ôx ô ���� � ó � ² yÞ ß �
=x ô ���� � ó � ®7 / ² 7 /x / ² yÞ ß � 7 óx ó � ² yÞ ß �

=x ô � Ö
To find the risk-neutralprobability measurey Þ z underwhich

¯ _{ | is a martingale,we denote º}T²y Þ z û �l_ ²~b ÿ , º��² y Þ z û �O_ ² ½ ÿ , andcomputey Þ ß�� ¯ _ ç óx _ ç ó ���� � _ ��² º} � ¯ _x _ ç ó Î º� & ¯ _x _ ç ó² ´´ Îj¾ � º} � Î º� & � ¯ _x _ Ö
We needto chooseº} and º� sothat º} � Î º� & ²q´ Î	¾ ®º} Î º��²q´ Ö
Thesolutionof theseequationsisº}x² ´ Î"¾ µ &� µ & ® º��² � µ	¬�´ Îj¾ ±� µ & Ö
22.2 Settingup the continuousmodel

Now the stock price ¯Õ¬B×Ë±h®�­ Ù × Ù ½ , is a continuousfunction of × . We would like to hedge
alongevery possiblepathof ¯°¬B×�± , but that is impossible.Usingthebinomialmodelasa guide,we
chooseÀ·ö�­ andtry to hedgealongevery path ¯°¬B×�± for which thequadraticvariationof Ð-Ñ2Ò ¯Õ¬B×Ë±
accumulatesat rate À ô perunit time. Thesearethepathswith volatility À ô .
To generatethesepaths,we useBrownianmotion,ratherthancoin-tossing.To introduceBrownian
motion, we needa probability measure.However, the only thing aboutthis probability measure
whichultimatelymattersis thesetof pathsto which it assignsprobabilityzero.



226

Let
+ ¬B×Ë± ®\­ Ù × Ù ½ , be a Brownian motion definedon a probability space¬ � ® � ®���± . For any� � Þ M , thepathsof �/× Î À + ¬B×�±

accumulatequadraticvariationat rate À ô perunit time. We wantto define¯Õ¬B×Ë±d²K¯°¬
­2± BED�F û%�/× Î À + ¬ ×Ë± ÿ ®
sothatthepathsof Ð4ÑÓÒ ¯Õ¬B×Ë±d² Ð4ÑÓÒ ¯°¬�­2± Î �/× Î À + ¬B×�±
accumulatequadraticvariationatrateÀ ô perunit time. Surprisingly, thechoiceof � in thisdefinition
is irrelevant.Roughly, thereasonfor this is thefollowing: Choose� ó ��� . Then,for � ó � Þ M ,� ó × Î À + ¬B×\® � ó ±h® ­ Ù × Ù ½ ®
is a continuousfunctionof × . If we replace� ó by � ô , then � ô × Î À + ¬B×\® � ó ± is a differentfunction.
However, thereis an � ô ��� suchthat� ó × Î À + ¬B×�® � ó ±d²~� ô × Î À + ¬B×�® � ô ±h® ­ Ù × Ù ½ Ö
In otherwords,regardlessof whetherweuse� ó or � ô in thedefinitionof ¯°¬B×�± , wewill seethesame
paths.Themathematicallyprecisestatementis thefollowing:

If a setof stockpricepathshasapositiveprobabilitywhen ¯°¬B×�± is definedby¯Õ¬B×Ë±d²K¯°¬
­2± BED�F û%� ó × Î À + ¬ ×Ë± ÿ ®
thenthissetof pathshaspositiveprobabilitywhen ¯°¬ ×Ë± is definedby¯Õ¬B×Ë±d²K¯°¬
­2± BED�F û%� ô × Î À + ¬ ×Ë± ÿ Ö
Sincewe areinterestedin hedgingalongevery path,exceptpossiblyfor a setof paths
whichhasprobabilityzero,thechoiceof � is irrelevant.

Themostconvenientchoiceof � is �E² ¾ µ óô À ô ®
so ¯Õ¬B×Ë±d²3¯Õ¬
­2± BED�F û ¾ × Î À + ¬B×Ë±©µ óô À ô × ÿ ®
and Ä�ÅeÆËà�¯°¬B×�±d²3¯°¬�­2± BED!F ûCÀ + ¬ ×Ë±©µ óô À ô × ÿ
is amartingaleunder Þ z . With thischoiceof � ,& ¯°¬B×�±d² ¾ ¯°¬B×�± & × Î À1¯°¬ ×Ë± &,+ ¬B×�±
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and Þ z is therisk-neutralmeasure.If a differentchoiceof � is made,wehave¯Õ¬B×Ë±d²3¯Õ¬
­2± BED�F û��/× Î À + ¬B×�± ÿ ®& ¯Õ¬B×Ë±d²ñ¬�� Î óô À ô ±1 243 5� ¯Õ¬B×Ë± & × Î À1¯Õ¬B×Ë± &,+ ¬ ×Ë± Ö² ¾ ¯Õ¬B×Ë± & × Î À ä � ÅbÆ� & × Î &0+ ¬B×Ë± ï Ö1 2J3 5���� æ-à -�+
hasthe samepathsas

+
. We canchangeto the risk-neutralmeasurey Þ z , underwhich

�+
is a

Brownianmotion,andthenproceedasif � hadbeenchosento beequalto ¾ µ óô À ô .
22.3 Risk-neutral pricing and hedging

Let y Þ z denotetherisk-neutralmeasure.Then& ¯Õ¬B×Ë±ò² ¾ ¯°¬ ×Ë± & × Î À+¯Õ¬B×Ë± & �+ ¬B×Ë±h®
where

�+
is a Brownianmotionundery Þ z . Setx ¬B×�±�²TÄhÆ�à Ö

Then & Q ¯°¬B×�±x ¬ ×Ë± R ²3À ¯Õ¬B×Ë±x ¬B×Ë± & �+ ¬ ×Ë±h®
so
ê æ-à -{ æ-à - is a martingaleundery Þ z .

Evolutionof thevalueof aportfolio:& 7 ¬ ×Ë±ò² 8 ¬B×�± & ¯Õ¬B×Ë± Îj¾ ¬ 7 ¬B×�±Éµ 8 ¬B×Ë±J¯Õ¬B×Ë±�± & ×\® (3.1)

which is equivalentto & Q 7 ¬B×�±x ¬B×�± R ² 8 ¬B×�± & Q ¯°¬B×�±x ¬B×�± R (3.2)² 8 ¬B×�±JÀ ¯°¬B×�±x ¬B×�± & �+ ¬B×Ë± Ö
Regardlessof theportfolio used, � æ-à -{ æ-à - is a martingaleundery Þ z .

Now suppose

=
is a given � ¬ ½ ± -measurablerandomvariable,the payoff of a simpleEuropean

derivative security. We want to find the portfolio process8 ¬ ½ ±i®\­ Ù × Ù ½ , andinitial portfolio
value 7 ¬�­2± sothat 7 ¬ ½ ±É² = . Because� æ-à -{ æ-à - mustbeamartingale,we musthave7 ¬B×Ë±x ¬B×Ë± ² yÞ ß � =x ¬ ½ ± ���� � ¬B×Ë± � ® ­ Ù × Ù ½ Ö (3.3)

This is therisk-neutral pricing formula. We have thefollowing sequence:
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1.

=
is given,

2. Define 7 ¬B×�±h®\­ Ù × Ù ½ , by (3.3) (notby (3.1)or (3.2),becausewedonotyethave 8 ¬ ×Ë± ).
3. Construct8 ¬B×�± so that (3.2) (or equivalently, (3.1)) is satisfiedby the 7 ¬B×�±h®\­ Ù × Ù ½ ,

definedin step2.

To carryoutstep3, wefirst usethetowerpropertyto show that � æ4à -{ æ4à - definedby (3.3)is amartingale

undery Þ z . Wenext usethecorollaryto theMartingaleRepresentationTheorem(HomeworkProblem
4.5)to show that & Q 7 ¬B×Ë±x ¬B×Ë± R ²~��¬B×Ë± & �+ ¬B×�± (3.4)

for someproecss� . Comparing(3.4), which we know, and(3.2), which we want, we decideto
define 8 ¬B×�±d² x ¬B×�±*��¬B×Ë±À�¯Õ¬B×Ë± Ö (3.5)

Then(3.4) implies(3.2),which implies(3.1),which impliesthat 7 ¬B×�±h®\­ Ù × Ù ½ , is thevalueof
theportfolio process8 ¬B×�±h®\­ Ù × Ù ½ .

From(3.3),thedefinitionof 7 , we seethatthehedgingportfolio mustbegin with value7 ¬�­2±É² y Þ ß � =x ¬ ½ ± � ®
andit will endwith value7 ¬ ½ ±ò² x ¬ ½ ± yÞ ß�� =x ¬ ½ ± ���� � ¬ ½ ±c� ² x ¬ ½ ±

=x ¬ ½ ± ² = Ö
Remark 22.1 Althoughwe have taken ¾ and À to beconstant,the risk-neutralpricing formula is
still “valid” when ¾ and À areprocessesadaptedto thefiltration generatedby

+
. If they dependon

either
�+

or on ¯ , they areadaptedto thefiltration generatedby
+

. The“validity” of therisk-neutral
pricing formulameans:

1. If you startwith 7 ¬
­Ó±É² y Þ ß�� =x ¬ ½ ± �£®
thenthereis a hedgingportfolio 8 ¬B×�±h®\­ Ù × Ù ½ , suchthat 7 ¬ ½ ±ò² = ;

2. At eachtime × , thevalue 7 ¬B×Ë± of thehedgingportfolio in 1 satisfies7 ¬B×Ë±x ¬B×Ë± ² yÞ ß � =x ¬ ½ ± ���� � ¬B×Ë± � Ö
Remark 22.2 In general,when therearemultiple assetsand/ormultiple Brownian motions,the
risk-neutralpricing formulais valid providedthereis a uniquerisk-neutral measure. A probability
measureis saidto berisk-neutralprovided
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To seeif therisk-neutralmeasureis unique,computethedifferentialof all discountedassetprices
andcheckif thereis morethanoneway to define

�+
so that all thesedifferentialshave only

& �+
terms.

22.4 Implementation of risk-neutral pricing and hedging

To geta computableresultfrom thegeneralrisk-neutralpricing formula7 ¬B×�±x ¬ ×Ë± ² yÞ ß � =x ¬ ½ ± ���� � ¬ ×Ë± � ®
oneusestheMarkov property. Weneedto identifysomestatevariables,thestockpriceandpossibly
othervariables,sothat 7 ¬B×�±É² x ¬B×Ë± yÞ ß � =x ¬ ½ ± ���� � ¬ ×Ë± �
is a functionof thesevariables.

Example22.1 Assume� and � areconstant,and �<�<���������O��� . We cantakethestockpriceto bethestate
variable.Define � �$�J�*�0��� �  ¡£¢P¤ ¥ ä$¦¨§0©�ª¬«�§ ¢�­ �����®�¯�O��� ïO°
Then ± �²�"��� ¦ © ¢ �  ¡ � ¦ §0©c« ���������O��� ����´³ �²�"� �� � �$�J�*�®�$�"���µ�
and ¶ ª ¢�­· ª ¢�­ � ¦ §,© ¢ � �²�J�"�®�²�"��� is a martingaleunder

�  ¸
.

Example22.2 Assume� and � areconstant.�¹��� ¸ . «º �®��»,��¼½» Â °
Take �®�$�"� and ¾T�$�"��� Z ¢º �®��»0��¼½» to bethestatevariables.Define� �$�J�*���*¿%�À� �  ¡C¢P¤ ¥%¤ Á äÂ¦¨§0©µª´«�§ ¢�­ ����¾Ã�¯�O��� ï �
where ¾Ã���O���¹¿�Ä . «¢ �®��»,��¼½» °
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Then ± �$�"�®� ¦ © ¢ �  ¡ � ¦ §,©P« �N���®�¯�O��� ���� ³ �$�"� �� � �²�J�"�®�²�"����¾(�$�"���
and

± �²�"�Å �$�"� � ¦ §0© ¢ � �²�J�"�®�$�"�µ��¾(�²�"���
is a martingaleunder

�  ¸
.

Example22.3 (Homework problem4.2)¼Æ�®�²�"���Ç�½�²�J��¾È�$�"���À���²�"��¼¨��ÄÉ���$�J��¾Ã�$�"�����®�$�"�®¼ �Ê �$�"�µ�¼�¾Ã�$�"�À�¹Ë®�$�J��¾Ì�$�"����¼¨�ÍÄÏÎ��²�J��¾Ã�²�"����¼ �Ê �²�"����¹�Ç�N���®�¯�O��� °
Take �®�$�"� and ¾T�$�"� to bethestatevariables.Define� �²�J�"�N�*¿%��� �  ¡ ¢P¤ ¥�¤ Á fhhhhhhiPÐ�Ñ½Ò 9�Ó . «¢ �½��»���¾Ì��»,����¼½»�Ô1 243 5ÕµÖ ×$ØÕ�Ö ÙÆØ �����®�¯�O��� oqppppppr °
Then ± �$�"��� Å �$�"� �  ¡ � ���������O���Å �¯�O� ���� ³ �²�"� �� �  ¡ ³ Ð�Ñ½Ò 9�Ó . «¢ �½��»���¾Ã��»0����¼½»�ÔÈ�����®�¯�O��� ���� ³ �²�"� Ã� � �²�J�"�®�$�"�µ��¾T�$�"�����
and

± �$�"�Å �²�"� � Ð�Ñ½Ò
Ú Ó . ¢º �½��»���¾Ì��»,����¼½»�Û � �$�J�*�®�$�"�µ��¾T�$�"���

is a martingaleunder
�  ¸

.

In every case,we get an expressioninvolving « to be a martingale.We takethe differentialand
setthe

& × term to zero. This givesus a partial differentialequationfor « , andthis equationmust
hold wherever the stateprocessescanbe. The

&£�+
term in the differentialof the equationis the

differentialof a martingale,andsincethemartingaleis7 ¬ ×Ë±x ¬B×Ë± ² 7 ¬
­2± Î . à/ 8 ¬ � ±JÀ ¯Õ¬ � ±x ¬ � ± & �+ ¬ � ±
wecansolvefor 8 ¬B×�± . This is theargumentwhichuses(3.4)to obtain(3.5).
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Example22.4(Continuation of Example22.3)± �$�"�Å �$�"� � Ð�Ñ½Ò
Ú Ó . ¢º �½��»N��¾Ì��»0����¼½»�Û1 243 5Ü�Ý · ª ¢�­ � �$�J�*�®�$�"����¾T�$�"���

is a martingaleunder
�  ¸

. Wehave¼ Q ± �$�"�Å �$�"� R � ÞÅ �²�"� � Ó �½�$�J��¾Ã�²�"��� � �$�J�*�®�$�"����¾(�$�"����¼¨�Ä � ¢ ¼¨��Ä � ¥ ¼½�TÄ � Á ¼�¾Ä Üß � ¥4¥ ¼½�S¼½�
Ä � ¥JÁ ¼½�S¼à¾�Ä Üß � Á�Á ¼�¾á¼�¾ �� ÞÅ �²�"� � � Ó � � Ä � ¢ ÄÏ�E� � ¥ ÄÉË � Á Ä Üß � ß � ß � ¥4¥ ÄÉ�,Î0� � ¥JÁ Ä Üß Î ß � Á�Á ��¼¨�Ä����!� � ¥ Ä�Î � Á ��¼ �Ê �
Thepartialdifferentialequationsatisfiedby

�
isÓ � � Ä � ¢ ÄÏ�E� � ¥ ÄÉË � Á Ä Üß � ß � ß � ¥4¥ Ä��!Î,� � ¥4Á Ä Üß Î ß � Á�Á ��â

whereit shouldbenotedthat
� � � �$�J�*���*¿%� , andall othervariablesarefunctionsof �²�J�"¿�� . We have¼ Q ± �²�"�Å �$�"� R � ÞÅ �$�"�,ã �!� � ¥ ÄäÎ � ÁEå ¼ �Ê �²�"���

where �T�<���$�J��¾Ã�$�"��� , ÎT��Î��$�J��¾Ã�²�"��� , � � � �$�J�*�®�$�"����¾T�$�"��� , and ���<���²�"� . We wantto chooseæT�²�"� sothat
(see(3.2)) ¼ Q ± �$�"�Å �²�"� R �¹æT�²�"�����$�J��¾Ã�²�"��� �®�²�"�Å �$�"� ¼ �Ê �²�"� °
Therefore,weshouldtake æT�²�"� to beæT�²�"��� � ¥ �$�J�*���²�"����¾Ã�$�"����Ä Î��$�J��¾Ã�$�"������$�J��¾Ã�²�"�����®�$�"� � Á �²�J�"�®�$�"�µ��¾È�$�"��� °
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Chapter 23

Recognizinga Brownian Motion

Theorem 0.62(Levy) Let
+ ¬B×Ë± ®\­ Ù × Ù ½ ® be a processon ¬ � ® � ®���± , adaptedto a filtration� ¬B×Ë±i®\­ Ù × Ù ½ , such that:

1. thepathsof
+ ¬B×�± arecontinuous,

2.
+

is a martingale,

3. ç +Ãè ¬ ×Ë±d²T×�®\­ Ù × Ù ½ , (i.e., informally
&0+ ¬B×Ë± &0+ ¬B×Ë±©² & × ).

Then
+

is a Brownianmotion.

Proof: (Idea)Let ­ Ù:é Ü�× Ù ½ begiven. We needto show that
+ ¬B×Ë±Ìµ + ¬ é ± is normal,with

meanzeroandvariance×Qµ é , and
+ ¬B×Ë±Ìµ + ¬ é ± is independentof � ¬ é ± . We shall show that the

conditionalmomentgeneratingfunctionof
+ ¬ ×Ë±©µ + ¬ é ± isÞ ß � ÄE#�æ � æ4à - Å � æ¯ê -�- ���� � ¬ é ± � ²KÄ óô # [ æ-à
Å�ê - Ö

Sincethemomentgeneratingfunctioncharacterizesthedistribution, this shows that
+ ¬B×�±Qµ + ¬ é ±

is normal with mean0 and variance ×Õµ é , and conditioningon � ¬ é ± doesnot affect this, i.e.,+ ¬ ×Ë±©µ + ¬ é ± is independentof � ¬ é ± .We compute(thisusesthecontinuitycondition(1) of thetheorem)& Ä¨# � æ-à - ² � ÄE# � æ4à - &0+ ¬B×Ë± Î@óô � ô ÄE# � æ-à - &0+ ¬B×Ë± &0+ ¬B×Ë±i®
so Ä # � æ-à - ²3Ä # � æ¯ê - Î . àê � Ä # � æÂë - &0+ ¬
«�± Î@óô � ô . àê Ä # � æÂë - & « Ö142J345

usescond.3

233



234

Now Z à/ � Ä # � æ$ë - &0+ ¬
«�± is amartingale(by condition2), andsoÞ ß�� . àê � Ä # � æÂë - &0+ ¬
«�± ���� � ¬ é ±"�²qµ . ê/ � ÄE# � æÂë - &,+ ¬
«�± Î Þ ß�� . à/ � ÄE# � æÂë - &,+ ¬�«/± ���� � ¬ é ±"�²3­ Ö
It followsthat Þ ß��BÄ¨# � æ-à - ���� � ¬ é ±�� ²3Ä¨# � æ¯ê - Î óô � ô . àê Þ ß��=Ä¨# � æ$ë - ���� � ¬ é ±�� & « Ö
We define ì ¬�«/±d²3Þ ß��BÄE# � æ$ë - ���� � ¬ é ±��°®
sothat ì ¬ é ±d²3Ä¨# � æ¯ê -
and ì ¬B×�±�²3Ä¨# � æ¯ê - Î óô � ô . àê ì ¬
«�± & «|®ì®í ¬B×�±�² óô � ô ì ¬B×Ë±h®ì ¬B×�±�²?îeÄ óô # [ à Ö
Pluggingin é , we get Ä # � æ²ê - ²?îeÄ óô # [ ê ² 	 îx²TÄ # � æ²ê - Å óô # [ ê Ö
Therefore, Þ ß � Ä¨# � æ-à - ���� � ¬ é ± � ²

ì ¬ ×Ë±d²3Ä # � æ¯ê - ç óô # [ æ4à
Å�ê - ®Þ ß � Ä¨#�æ � æ-à - Å � æ²ê -�- ���� � ¬ é ± � ²3Ä óô # [ æ4à�ÅÍê - Ö
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23.1 Identifying volatility and correlation

Let
+ ó and

+ ô beindependentBrownianmotionsand& ¯ ó¯ ó ² ¾ & × Î À óJó &,+ ó Î À ó ô &0+ ô ®& ¯ ô¯ ô ² ¾ & × Î À ô ó &,+ ó Î À ôJô &0+ ô ®
Define À ó ²ðï À ô óJó Î À ô ó ô ®À ô ² ï À ôô ó Î À ôôJô ®�x² À óJó À ô ó Î À ó ô À ôJôÀ ó À ô Ö
Defineprocessesñ ó and ñ ô by& ñ ó ² À óJó &,+ ó Î À ó ô &0+ ôÀ ó& ñ ô ² À ô ó &,+ ó Î À ôJô &0+ ôÀ ô Ö
Then ñ ó and ñ ô havecontinuouspaths,aremartingales,and& ñ ó & ñ ó ² ´À ô ó ¬
À óJó &,+ ó Î À ó ô &0+ ô ± ô² ´À ô ó ¬
À ô óJó &,+ ó &,+ ó Î À ô ó ô &0+ ô &,+ ô ±² & ×\®
andsimilarly & ñ ô & ñ ô ² & × Ö
Therefore,ñ ó and ñ ô areBrownianmotions.Thestockpriceshave therepresentation& ¯ ó¯ ó ² ¾ & × Î À ó & ñ ó ®& ¯ ô¯ ô ² ¾ & × Î À ô & ñ ô Ö
TheBrownianmotionsñ ó and ñ ô arecorrelated.Indeed,& ñ ó & ñ ô ² ´À ó À ô ¬
À óJó &,+ ó Î À ó ô &,+ ô ±ü¬�À ô ó &,+ ó Î À ôJô &,+ ô ±² ´À ó À ô ¬
À óJó À ô ó Î À ó ô À ôJô ± & ×²ò� & × Ö
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23.2 Reversing the process

Supposewe aregiventhat & ¯ ó¯ ó ² ¾ & × Î À ó & ñ ó ®& ¯ ô¯ ô ² ¾ & × Î À ô & ñ ô ®
whereñ ó and ñ ô areBrownianmotionswith correlationcoefficient � . We wantto findó ² ³ À óJó À ó ôÀ ô ó À ôJô Ã
sothat ónó í ² ³ À óJó À ó ôÀ ô ó À ôJô Ã ³ À óJó À ô óÀ ó ô À ô�ô Ã²¹³ À ô óJó Î À ô ó ô À óJó À ô ó Î À ó ô À ôJôÀ óJó À ô ó Î À ó ô À ôJô À ôô ó Î À ôôJô Ã²¹³ À ô ó �bÀ ó À ô�bÀ ó À ô À ôô Ã
A simple(but not unique)solutionis (seeChapter19)À ó�ó ²KÀ ó ® À ó ô ²3­e®À ô ó ²~�eÀ ô ® À ô�ô ² ï ´£µ�� ô À ô Ö
Thiscorrespondsto À ó & ñ ó ²3À ó &,+ ó ² 	 &,+ ó ² & ñ ó ®À ô & ñ ô ²~�eÀ ô &,+ ó Î ï ´ÌµÉ� ô À ô &,+ ô² 	 &,+ ô ² & ñ ô µÉ� & ñ óô ´£µÉ� ô ® ¬���õ²?tE´ü±
If � ²?tE´ , thenthereis no

+ ô and
& ñ ô ²~� &,+ ó ²~� & ñ ó Ö

Continuingin thecase��õ²?tE´ , wehave&,+ ó &,+ ó ² & ñ ó & ñ ó ² & ×\®&,+ ô &,+ ô ² ´´£µÉ� ô ' & ñ ô & ñ ô µ Á � & ñ ó & ñ ô Î � ô & ñ ô & ñ ô )² ´´£µÉ� ô ' & ×Éµ Á � ô & × Î � ô & × )² & ×�®
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soboth
+ ó and

+ ô areBrownianmotions.Furthermore,&0+ ó &,+ ô ² ´ô ´£µÇ� ô ¬ & ñ ó & ñ ô µÉ� & ñ ó & ñ ó ±² ´ô ´£µÇ� ô ¬¯� & ×òµÇ� & ×�±d²3­ Ö
We cannow apply an Extension of Levy’s Theorem that saysthat Brownian motionswith zero
cross-variationareindependent,to concludethat

+ ó ® + ô areindependentBrownians.
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Chapter 24

An outsidebarrier option

Barrierprocess: & @ ¬B×Ë±@ ¬B×Ë± ²÷ö & × Î À ó &0+ ó ¬B×Ë± Ö
Stockprocess: & ¯°¬ ×Ë±¯Õ¬B×Ë± ²~ø & × Î �eÀ ô &,+ ó ¬B×Ë± Î ï ´£µÉ� ô À ô &0+ ô ¬B×�±h®
where À ó ö ­e®QÀ ô öT­e®£µ�´EÜ �>Ü¿´ , and

+ ó and
+ ô areindependentBrownianmotionsonsome¬ � ® � ®µ��± . Theoptionpaysoff: ¬
¯°¬ ½ ±òµÍÈ ± ç è é*ùdë æ4Ç - ìeíeî

at time
½

, where ­xÜ"¯°¬
­2±©Ü	ÈÔ® ­EÜ @ ¬
­Ó±�Ü § ®@ �2¬ ½ ±d²}øaú D/Eû à û Ç @ ¬B×�± Ö
Remark 24.1 Theoptionpayoff dependson boththe @ and ¯ processes.In orderto hedgeit, we
will needthemoney marketandtwo otherassets,which we taketo be @ and ¯ . Therisk-neutral
measuremustmakethediscountedvalueof every tradedassetbea martingale,which in this case
meansthediscounted@ and ¯ processes.

We wantto find ü ó and ü ô anddefine& �+ ó ² ü ó & × Î &,+ ó ® & �+ ô ² ü ô & × Î &0+ ô ®
239
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sothat & @@ ² ¾ & × Î À ó & �+ ó² ¾ & × Î À ó ü ó & × Î À ó &,+ ó ®& ¯¯ ² ¾ & × Î �bÀ ô & �+ ó Î ï ´£µ�� ô À ô & �+ ô² ¾ & × Î �bÀ ô ü ó & × Î ï ´ÌµÉ� ô À ô ü ô & ×Î �bÀ ô &,+ ó Î ï ´Qµ�� ô À ô &,+ ô Ö
We musthave öx² ¾QÎ À ó ü ó ® (0.1)øÝ² ¾QÎ �bÀ ô ü ó Î ï ´ÌµÇ� ô À ô ü ô Ö (0.2)

We solveto get ü ó ² öxµ ¾À ó ®ü ô ² øÝµ ¾ µÉ�eÀ ô ü óô ´ÌµÉ� ô À ô Ö
We shall seethat the formulasfor ü ó and ü ô do not matter. What mattersis that (0.1) and(0.2)
uniquelydetermineü ó and ü ô . Thisimpliestheexistenceanduniquenessof therisk-neutralmeasure.
We define ý ¬ ½ ±d² BED�F G µ ü ó + ó ¬ ½ ±dµ ü ô + ô ¬ ½ ±òµ óô ¬ ü ô ó Î ü ôô ± ½ I ®y Þ z ¬PþÕ±d² .½ÿ ý ¬ ½ ± & Þ zQ® d�þ � � Ö
Under y Þ z ,

�+ ó and
�+ ô areindependentBrownianmotions(Girsanov’s Theorem). y Þ z is theunique

risk-neutralmeasure.

Remark 24.2 Underboth Þ z and y Þ z , @ hasvolatility À ó , ¯ hasvolatility À ô and& @ & ¯@ ¯ ²~�eÀ ó À ô & ×�®
i.e., thecorrelationbetween

� ùù and
� êê is � .

Thevalueof theoptionat timezerois«�¬�­e®\¯Õ¬
­2±h® @ ¬
­2±J±ò² yÞ ß ä Ä ÅeÆ�Ç ¬
¯Õ¬ ½ ±0µ·ÈÔ± ç è é*ùdë æ4Ç - ìeíeî ï Ö
We needto work outa densitywhichpermitsusto computetheright-handside.
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Recallthatthebarrier processis& @@ ² ¾ & × Î À ó & �+ ó ®
so @ ¬ ×Ë±d² @ ¬
­2± BED�FCG ¾ × Î À ó �+ ó ¬B×�±dµ óô À ô ó ×4I Ö
Set �ü ² ¾ ^2À ó µ·À ó ^ Á ®�+ ¬ ×Ë±d² �ü × Î �+ ó ¬B×Ë±i®�� ¬ ½ ±d²}øaú D/Eû à û Ç �+ ¬B×�± Ö
Then @ ¬ ×Ë±d² @ ¬
­2± BED�F ûCÀ ó �+ ¬B×Ë± ÿ ®@ � ¬ ½ ±d² @ ¬
­2± BED�F ûCÀ ó �� ¬ ½ ± ÿ Ö
Thejoint densityof

�+ ¬ ½ ± and
�� ¬ ½ ± , appearingin Chapter20, isy Þ zEû �+ ¬ ½ ± � &��» ® �� ¬ ½ ± � & �� ÿ² Á ¬ Á ��ñµ �» ±½ ¼ Á�� ½ BED!F 9 µ ¬ Á ��@µ �» ± ôÁ ½ Î �ü �» µ óô �ü ô ½ Ô &��»£& ��Ô®�� ö	­e® �» Ü��� Ö

Thestock process.& ¯¯ ² ¾ & × Î �eÀ ô & �+ ó Î ï ´ÌµÉ� ô À ô & �+ ô ®
so ¯Õ¬ ½ ±ò²3¯°¬�­2± BED!F û ¾ ½ Î �bÀ ô �+ ó ¬ ½ ±òµ óô � ô À ôô ½ Î ï ´ÌµÉ� ô À ô �+ ô ¬ ½ ±dµ óô ¬�´Qµ�� ô ±JÀ ôô ½ ÿ²3¯°¬�­2± BED!F û ¾ ½ µ óô À ôô ½ Î �bÀ ô �+ ó ¬ ½ ± Î ï ´QµÇ� ô À ô �+ ô ¬ ½ ± ÿ
Fromtheaboveparagraphwe have�+ ó ¬ ½ ±ò²qµ �ü ½ Î �+ ¬ ½ ±h®
so ¯Õ¬ ½ ±ò²3¯°¬�­2± BED!F û ¾ ½ Î �bÀ ô �+ ¬ ½ ±òµ óô À ôô ½ µ��bÀ ô �ü ½ Î ï ´£µÉ� ô À ô �+ ô ¬ ½ ± ÿ
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24.1 Computing the option value«+¬
­e®\¯Õ¬
­2±h® @ ¬
­2±�±É² y Þ ß ä Ä ÅbÆ�Ç ¬�¯°¬ ½ ±0µ·ÈÔ± ç èbé*ù�ë æ4Ç - ìeíeî ï²3Ä ÅeÆËÇ y Þ ß � Q ¯°¬
­2± BED�F Ú ¬ ¾ µ óô À ôô µÉ�eÀ ô �ü ± ½ Î �eÀ ô �+ ¬ ½ ± Î ï ´ÌµÉ� ô À ô �+ ô ¬ ½ ± Û µÍÈ R çÖ è é*ù æ / -
	���
 � À k �� æ4Ç -�� ìeíeî �
We know thejoint densityof ¬ �+ ¬ ½ ±i® �� ¬ ½ ±J± . Thedensityof

�+ ô ¬ ½ ± isy Þ zEû �+ ô ¬ ½ ± � & º» ÿ ² ´¼ Á�� ½ BED�F 9Yµ º» ôÁ ½ Ô & º» ® º» � Þ M Ö
Furthermore,thepairof randomvariables¬ �+ ¬ ½ ±h® �� ¬ ½ ±J± is independentof

�+ ô ¬ ½ ± because
�+ ó and�+ ô areindependentundery Þ z . Therefore,thejoint densityof therandomvector ¬ �+ ô ¬ ½ ±h® �+ ¬ ½ ±h® �� ¬ ½ ±J±

isy Þ z û �+ ô ¬ ½ ± � & º» ® �+ ¬ ½ ± � & �» ® �� ¬ ½ ± � & ��Ô® ÿ ² y Þ záû �+ ô ¬ ½ ± � & º» ÿ Ö y Þ z û �+ ¬ ½ ± � & �» ® �� ¬ ½ ± � & �� ÿ
Theoptionvalueat time zerois«+¬
­e®�¯°¬
­Ó±h® @ ¬�­2±J±²3Ä�ÅeÆ�Ç kÀ k����
� ���� ���. /  !.Å#" ".Å#" Q2¯°¬
­Ó± BED!F Ú ¬ ¾ µ óô À ôô µÉ�bÀ ô �ü ± ½ Î �bÀ ô �» Î ï ´£µÉ� ô À ô º» Û µÍÈ R çÖ ´¼ Á�� ½ BED!F 9 µ	º» ôÁ ½ ÔÖ Á ¬ Á ��ñµ �» ±½ ¼ Á�� ½ BED!F 9 µ ¬ Á �� µ �» ± ôÁ ½ Î �ü �» µ óô �ü ô ½ ÔÖ & º»O&��»l& �� Ö
The answerdependson

½ ®\¯Õ¬
­2± and @ ¬�­2± . It alsodependson À ó ®\À ô ®��+® ¾ ®JÈ and § . It doesnot
dependon ö�®µød® ü ó ® nor ü ô . Theparameter

�ü appearingin theansweris

�ü ² ÆÀ k µ À kô Ö
Remark 24.3 If we hadnot regarded@ asa tradedasset,thenwe would not have tried to setits
meanreturnequalto ¾ . We wouldhavehadonly oneequation(seeEqs(0.1),(0.2))øÝ² ¾�Î �bÀ ô ü ó Î ï ´ÌµÉ� ô À ô ü ô (1.1)

to determineü ó and ü ô . The nonuniquenessof the solutionalertsus thatsomeoptionscannotbe
hedged.Indeed,any optionwhosepayoff dependson @ cannotbehedgedwhenwe areallowedto
tradeonly in thestock.
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If we have an option whosepayoff dependsonly on ¯ , then @ is superfluous.Returningto the
originalequationfor ¯ , & ¯¯ ²~ø & × Î �bÀ ô &0+ ó Î ï ´£µÉ� ô À ô &,+ ô ®
weshouldset & ñ ²~� &,+ ó Î ï ´ÌµÇ� ô &,+ ô ®
so ñ is a BrownianmotionunderÞ z (Levy’s theorem),and& ¯¯ ²~ø & × Î À ô & ñ Ö
Now wehave only Brownianmotion,therewill beonly one ü , namely,ü ² ø>µ ¾À ô ®
sowith

& yñ ² ü & × Î & ñ ® wehave & ¯¯ ² ¾ & × Î À ô & yñ ®
andweareonourway.

24.2 The PDE for the outsidebarrier option

Returningto thecaseof theoptionwith payoff¬�¯°¬ ½ ±òµÍÈÔ±Jç�èbé*ù ë æ4Ç - ìeíeî ®
weobtaina formulafor«+¬B×�® Ø ®4A/±ò²3Ä�ÅbÆ�æ-Ç1Åeà - yÞ ß à
â ã�â K ä ¬
¯Õ¬ ½ ±òµÍÈÔ±Jç�è é%$'& �
(*)�+,).- ù æ$# - ì�íeî ® ï
by replacing

½
, ¯°¬�­2± and @ ¬
­2± by

½ µÔ× , Ø and A respectively in theformulafor «+¬
­e®�¯°¬
­2±i® @ ¬
­Ó±J± .
Now startat time0 at ¯°¬
­Ó± and @ ¬
­2± . UsingtheMarkov property, we canshow thatthestochastic
process Ä�ÅeÆ�à «�¬ ×\®\¯Õ¬B×Ë±i® @ ¬B×Ë±J±
is amartingaleundery Þ z . We compute& ä Ä ÅeÆ�à «�¬ ×\®\¯Õ¬B×Ë±i® @ ¬B×Ë±J± ï²3Ä�ÅeÆ�à0� ' µ ¾ « Î « à Îj¾ ¯�« ã Î"¾ @ « K Î óô À ôô ¯ ô « ãhã Î �eÀ ó À ô ¯ @ « ãEK Î óô À ô ó @ ô « K�K ) & ×Î �bÀ ô ¯©« ã & �+ ó Î ï ´£µÉ� ô À ô ¯©« ã & �+ ô Î À ó @ « K & �+ ó �
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L

v(t, 0, 0) = 0

x

y

v(t, x, L) = 0,  x  >=  0

Figure24.1:Boundaryconditionsfor barrier option.Notethat × �Ç� ­�® ½£� is fixed.

Settingthe
& × termequalto 0, we obtainthePDE

µ ¾ « Î « à Îj¾ Ø « ã Î	¾ A�« K Î óô À ôô Ø ô « ãhãÎ �eÀ ó À ô Ø A/« ãEK Î@óô À ô ó A ô « K�K ²3­e®­ Ù × Ü ½ ® Ø ý"­e® ­ Ù A Ù	§ Ö
Theterminalconditionis

«+¬ ½ ® Ø ®4A/±+²ñ¬ Ø µ·ÈÔ± ç ® Ø ý	­e®d­ Ù A~Ü § ®
andtheboundaryconditionsare

«�¬B×�®\­e®�­2±1²3­�® ­ Ù × Ù ½ ®«�¬B×�® Ø ® § ±0²3­e® ­ Ù × Ù ½ ® Ø ý	­ Ö
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Ø ² ­ A�²K­µ ¾ « Î « à Î"¾ A�« K Î óô À ô ó A ô « K�K ²3­ µ ¾ « Î « à Îj¾ Ø « ã Î óô À ôô Ø ô « ãhã ²3­
This is the usualBlack-Scholesformula
in A . This is the usualBlack-Scholesformula

in Ø .
Theboundaryconditionsare Theboundaryconditionis«+¬B×\®�­e® § ±1²3­e®�«+¬B×�®\­e®�­2±+²3­eþ «+¬B×\®�­e®\­2±0²3Ä ÅeÆ�æ4Ç0Åeà - ¬
­�µÍÈÔ± ç ²3­eþ
theterminalconditionis theterminalconditionis«+¬ ½ ®�­e®JA�±+²ñ¬
­Õµ·ÈÔ± ç ²3­e® Axý	­ Ö «+¬ ½ ® Ø ®\­Ó±�²@¬ Ø µÍÈÔ± ç ® Ø ý	­ Ö
On the Ø ²q­ boundary, theoptionvalue
is «�¬ ×\®\­�®JA�±1²3­e® ­ Ù A Ù	§ Ö On the A>² ­ boundary, thebarrieris ir-

relevant,andtheoptionvalueis givenby
theusualBlack-Scholesformulafor aEu-
ropeancall.

24.3 The hedge

After settingthe
& × termto 0, wehave theequation& ä-Ä ÅeÆ�à «+¬B×\®�¯°¬B×�±h® @ ¬B×Ë±�± ï²3Ä ÅeÆ�à � �eÀ ô ¯�« ã & �+ ó Î ï ´£µÇ� ô À ô ¯�« ã & �+ ô Î À ó @ « K & �+ ó � ®

where « ã ² « ã ¬B×\®�¯°¬B×�±h® @ ¬B×�±J± , « K ² « K ¬B×�®\¯°¬ ×Ë±h® @ ¬B×�±J± , and
�+ ó ® �+ ô ®�¯d® @ arefunctionsof × . Note

that & ä Ä ÅeÆËà ¯Õ¬B×Ë± ï ²KÄ ÅeÆ�à � µ ¾ ¯Õ¬B×Ë± & × Î & ¯Õ¬B×Ë± �²KÄ�ÅeÆ�à � �bÀ ô ¯°¬B×�± & �+ ó ¬B×Ë± Î ï ´ÌµÉ� ô À ô ¯°¬B×�± & �+ ô ¬B×�± � Ö& ä Ä ÅeÆ�à @ ¬B×Ë± ï ²KÄ ÅeÆ�à � µ ¾ @ ¬B×�± & × Î & @ ¬ ×Ë± �²KÄ ÅeÆ�à À ó @ ¬B×�± & �+ ó ¬B×�± Ö
Therefore,& ä Ä ÅeÆ�à «�¬ ×\®\¯Õ¬B×Ë±i® @ ¬B×Ë±J± ï ²K« ã & � Ä ÅeÆ�à ¯ � Î « K & � Ä ÅbÆ�à @ � Ö
Let 8 ô ¬ ×Ë± denotethenumberof sharesof stockheldat time × , andlet 8 ó ¬B×�± denotethenumberof
“shares”of thebarrierprocess@ . Thevalue 7 ¬ ×Ë± of theportfolio hasthedifferential& 7 ² 8 ô & ¯ Î 8 ó & @ Î	¾ �´7 µ 8 ô ¯Ôµ 8 ó @ � & × Ö
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This is equivalentto & � Ä�ÅbÆ�à 7 ¬B×Ë± � ² 8 ô ¬ ×Ë± & � Ä�ÅeÆ�à
¯°¬B×�± � Î 8 ó ¬B×Ë± & � Ä�ÅeÆËà @ ¬B×Ë± � Ö
To get 7 ¬B×Ë±d²K«�¬B×�®\¯Õ¬B×Ë±h® @ ¬ ×Ë±J± for all × , wemusthave7 ¬
­2±ò²3«�¬�­e®\¯Õ¬
­2±h® @ ¬
­2±J±
and 8 ô ¬B×�±d²3« ã ¬B×\®�¯°¬B×�±h® @ ¬B×�±J±h®8 ó ¬B×Ë±d²3« K ¬B×\®�¯°¬B×�±h® @ ¬B×Ë±�± Ö



Chapter 25

American Options

This andthe following chaptersform part of the courseStochasticDifferential Equationsfor Fi-
nanceII.

25.1 Preview of perpetual American put& ¯ ² ¾ ¯ & × Î À1¯ &,+
Intrinsicvalueat time ×0/|¬
È µÍ¯°¬B×�±J± ç Ö
Let §<�Ç� ­�®\È � begiven.Supposeweexercisethefirst time thestockpriceis § or lower. We define÷ í ²3øEùåú�ûü× ý"­eþ\¯Õ¬B×Ë± Ù	§Qÿ ®« í ¬ Ø ±d²3Þ ßEÄ�ÅbÆ%1 � ¬
È µÍ¯°¬
÷ í ±J±Jç² 9 È µ Ø if Ø>Ù	§ ,¬
È8µ § ±JÞ ß Ä ÅeÆ21 � if Ø ö § Ö
Theplanis to comute« í ¬ Ø ± andthenmaximizeover § to find theoptimalexerciseprice.We need
to know thedistributionof ÷ í .
25.2 First passagetimes for Brownian motion: first method

(Basedonthereflectionprinciple)

Let
+

bea BrownianmotionunderÞ z , let Ø ö	­ begiven,anddefine÷E²3øEùåú�ûü× ý"­eþ + ¬B×Ë±d² Ø�ÿ Ö÷ is calledthefirst passagetimeto Ø . We computethedistributionof ÷ .
247
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Figure25.1: Intrinsic valueof perpetualAmericanput

Define � ¬ ×Ë±�²Êø(ú D/Eû # û à + ¬ � ± Ö
Fromthefirst sectionof Chapter20we haveÞ záû � ¬B×Ë± � & �Ô® + ¬B×�± � &�» ÿ ² Á ¬ Á �@µ » ±× ¼ Á�� × BED!F 9 µ ¬ Á � µ » ± ôÁ × Ô & � &�» ® � ö	­e® » Ü3� Ö
Therefore, Þ záû � ¬B×Ë±Ìý Ø+ÿ ² . "ã . !Å#" Á ¬ Á �@µ » ±× ¼ Á�� × BED�F 9Qµ ¬ Á � µ » ± ôÁ × Ô &�»£& �² . "ã Á¼ Á�� × BED!F 9 µ ¬ Á �ñµ » ± ôÁ × Ô ���� 4 w !4 w Å#" & �² . "ã Á¼ Á�� × BED!F 9 µ � ôÁ × Ô & � Ö
We makethechangeof variable5 ² !6 à in theintegral to get² . "ã87 6 à Á¼ Á�� BED!F 9Qµ 5 ôÁ Ô & 5 Ö
Now ÷ Ù × �T	 � ¬B×�±£ý Ø ®
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so Þ záûC÷ � & × ÿ ² 99 × Þ záûC÷ Ù × ÿ & ×² 99 × Þ zaû � ¬B×�±Qý Ø+ÿ & ×²¹³ 99 ×L. "ã87 6 à Á¼ Á�� BED!F 9 µ 5 ôÁ Ô & 5 Ã & ×²qµ Á¼ Á�� BED!F 9Qµ Ø ôÁ × Ô Ö 99 × Q Ø¼ × R & ×² Ø× ¼ Á�� × BED!F 9 µ Ø ôÁ × Ô & × Ö
We alsohave theLaplacetransformformulaÞ ßEÄ Å#:;1 ² . "/ Ä Å<:�à Þ záûC÷ � & × ÿ²3Ä Åeã 6 ô : ® ; ö	­ Ö (SeeHomework)

Reference:KaratzasandShreve,BrownianMotion andStochasticCalculus,pp95-96.

25.3 Drift adjustment

Reference:Karatzas/Shreve,BrownianmotionandStochasticCalculus, pp196–197.

For ­ Ù × Ü ª , define �+ ¬B×�±d² ü × Î + ¬ ×Ë±h®ý ¬B×Ë±©² BED!F û/µ ü + ¬ ×Ë±©µ óô ü ô × ÿ ®² BED!F û/µ ü �+ ¬B×Ë± Î óô ü ô × ÿ ®
Define º÷x²3øEùåú+û × ý	­�þ �+ ¬B×�±�² Ø�ÿ Ö
We fix a finite time

½
andchangetheprobabilitymeasure“only up to

½
”. More specifically, with½

fixed,define y Þ z ¬cþ°±d² . ÿ ý ¬ ½ ± & zQ® þ � � ¬ ½ ± ÖUnder y Þ z , theprocess
�+ ¬B×�±h®\­ Ù × Ù ½ , is a (nondrifted)Brownianmotion,soy Þ zEû º÷ � & × ÿ ²KÞ záûC÷ � & × ÿ² Ø× ¼ Á�� × BED!F 9Qµ Ø ôÁ × Ô & ×\® ­EÜj× Ù ½ Ö
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For ­EÜj× Ù ½ we haveÞ záû º÷ Ù × ÿ ²KÞ ß ä èeé>=1 û à î ï² yÞ ß � è é>=1 û à î ´ý ¬ ½ ± �² yÞ ß ä è é>=1 û à î BED�F û ü �+ ¬ ½ ±dµ óô ü ô ½ ÿ ï² yÞ ß � è|é>=1 û à î y Þ ß � BED!F û ü �+ ¬ ½ ±dµ óô ü ô ½ ÿ ���� � ¬ º÷ �>×�± �½�² yÞ ß ä è é>=1 û à î BED�F û ü �+ ¬ º÷Ì� ×Ë±dµ óô ü ô ¬ º÷Ì� ×Ë± ÿ ï² yÞ ß ä èeé>=1 û à î BED�F û üCØ µ óô ü ô º÷ ÿ ï² . à/ BED!F û ü�Ø µ óô ü ô é�ÿ y Þ záû º÷ � & é�ÿ² . à/ Øé ¼ Á�� é BED�F 9 ü�Ø µ óô ü ô é µ Ø ôÁ é Ô & é² . à/ Øé ¼ Á�� é BED�F 9 µ ¬ Ø µ ü½é ± ôÁ é Ô & é Ö
Therefore, Þ záû º÷ � & × ÿ ² Ø× ¼ Á�� × BED!F 9 µ ¬ Ø µ ü ×Ë± ôÁ × Ô & ×\® ­EÜj× Ù ½ Ö
Since

½
is arbitrary, thismustin factbethecorrectformulafor all × ö"­ .

25.4 Drift-adjusted Laplacetransform

RecalltheLaplacetransformformulafor÷x²3øEùåú�ûü×Qý	­eþ + ¬B×�±d² Ø+ÿ
for nondriftedBrownianmotion:Þ ß Ä�Å#:;1�² . "/ Ø× ¼ Á�� × BED�F 9 µ ; ×�µ Ø ôÁ × Ô & ×É²3Ä�Åbã 6 ô :+® ; ö"­e® Ø ö"­ Ö
For º÷x²3ø ù ú�ûü×Qý	­eþ ü × Î + ¬B×�±�² Ø�ÿ ®
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theLaplacetransformisÞ ßEÄ Å#: =1 ² . "/ Ø× ¼ Á�� × BED!F 9£µ ; ×dµ ¬ Ø µ ü ×�± ôÁ × Ô & ×² . "/ Ø× ¼ Á�� × BED!F 9 µ ; ×dµ Ø ôÁ ×�Î Ø�ü µ óô ü ô × Ô & ×²3Ä ã8? . "/ Ø× ¼ Á�� × BED!F 9 µ�¬ ; Î óô ü ô ±�×Éµ Ø ôÁ × Ô & ×²3Ä ã8?�Åeã 6 ô :2ç@? [ ® ; ö	­�® Ø ö	­e®
wherein thelaststepwehave usedtheformulafor Þ ß Ä Å#:;1 with ; replacedby ; Î óô ü ô .
If º÷1¬ � ±£Ü ª , then Ð ù ø:;A / Ä�Å#: =1�æ � - ²q´2þ
if º÷1¬ � ±d² ª , then Ä Å<: =1�æ � - ²K­ for every ; ö	­ , soÐ ù ø:;A / Ä Å#: =1�æ � - ²3­ Ö
Therefore, Ð ùåø:;A / Ä�Å<: =1�æ � - ² è =1 ì " Ö
Letting ; A ­ andusingtheMonotoneConvergenceTheoremin theLaplacetransformformulaÞ ßEÄ�Å#: =1�²3Äiã8?JÅeã 6 ô :Óç�? [ ®
weobtain Þ záû º÷õÜ ª"ÿ ²3Ähã8?�Åeã 6 ? [ ²3Äiã8?JÅeã�B ?,B Ö
If ü ý	­ , then Þ záû º÷>Ü ª"ÿ ²q´ Ö
If ü Ü	­ , then Þ záû º÷õÜ ª"ÿ ²3Ä ô ã8? Ü3´ Ö
(Recallthat Ø ö"­ ).
25.5 First passagetimes: Secondmethod

(Basedonmartingales)

Let ÀÔö	­ begiven.Then @ ¬B×�±d² BED!F ûCÀ + ¬ ×Ë±©µ óô À ô × ÿ
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is amartingale,so @ ¬B×��>÷e± is alsoa martingale.We have´Õ² @ ¬
­C�>÷e±²3Þ ß @ ¬B×��>÷e±²3Þ ß BED�F ûCÀ + ¬B×��Ý÷e±dµ óô À ô ¬B×��Ý÷e± ÿ Ö² Ð ù øà ¨ " Þ ß BED!F ûCÀ + ¬ × �>÷e±�µ óô À ô ¬B×��õ÷e± ÿ Ö
We wantto takethelimit insidetheexpectation.Since­ Ù BED!F û�À + ¬B×��>÷e±dµ óô À ô ¬ ×��>÷e± ÿ¿Ù Ähãe®
this is justifiedby theBoundedConvergenceTheorem.Therefore,´Õ²3Þ ß Ð ùåøà ¨ " BED!F ûCÀ + ¬ × �>÷e±�µ óô À ô ¬B×��õ÷e± ÿ Ö
Therearetwo possibilities.For those� for which ÷1¬ � ±QÜ ª ,Ð ùåøà ¨ " BED�F û�À + ¬B×��Ý÷e±dµ óô À ô ¬ ×��Ý÷e± ÿ ²3Ä À ã�Å óô À [ 1 Ö
For those� for which ÷1¬ � ±d² ª ,Ð ùåøà ¨ " BED�F ûCÀ + ¬B×��>÷e±dµ óô À ô ¬B×��>÷e± ÿ�Ù Ð ùåøà ¨ " BED!F ûCÀ Ø µ óô À ô × ÿ ² ­ Ö
Therefore, ´£²3Þ ß Ð ùåøà ¨ " BED!F û�À + ¬B×��>÷e±dµ óô À ô ¬B×��>÷e± ÿ²3Þ ß � Ä À ã�Å óô À [ 1 è 1 ì " �²3Þ ßEÄ À ã�Å óô À [ 1 ®
wherewe understandÄ À ã�Å óô À [ 1 to bezeroif ÷ ² ª .

Let ; ² óô À ô , so À>² ¼ Á ; . We haveagainderivedtheLaplacetransformformulaÄ�Åeã 6 ô :E²3Þ ßEÄ�Å#:;1�® ; ö"­e® Ø ö"­e®
for thefirst passagetime for nondriftedBrownianmotion.

25.6 Perpetual American put& ¯ ² ¾ ¯ & × Î À+¯ &,+¯Õ¬
­2±ò² Ø¯°¬B×�±d² ØnBED!F ûb¬ ¾ µ óô À ô ±�× Î À + ¬ ×Ë± ÿ² ØnBED!F VCCCX CCCY À fhhhi Q ¾À µ À Á R1 243 5? × Î + ¬B×�± oqpppr D CCCECCCF Ö
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Intrinsicvalueof theputat time × : ¬
È8µa¯°¬B×�±J± ç .
Let §6�É� ­�®\È � begiven.Definefor Ø ý § ,÷ í ²3ø ù ú�û × ý	­�þ�¯°¬B×�±d² §Qÿ²3ø ù ú�û × ý	­�þ ü × Î + ¬B×Ë±©² ´À Ð-Ñ2Ò § Ø ÿ²3ø ù ú�û × ý	­�þ£µ ü ×ðµ + ¬B×�±�² ´À Ð-Ñ2Ò Ø§ ÿ
Define « í ²ñ¬�È8µ § ±JÞ ßEÄ ÅeÆ%1 �²ñ¬�È8µ § ± BED!F Ú µ üÀ Ð-Ñ2Ò Ø§ µ ´À Ð-Ñ2Ò Ø§ ô Á ¾QÎ ü ô Û²ñ¬�È8µ § ± Q Ø§ R ÅHGÀ Å kÀ 6 ô ÆJç@? [ Ö
We computetheexponentµ üÀ µ ´À ô Á ¾�Î ü ô ²Úµ ¾À ô Î óô µ ´ÀJI Á ¾QÎ Q ¾À µ·À�^ Á R ô²Úµ ¾À ô Î óô µ ´À I Á ¾QÎ ¾ ôÀ ô µ ¾QÎ À ô ^;K²Úµñ¾À ô Î óô µ ´À I ¾ ôÀ ô Î"¾QÎ À ô ^.K²Úµ ¾À ô Î óô µ ´ÀJI Q�¾ÀÔÎ À�^ Á R ô²Úµñ¾À ô Î óô µ ´À QQ¾À Î À�^ Á R²Úµ Á ¾À ô Ö
Therefore, « í ¬ Ø ±d² VX Y ¬
È8µ Ø ±h® ­ Ù	ØõÙ	§ ®¬
È8µ § ±'L ãíNM Å ô Æ
7 À [ ® Ø ý § Ö
Thecurves ¬�È µ § ±'L ãíNM Å ô Æ
7 À [ ® areall of theform O Ø Å ô ÆP7 À�[ .
We wantto choosethelargestpossibleconstant.TheconstantisO ²ñ¬
È µ § ± § ô Æ
7 ÀÍ[ ®
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and 9 O9 § ²qµ § [RQÀ [ Î Á ¾À ô ¬
È8µ § ± § [RQÀ [ Å ó² § [RQÀ [ � µ�´ Î Á ¾À ô ¬
È8µ § ± ´§ �² § [RQÀ [ � µ?Qe´ Î Á ¾À ô R Î Á ¾À ô È § � Ö
We solve µ Q ´ Î Á ¾À ô R Î Á ¾À ô È § ²3­
to get § ² Á ¾ ÈÀ ô Î Á ¾ Ö
Since­xÜ Á ¾ Ü	À ô Î Á ¾ ® wehave ­EÜ § Ü	È Ö
Solutionto theperpetualAmericanput pricingproblem(seeFig. 25.4):«+¬ Ø ±d² VX Y ¬
È µ Ø ±h® ­ Ù	Ø>Ù	§ � ®¬
È µ § � ±'L ãí ë M Å ô ÆP7 À�[ ® Ø ý § � ®
where § �£² Á ¾ ÈÀ ô Î Á ¾ Ö
Notethat « í ¬ Ø ±d² 9 µ�´Ó® ­ Ù	Ø Ü § � ®µ ô ÆÀ [ ¬�È µ § ± � ¬ § � ± ô ÆP7 À�[ Ø Å ô Æ
7 ÀN[ Å ó ® Ø ö § � Ö
We have Ð ùåøãSA í ë «

í ¬ Ø ±d²Úµ Á ¾À ô ¬
È µ § � ± ´§ �²Úµ Á ¾À ô Q È µ Á ¾ ÈÀ ô Î Á ¾ R À ô Î Á ¾Á ¾ È²Úµ Á ¾À ô ¸ À ô Î Á ¾ µ Á ¾À ô Î Á ¾ Â À ô Î Á ¾Á ¾²Úµ�´² Ð ùåøãST í ë «
í ¬ Ø ± Ö
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Figure25.4:Solutionto perpetualAmericanput.

25.7 Valueof the perpetual American put

Set UWVYX�Z[]\#^ _a` V X�Z;b[]\'c X�Z V UU ced bgf
If hji3kml _ ` , then n@o�k#p V brq k . If _ ` i3kslut , thenn@o�k�p V o bvq _w` p8o _w` p�xy z�{ |} k@~�x (7.1)Ve� ���j��� ~��%� o brq _ ` p
����� �;�<���,� ^ (7.2)

where � o�h�p V k (7.3)� Ve�������8�0� h�� � o � p V _ `>� f (7.4)

If hji3kml _ ` , thenq Z n@o�k#p c Z k�n�¡�o�k#p c£¢\ [ \ k \ n�¡�¡�o�k#p V q Z o brq k#p c Z kNo q d p V q Z;bgf
If _ ` i3k¤l¥t , then q Z n@o�k�p c Z k�n ¡ o�k�p c¦¢\ [ \ k \ n ¡ ¡ o�k#pV¨§ª© q Z k@~�x q«Z k U k�~�x�~ ¢ q ¢\ [ \ k \ U o q U q d p
k�~¬x�~ \®­V¨§ k@~�x © q Z¯q«Z U q ¢\ [ \ U o q U q d p ­V¨§ o q U q d p
k ~�x±° ZJq ¢\ [ \J² X�Z[ \�³�´V h f
In otherwords, n solvesthe linear complementarityproblem:(SeeFig. 25.5).
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µ k

¶
nb

b_ `
· · · · · · · ·
· · ·

Figure25.5:Linearcomplementarity

For all ks¸ � ¹ , kgºV _ ` , Z n q»Z k#n ¡ q ¢\ [ \ k \ n ¡ ¡ � h ^ (a)n � o bvq k�p � ^ (b)

Oneof theinequalities(a)or (b) is anequality. (c)

Thehalf-line

© h ^ tup is dividedinto two regions:¼ V½� k¾�an@o�k#pw¿Ào brq k#p � � ^Á V½� k¾� Z n qÂZ k�n ¡ q ¢\ [ \ k \ n ¡ ¡ ¿3h � ^
and _ ` is the boundarybetweenthem. If the stockprice is in

¼
, the ownerof the put shouldnot

exercise(should“continue”). If thestockpriceis in
Á

or at _ ` , theownerof theputshouldexercise
(should“stop”).

25.8 Hedging the put

Let

� o�h�p begiven. Sell theput at time zerofor n@o � oÃh�p
p . Investthemoney, holding Äso � p sharesof
stockandconsumingat rate

§ o � p at time

�
. Thevalue Å3o � p of thisportfolio is governedbyÆ Å3o � p V Äso � p Æ � o � p c Z oÇÅÈo � p q Äso � p � o � p
p Æ � q § o � p Æ � ^

or equivalently,Æ o � ~��%É ÅÈo � p
p V q � ~��%É § o � p Æ � c � ~��2É Äso � p [ � o � p Æ¬Ê o � p f
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Thediscountedvalueof theput satisfiesÆ±Ë � ~��%É n@o � o � p
p%Ì Ve� ~��%É � q Z n�o � o � pÍp c Z � o � p
n ¡ o � o � p
p c£¢\ [ \ � \ o � p
n ¡ ¡ o � o � p
p � Æ �c � ~��%É [ � o � p
n ¡ o � o � p
p Æ�Ê o � pV q Z;b � ~��%É%� �
Î�Ï ÉÑÐÃ��Ò#Ó2� Æ � c � ~��2É [ � o � p
n�¡�o � o � p
p Æ¬Ê o � p f
We shouldset § o � p V Z;b � �
Î�Ï ÉÑÐÃ��Ò Ó � ^Äso � p V n�¡Ço � o � p
p f
Remark 25.1 If

� o � p0l _ ` , thenn�o � o � pÍp V brq � o � p ^ Ämo � p V n�¡�o � o � p
p V q d f
To hedgetheput when

� o � p�l _ ` , shortoneshareof stockandhold
b

in themoney market.As
longastheownerdoesnot exercise,youcanconsumetheinterestfrom themoney marketposition,
i.e., § o � p V Z;b �¬�
Î�Ï ÉÑÐÃ��Ò Ó � f
Propertiesof

� ~��%É n@o � o � p
p :
1.

� ~��%É n�o � o � pÍp is a supermartingale(seeits differentialabove).

2.

� ~��%É n�o � o � pÍp �3� ~��2É o bvq � o � pÍp � , hji � l3t ;

3.

� ~��%É n�o � o � pÍp is thesmallestprocesswith properties1 and2.

Explanation of property 3. Let Ô beasupermartingalesatisfyingÔso � p �3� ~��%É o brq � o � p
p � ^ hÕi � l3t f (8.1)

Thenproperty3 saysthat Ô¤o � p �3� ~��%ÉRn�o � o � p
p ^ hji � l¥t f (8.2)

We use(8.1)to prove(8.2) for

�ÖV h , i.e.,Ôso�h�p � n�o � o�h�pÍp f (8.3)

If

�
is not zero,we cantake

�
to bethe initial time and

� o � p to be the initial stockprice,andthen
adapttheargumentbelow to proveproperty(8.2).

Proof of (8.3),assumingÔ is a supermartingalesatisfying (8.1):

CaseI:

� o�h�pwi _ ` f We have Ô¤o�h�p �y�z,{�|ÏØ×SÙ ¢ Ð o bÚq � o�h�p
p � V n�o � o�h�p
p f
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CaseII:

� o�h�pa¿ _ ` : For ÛÀ¿uh , wehaveÔso�h�p �3� � ÔWo ��Ü ÛJp (Stoppedsupermartingaleis asupermartingale)�3� �¦� ÔWo ��Ü Û¯p,� � �;�#��� � f (SinceÔ � h )
Now let Û¯Ý¥t to getÔso�h�p � ÞØ���ß Ý � � �à� Ô¤o ��Ü Û¯p,� � �;�#��� ��3� �¦� ÔWo � p,� � �;�#��� � (Fatou’sLemma)�3� �âáãä2� ~��%� o brq � o � py z�{ |Ò Ó p � � � �;�#���Íåçæè (by 8.1)V n�o � o�h�pÍp f (Seeeq.7.2)

25.9 Perpetual American contingentclaim

Intinsicvalue: éNo � o � pÍp .
Valueof theAmericancontingentclaim:n@o�k#p Vëê,ì�í� � � �ïî � ~��%� éNo � o � p
pPð ^
wherethesupremumis over all stoppingtimes.

Optimalexerciserule: Any stoppingtime � which attainsthesupremum.

Characterization of n :
1.

� ~��%É n�o � o � pÍp is a supermartingale;

2.

� ~��%É n�o � o � pÍp �3� ~��2É éño � o � p
p ^ hjl � l3t ;

3.

� ~��%É n�o � o � pÍp is thesmallestprocesswith properties1 and2.

25.10 Perpetual American call

n@o�k#p Vëê�ì�í� � � � î � ~��%�#o � o � p q»b p � ð
Theorem 10.63 n@o�k#p V k ò�k � h f
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Proof: For every

�
, n@o�k#p �3� ���j��� ~��%É o � o � p q«b p
� ��3� � � � � ~��%É o � o � p q«b p �Ve� � � ��� ~��%É � o � p � q � ~��%É bV k q � ~��%É bgf

Let

� Ý¥t to get n�o�k�p � k .

Now startwith

� oÃh�p V k anddefine Ô¤o � p Ve� ~��%É � o � p f
Then:

1. Ô is a supermartingale(in fact, Ô is amartingale);

2. ÔWo � p �3� ~��%É o � o � p q«b p � ^ hji � l3t .

Therefore,ÔWo�h�p � n�o � o�h�pÍp , i.e., k � n�o�k�p f
Remark 25.2 No matterwhat � we choose,� � � î � ~��%�#o � o � p q«b p � ð3l � � � î � ~��%� � o � p%ðÂi�k V n@o�k�p f
Thereis nooptimalexercisetime.

25.11 Put with expiration

Expirationtime: Ûe¿¥h .
Intrinsicvalue: o brq � o � p
p � .

Valueof theput: n@o � ^ k#p V (valueof theput at time

�
if

� o � p V k )V ê�ì�íÉ�ó��;ó ßy z,{ |�;ô stoppingtime

� � � � ~�� Ï �;~�ÉÑÐ o brq � o � p
p � f
SeeFig. 25.6. It canbeshown that n ^ n É ^ n � arecontinuousacrossthe boundary, while n �S� hasa
jump.

Let

� o�h�p begiven.Then
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nÕ¿ brq kq Z n c n É c Z k�n � c¦¢\ [ \ k \ n �S� V h n�oõÛ ^ k�p V h ^ k � b
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Figure25.6:Valueof putwith expiration

1.

� ~��%É n�o � ^ � o � p
p ^ hÕi � iuÛ ^ is asupermartingale;

2.

� ~��%É n�o � ^ � o � p
p �3� ~��%É o bÚq � o � p
p � ^ hji � iuÛ ;

3.

� ~��%É n�o � ^ � o � p
p is thesmallestprocesswith properties1 and2.

25.12 American contingentclaim with expiration

Expirationtime: Ûe¿¥h .
Intrinsicvalue: éNo � o � pÍp .
Valueof thecontingentclaim: n@o � ^ k#p V ê�ì�íÉ�ó��;ó ß � � � � ~�� Ï �;~�ÉõÐ�éNo

� o � p
p f
Then

Z n q n É q«Z k�n � q ¢\ [ \ k \ n �S� � h ^ (a)n � éNo�k�p ^ (b)

At every point o � ^ k�pa¸ © h ^ Û ­�ö © h ^ tup , either(a)or (b) is anequality. (c)

Characterization of n : Let

� o�h�p begiven.Then
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1.

� ~��%É n�o � ^ � o � p
p ^ hÕi � iuÛ ^ is asupermartingale;

2.

� ~��%É n�o � ^ � o � p
p �3� ~��%É éño � o � p
p ;
3.

� ~��%É n�o � ^ � o � p
p is thesmallestprocesswith properties1 and2.

Theoptimalexercisetime is � Ve�j���@�>�a� h��an@o � ^ � o � p
p V éNo � o � p
p �
If � o*÷ap V t , thenthereis nooptimalexercisetimealongtheparticularpath ÷ .
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Options on dividend-payingstocks

26.1 American option with convexpayoff function

Theorem 1.64 Considerthestock priceprocessÆ � o � p V Z o � p � o � p Æ � c3[ o � p � o � p Æ�Ê o � p ^
where

Z
and [ are processesand

Z o � p � h ^ høi � iYÛ ^ a.s. This stock paysno dividends.
Let éño�k#p be a convex functionof k � h , and assumeéño�h�p V h . (E.g., éNo�k�p V o�k qëb p � ). An
Americancontingentclaim paying éño � o � p
p if exercisedat time

�
doesnot needto be exercised

beforeexpiration,i.e., waitinguntil expirationto decidewhetherto exerciseentailsnolossof value.

Proof: For hji3ù»i d and k � h , we haveéNo�ùñk#p V éNo
o d q ùNp
h c ùNk�pi½o d q ùñp
éNo�h�p c ùNéño�k#pV ùNéño�k#p f
Let Û bethetime of expirationof thecontingentclaim. For h±i � iÈÛ ,hjiûú o � pú oõÛ¯p V¨üSý�í�þ qsÿ ßÉ Z o��#p Æ � � i d
and

� oõÛJp � h , so é ² ú o � pú oõÛ¯p
� oõÛ¯p ³ i ú o � pú oõÛ¯p éNo

� oõÛ¯p
p f (*)

Considera Europeancontingentclaim paying éNo � oõÛ¯pÍp at time Û . Thevalueof this claim at time� ¸ © h ^ Û ­ is ÅÈo � p V ú o � p � � ° dú oõÛ¯p éño
� oÇÛ¯p
p����� � o � p ´ f

263
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Figure26.1:Convex payoff function

Therefore, Å3o � pú o � p V dú o � p � � ° ú o � pú oõÛ¯p éño
� oÇÛ¯p
p ���� � o � p ´� dú o � p � � °õé ² ú o � pú oõÛ¯p
� oÇÛ¯p ³ ���� � o � p ´ (by (*))� dú o � p é ² ú o � p � � ° � oõÛ¯pú oõÛ¯p ���� � o � p ´�³ (Jensen’s inequality)V dú o � p é ² ú o � p

� o � pú o � p ³ (

�
ú is amartingale)V dú o � p éNo

� o � p
p f
This shows that the value Å3o � p of the Europeancontingentclaim dominatesthe intrinsic valueéNo � o � p
p of theAmericanclaim. In fact,exceptin degeneratecases,theinequalityÅ3o � p � éNo � o � p
p ^ hji � iuÛ ^
is strict, i.e., theAmericanclaimshouldnotbeexercisedprior to expiration.

26.2 Dividend paying stock

Let
Z

and [ beconstant,let � bea“dividendcoefficient” satisfyinghÕl	� l d f
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Let Û ¿ h beanexpiration time, andlet

� ¢ ¸eo�h ^ Û¯p be the time of dividendpayment.Thestock
priceis givenby� o � p Vàþ � oÃh�p üSý�í�� o Z q ¢\ [ \ p � cu[ Ê o � p � ^ hji � i � ¢ ^o d q �;p � o � ¢ p üSý�í�� o Z q ¢\ [ \ p8o � q � ¢ p cu[ o Ê o � p q Ê o � ¢ p
p � ^ � ¢ l � iÈÛ f
ConsideranAmericancall on this stock. At times

� ¸ o � ¢ ^ ÛJp , it is not optimal to exercise,sothe
valueof thecall is givenby theusualBlack-Scholesformulan�o � ^ k�p V k�
uo Æ � oõÛ q � ^ k#pÍp q b � ~�� Ï ß ~�ÉõÐ�
uo Æ ~ oõÛ q � ^ k#pÍp ^ � ¢ l � iuÛ ^
where Æ�
 oõÛ q � ^ k�p V d[�� Û q � ° Þ���� kb c oõÛ q � p8o Z�� [ \�� X p ´ f
At time

� ¢ , immediatelyafter paymentof thedividend,thevalueof thecall isn�o � ¢ ^ o d q �;p � o � ¢ p
p f
At time

� ¢ , immediatelybeforepaymentof thedividend,thevalueof thecall is� o � ¢ ^ � o � ¢ p
p ^
where � o � ¢ ^ k#p Ve���;ý�� o�k q«b p � ^ n@o � ¢ ^ o d q �;p
k�� f
Theorem 2.65 For hÕi � i � ¢ , thevalueof theAmericancall is � o � ^ � o � p
p , where� o � ^ k�p Ve� � É! � ��� ~�� Ï É!"%~�ÉÑÐ � o � ¢ ^ � o � ¢ p
p � f
ThisfunctionsatisfiestheusualBlack-Scholesequationq Z �»c#� É c Z k � � c¦¢\ [ \ k \ � �S� V h ^ hji � i � ¢ ^ k � h ^
(where � V � o � ^ k#p ) with terminalcondition� o � ¢ ^ k#p Ve�$�;ý%� o�k q«b p � ^ n@o � ¢ ^ o d q �;p
k#p&� ^ k � h ^
andboundarycondition � o � ^ h�p V h ^ hji � iuÛ f
Thehedgingportfolio is Ämo � p Vàþ � � o � ^ � o � p
p ^ hji � i � ¢ ^n � o � ^ � o � p
p ^ � ¢ l � iuÛ f
Proof: We only needto show thatanAmericancontingentclaim with payoff � o � ¢ ^ � o � ¢ p
p at time� ¢ neednotbeexercisedbeforetime

� ¢ . Accordingto Theorem1.64,it sufficesto prove

1. � o � ¢ ^ h�p V h ,
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2. � o � ¢ ^ k#p is convex in k .

Sincen�o � ¢ ^ h�p V h , wehave immediatelythat� o � ¢ ^ h�p Ve���;ý � o�h qÂb p � ^ n@o � ¢ ^ o d q �;p
h�p � V h f
To provethat � o � ¢ ^ k#p is convex in k , weneedtoshow that n�o � ¢ ^ o d q �;p
k#p is convex is k . Obviously,o�k qub p � is convex in k , andthemaximumof two convex functionsis convex. Theproof of the
convexity of n�o � ¢ ^ o d q �;p
k#p in k is left asahomework problem.

26.3 Hedgingat time '�(
Let k V � o � ¢ p .
CaseI: n�o � ¢ ^ o d q �;p
k�p � oÃk qÂb p � .
Theoptionneednot beexercisedat time

� ¢ (shouldnot beexercisedif theinequalityis strict). We
have � o � ¢ ^ k#p V n@o � ¢ ^ o d q �;p
k#p ^Ämo � ¢ p V � � o � ¢ ^ k#p V o d q � pÍn � o � ¢ ^ o d q �;p
k�p V o d q �;p
Äso � ¢ c p ^
where Ämo � ¢ c p VøÞ����É*)�É!" Äso � p
is thenumberof sharesof stockheldby thehedgeimmediatelyafterpaymentof thedividend.The
post-dividendpositioncanbeachievedby reinvestingin stockthedividendsreceivedon thestock
heldin thehedge.Indeed,Äso � ¢ c p V dd q � Äso � ¢ p V Äso � ¢ p c �d q � Äso � ¢ pV Äso � ¢ p c �;Äso � ¢ p � o � ¢ po d q �;p � o � ¢ pV

# of sharesheldwhendividendis paid c dividendsreceived
pricepersharewhendividendis reinvested

CaseII: n�o � ¢ ^ o d q �;p
k#p0l½o�k q«b p � .
Theownerof theoptionshouldexercisebeforethedividendpaymentattime

� ¢ andreceive o�k q b p .
Thehedgehasbeenconstructedsothesellerof theoptionhas k qÂb beforethedividendpayment
at time

� ¢ . If theoptionis notexercised,its valuedropsfrom k q b to n@o � ¢ ^ o d q �;p
k�p , andtheseller
of theoptioncanpocketthedifferenceandcontinuethehedge.



Chapter 27

Bonds,forward contractsand futur es

Let

�,+ o � p ^ � o � pS�¯hmi � ieÛ � bea Brownianmotion(Wienerprocess)on some o!- ^ � ^/. p . Con-
sideranasset,which wecall astock,whosepricesatisfiesÆ � o � p V Z o � p � o � p Æ � c3[ o � p � o � p Æ + o � p f
Here,

Z
and [ areadaptedprocesses,andwe have alreadyswitchedto the risk-neutralmeasure,

which we call

� 0
. Assumethat every martingaleunder

� 0
canbe representedasan integral with

respectto

+
.

Definetheaccumulationfactor

ú o � p VëüSý�í�1 ÿ É2 Z o!��p Æ �43 f
A zero-couponbond,maturingat time Û , pays1 at time Û andnothingbeforetime Û . According
to therisk-neutralpricing formula,its valueat time

� ¸ © h ^ Û ­ is
Ê o � ^ Û¯p V ú o � p � � ° dú oÇÛ¯p ���� � o � p ´Ve� � ° ú o � pú oõÛJp ���� � o � p ´Ve� �65õüSý�í þ q ÿ ßÉ Z o!�#p Æ � � ���� � o � p87 f

Given
Ê o � ^ Û¯p dollarsat time

�
, onecanconstructa portfolio of investmentin thestockandmoney

267
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marketsothattheportfolio valueat time Û is 1 almostsurely. Indeed,for someprocess

U
,Ê o � ^ Û¯p V ú o � p � � ° dú oÇÛ¯p ���� � o � p ´y z�{ |

martingaleV ú o � p¯° � � ² dú oõÛ¯p ³ c ÿ É2 U o!�#p Æ + o!��p ´V ú o � p¯° Ê o�h ^ Û¯p c ÿ É2 U o!��p Æ + o��#p ´ ^Æ�Ê o � ^ ÛJp V Z o � p ú o � pJ° Ê oÃh ^ Û¯p c ÿ É2 U o!�#p Æ + o!��p ´ Æ � c ú o � p U o � p Æ + o � pV Z o � p Ê o � ^ Û¯p Æ � c ú o � p U o � p Æ + o � p f
Thevalueof aportfolio satisfiesÆ ÅÈo � p V Äso � p Æ � o � p c Z o � p © Å3o � p q Ämo � p � o � p ­ Æ �V Z o � p%Å3o � p Æ � c Äso � p [ o � p � o � p Æ + o � p f

(*)

We set Äso � p V ú o � p U o � p[ o � p � o � p f
If, atany time

�
, Å3o � p V Ê o � ^ Û¯p andwe usetheportfolio Äso!��p ^ � i	�miuÛ , thenwewill haveÅÈoÇÛ¯p V Ê oõÛ ^ Û¯p V d f

If
Z o � p is nonrandomfor all

�
, thenÊ o � ^ Û¯p VëüSý�í þ q ÿ ßÉ Z o!�#p Æ � � ^Æ¬Ê o � ^ Û¯p V Z o � p Ê o � ^ Û¯p Æ � ^

i.e.,

U¤V h . Then Ä givenabove is zero.If, at time

�
, you aregiven

Ê o � ^ ÛJp dollarsandyou always
investonly in themoney market,thenat time Û you will haveÊ o � ^ Û¯p üSý�í�þ ÿ ßÉ Z o!��p Æ � � V d f
If
Z o � p is randomfor all

�
, then

U
is not zero. Onegenerallyhasthreedifferentinstruments:the

stock,themoney market,andthezerocouponbond. Any two of themaresufficient for hedging,
andthetwo whicharemostconvenientcandependon theinstrumentbeinghedged.
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27.1 Forward contracts

We continuewith the set-upfor zero-couponbonds. The Û -forward price of the stock at time� ¸ © h ^ Û ­ is the � o � p -measurableprice,agreeduponat time

�
, for purchaseof a shareof stockat

time Û , chosensotheforwardcontracthasvaluezeroat time

�
. In otherwords,� � ° dú oõÛ¯p o

� oõÛ¯p q:9 o � p
p ���� � o � p ´ V h ^ h±i � iuÛ f
We solvefor

9 o � p : h Ve� � ° dú oõÛ¯p o
� oõÛ¯p q:9 o � pÍp ���� � o � p ´Ve� � ° � oõÛJpú oÇÛ¯p ���� � o � p ´ q 9 o � pú o � p � � °�ú o � pú oõÛ¯p ���� � o � p ´V � o � pú o � p q 9 o � pú o � p Ê o � ^ Û¯p f

This impliesthat 9 o � p V � o � pÊ o � ^ Û¯p f
Remark 27.1(Valuevs. Forward price) The Û -forward price

9 o � p is not the valueat time

�
of

the forwardcontract.Thevalueof thecontractat time

�
is zero.

9 o � p is thepriceagreeduponat
time

�
whichwill bepaidfor thestockat time Û .

27.2 Hedginga forward contract

Entera forwardcontractat time 0, i.e., agreeto pay
9 oÃh�p V Î�Ï 2 Ð; Ï 2  ß Ð for a shareof stockat time Û .

At timezero,thiscontracthasvalue0. At latertimes,however, it doesnot. In fact, its valueat time� ¸ © h ^ Û ­ is < o � p V ú o � p � � ° dú oõÛ¯p o
� oõÛ¯p q:9 o�h�p
p ���� � o � p ´V ú o � p � � ° � oõÛ¯pú oõÛJp ���� � o � p ´ q=9 o�h�p � � ° ú o � pú oÇÛ¯p ���� � o � p ´V ú o � p

� o � pú o � p q:9 o�h�p Ê o � ^ Û¯pV � o � p q:9 o�h�p Ê o � ^ Û¯p f
Thissuggeststhefollowing hedgeof ashortpositionin theforwardcontract.At time0, short

9 oÃh�pÛ -maturityzero-couponbonds.Thisgeneratesincome9 o�h�p Ê o�h ^ Û¯p V � o�h�pÊ o�h ^ Û¯p Ê oÃh ^ Û¯p V
� o�h�p f
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Buy oneshareof stock. This portfolio requiresno initial investment.Maintain this positionuntil
time Û , whentheportfolio is worth� oõÛ¯p q:9 o�h�p Ê oõÛ ^ Û¯p V � oõÛJp q:9 oÃh�p f
Deliver theshareof stockandreceivepayment

9 o�h�p .
A shortpositionin the forwardcould alsobe hedgedusingthe stockandmoney market,but the
implementationof thishedgewouldrequirea term-structuremodel.

27.3 Futur econtracts

Futurecontractsaredesignedto remove therisk of defaultinherentin forwardcontracts.Through
thedevice of markingto market, thevalueof the futurecontractis maintainedat zeroat all times.
Thus,eitherpartycancloseout his/herpositionatany time.

Let usfirst considerthesituationwith discretetradingdatesh Vë� 2 l � ¢ l f8f>f l �8>�V Û f
Oneach

©��!? ^ �!? � ¢ p , Z is constant,so

ú o �A@ � ¢ p VëüSý�í�1 ÿ ÉCBED "2 Z o!�#p Æ ��3VëüSý�íGFH I @J?LK 2 Z o � ? p8o � ? � ¢ q � ? pNM OP
is � o �A@ p -measurable.

Entera futurecontractat time

� @
, takingthelong position,whenthefuturepriceis Q�o � @ p . At time�A@ � ¢ , whenthefutureprice is Q�o �A@ � ¢ p , you receive a paymentQ o �A@ � ¢ p q Q o �A@ p . (If thepricehas

fallen, you makethe payment
q o�Q�o �A@ � ¢ p q Q�o �E@ p
p . ) The mechanismfor receiving andmaking

thesepaymentsis themargin accountheldby thebroker.

By time Û Vë��> , youhave receivedthesequenceof paymentsQ�o �A@ � ¢ p q Q�o �E@ p ^ Q�o �A@ � \Sp q Q�o �E@ � ¢ p ^ f8f8f ^ Q�o � > p q Q�o � > ~ ¢ p
at times

�A@ � ¢ ^ �E@ � \ ^ f>f8f ^ � > . Thevalueat time

�'Vë� 2 of thissequenceis

ú o � p � � áä > ~ ¢J?/KR@ dú o �!? � ¢ p oCQ o �!? � ¢ p q Q�o ��? p
p4���� � o � p åè f
Becauseit costsnothingto enterthe futurecontractat time

�
, this expressionmustbezeroalmost

surely.
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Thecontinuous-timeversionof thisconditionis

ú o � p � �S5 ÿ ßÉ dú o��#p Æ Q�o!�#p ���� � o � p87 V h ^ hji � iÈÛ f
Notethat ú o ��? � ¢ p appearingin thediscrete-timeversionis � o ��? p -measurable,asit shouldbewhen
approximatinga stochasticintegral.

Definition 27.1 The Û -futurepriceof thestockis any � o � p -adaptedstochasticprocess� Q�o � pS�'hji � iuÛ � ^
satisfying Q�oõÛ¯p V � oõÛ¯p a.s.,and (a)� �65 ÿ ßÉ dú o!��p Æ Q�o��#p ���� � o � p87 V h ^ hji � iuÛ f (b)

Theorem 3.66 Theuniqueprocesssatisfying(a) and(b) isQ�o � p Ve� � ° � oõÛJp ���� � o � p ´ ^ hji � iÈÛ f
Proof: We first show that (b) holds if andonly if Q is a martingale. If Q is a martingale,thenT É2 ¢U Ï�V Ð Æ Q o!�#p is alsoamartingale,so� �65 ÿ ßÉ dú o!��p Æ Q�o��#p����� � o � p�7 Vø� � ° ÿ É2 dú o!��p Æ Q�o��#p����� � o � p ´ q«ÿ É2 dú o!�#p Æ Q�o!��pV h f
Ontheotherhand,if (b) holds,thenthemartingaleW o � p Vø� �65 ÿ ß2 dú o!��p Æ Q�o��#p ���� � o � p87
satisfies W o � p V ÿ É2 dú o��#p Æ Q�o!�#p c � �X5 ÿ ßÉ dú o!�#p Æ Q�o��#p����� � o � pA7V ÿ É2 dú o��#p Æ Q�o!�#p ^ hji � iÈÛ f
this implies Æ W o � p V dú o � p Æ Q o � p ^Æ Q�o � p V ú o � p Æ W o � p ^
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andso Q is amartingale(its differentialhasno
Æ �

term).

Now define Q�o � p Ve� � ° � oÇÛ¯p����� � o � p ´ ^ h±i � iuÛ f
Clearly(a) is satisfied.By thetowerproperty, Q is amartingale,so(b) is alsosatisfied.Indeed,thisQ is theonly martingalesatisfying(a).

27.4 Cashflow fr om a futur e contract

With aforwardcontract,enteredat time0, thebuyeragreesto pay
9 o�h�p for anassetvaluedat

� oÇÛ¯p .
Theonly paymentis at time Û .

With a future contract,enteredat time 0, the buyer receivesa cashflow (which may at timesbe
negative)betweentimes0 and Û . If hestill holdsthecontractat time Û , thenhepays

� oÇÛ¯p at timeÛ for anassetvaluedat

� oõÛ¯p . Thecashflow receivedbetweentimes0 and Û sumstoÿ ß2 Æ Q�o!��p V Q�oõÛJp q Q o�h�p V � oõÛ¯p q Q�o�h�p f
Thus,if thefuturecontractholdertakesdeliveryat time Û , hehaspaida totalofo!Q�o�h�p q � oõÛ¯p
p c � oõÛ¯p V Q�o�h�p
for anassetvaluedat

� oõÛ¯p .
27.5 Forward-futur espread

Futureprice: Q�o � p Ve� � ° � oõÛJp ���� � o � p ´ .Forwardprice: 9 o � p V � o � pÊ o � ^ ÛJp V
� o � pú o � p � � ° ¢U Ï ß Ð ���� � o � p ´

f
Forward-futurespread:Q�o�h�p qY9 o�h�p Ve� �ª© � oõÛ¯p ­ q � o�h�p� � � ¢U Ï ß Ð �V d� � Ë ¢U Ï ß Ð Ì ° � � ² dú oõÛ¯p ³ � � o

� oõÛ¯pÍp q � � ² � oõÛ¯pú oõÛ¯p ³ñ´ f
If ¢U Ï ß Ð and

� oõÛ¯p areuncorrelated, Q o�h�p V 9 o�h�p f
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If ¢U Ï ß Ð and

� oõÛ¯p arepositively correlated,thenQ o�h�p0i 9 o�h�p f
This is thecasethata rise in stockpricetendsto occurwith a fall in the interestrate. The owner
of thefuturetendsto receive incomewhenthestockpricerises,but investsit ata declininginterest
rate. If the stockprice falls, the owner usuallymustmakepaymentson the future contract. He
withdrawsfrom themoney marketto dothis justastheinterestraterises.In short,thelongposition
in the future is hurt by positive correlationbetween ¢U Ï ß Ð and

� oõÛJp . The buyer of the future is
compensatedby a reductionof thefuturepricebelow theforwardprice.

27.6 Backwardation and contango

Suppose Æ � o � p V[Z � o � p Æ � cu[ � o � p Æ + o � p f
Define \ V6] ~��[ ^_^+ o � p V \ � c + o � p ,` oõÛ¯p VëüSý�í�� q \ + oõÛJp q ¢\ \ \ Û �^ � 0 o!a¯p V ÿ�b ` oõÛJp Æ � 0 ^ òca½¸ � oõÛ¯p f
Then ^+ is a Brownianmotionunder̂

� 0
, andÆ � o � p V Z � o � p Æ � c¥[ � o � p Æ ^+ o � p f

We have ú o � p Ve� �%É� o � p V � oÃh�p üSý�í�� o Z q ¢\ [ \ p � cu[ + o � p �V � oÃh�p üSý�í�� o Z q ¢\ [ \ p � cu[ ^+ o � p �
Because ¢U Ï ß Ð Ve� ~�� ß is nonrandom,

� oõÛ¯p and ¢U Ï ß Ð areuncorrelatedunder̂

� 0
. Therefore,Q�o � p V ^� � © � oÇÛ¯p ���� � o � p ­V 9 o � pV � o � pÊ o � ^ Û¯p Ve� � Ï ß ~�ÉÑÐ � o � p f

Theexpectedfuturespotpriceof thestockunder

� 0
is� � � oõÛ¯p V � oÃh�p � ] ß � �à� üSý�íed q ¢\ [ \ Û c¥[ + oõÛ¯pgf �Ve� ] ß � oÃh�p f



274

Thefuturepriceat time h is Q o�h�p Ve� � ß � o�h�p f
If

Z ¿ Z , then Q�o�h�pal � � � oõÛ¯p f Thissituationis callednormalbackwardation(seeHull). If

Z l Z ,
then Q�o�h�pa¿ � � � oõÛ¯p . This is calledcontango.



Chapter 28

Term-structure models

Throughoutthisdiscussion,

��+ o � pS�'hÕi � i¥Û ` � is a Brownianmotiononsomeprobabilityspaceo!- ^ � ^h. p , and

� 9 o � pS�ahji � iÂÛ ` � is thefiltration generatedby

+
.

Supposewe aregivenanadaptedinterestrateprocess

� Z o � pS�'hji � iuÛ ` � . We definetheaccumu-
lation factor ú o � p VëüSý�í 1 ÿ É2 Z o��#p Æ � 3 ^ h±i � iÈÛ ` f
In a term-structuremodel,we takethezero-couponbonds(“zeroes”)of variousmaturitiesto bethe
primitiveassets.We assumethesebondsaredefault-freeandpay$1at maturity. For hÕi � i3Û iÛ ` , let Ê o � ^ Û¯p V priceat time

�
of thezero-couponbondpaying$1at time Û .

Theorem 0.67(FundamentalTheorem of AssetPricing) A termstructure modelis freeof arbi-
trageif andonly if there is a probability measure ^� 0 on - (a risk-neutral measure) with thesame
probability-zerosetsas

� 0
(i.e., equivalentto

� 0
), such that for each Ûe¸»o�h ^ Û ` ­ , theprocessÊ o � ^ ÛJpú o � p ^ hji � iuÛ ^

is a martingaleunder ^ � 0 .

Remark 28.1 WeshallalwayshaveÆ�Ê o � ^ Û¯p V[Z o � ^ ÛJp Ê o � ^ Û¯p Æ � c#i o � ^ Û¯p Ê o � ^ Û¯p Æ + o � p ^ hji � iÈÛ ^
for somefunctions

Z o � ^ Û¯p and i o � ^ Û¯p . ThereforeÆ ² Ê o � ^ Û¯pú o � p ³ V Ê o � ^ Û¯p Æ ² dú o � p ³ c dú o � p Æ¬Ê o � ^ Û¯pV ©jZ o � ^ Û¯p qÂZ o � p ­ Ê o � ^ Û¯pú o � p Æ � c#i o � ^ Û¯p Ê o � ^ Û¯pú o � p Æ + o � p ^
275
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so

� 0
is a risk-neutralmeasureif andonly if

Z o � ^ Û¯p , themeanrateof returnof
Ê o � ^ Û¯p under

� 0
, is

theinterestrate
Z o � p . If themeanrateof returnof

Ê o � ^ ÛJp under

� 0
is not

Z o � p ateachtime

�
andfor

eachmaturity Û , we shouldchangeto a measurê

� 0
underwhich themeanrateof returnis

Z o � p . If
sucha measuredoesnotexist, thenthemodeladmitsanarbitrageby tradingin zero-couponbonds.

28.1 Computing arbitrage-fr eebond prices: first method

Begin with a stochasticdifferentialequation(SDE)Æ Å3o � p Vlk o � ^ Å3o � p
p Æ � c#m o � ^ Å3o � pÍp Æ + o � p f
The solution Å3o � p is the factor. If we want to have n -factors,we let

+
be an n -dimensional

Brownianmotionandlet Å bean n -dimensionalprocess.We let theinterestrate
Z o � p bea function

of Å3o � p . In theusualone-factormodels,we take
Z o � p to be Å3o � p (e.g.,Cox-Ingersoll-Ross,Hull-

White).

Now that we have an interestrateprocess

� Z o � pS��h«i � i¦Û ` � , we definethe zero-couponbond
pricesto be Ê o � ^ Û¯p V ú o � p � � ° dú oõÛ¯p ���� � o � p ´Ve� �S5ÑüSý�í�þ qsÿ ßÉ Z o!��p Æ � � ���� � o � p87 ^ hji � iuÛ½iuÛ ` f
We showedin Chapter27 thatÆ�Ê o � ^ Û¯p V Z o � p Ê o � ^ Û¯p Æ � c ú o � p U o � p Æ + o � p
for someprocess

U
. Since

Ê o � ^ ÛJp hasmeanrateof return
Z o � p under

� 0
,

� 0
is arisk-neutralmeasure

andthereis noarbitrage.

28.2 Someinterest-ratedependentassets

Coupon-payingbond: Payments

0 ¢ ^ 0 \ ^ f8f>f ^ 0 > at times Û ¢ ^ Û]\ ^ f8f8f ^ Û > . Priceat time

�
isJ� @ ô É�� ß B � 04@ Ê o � ^ Û @ p f

Call option on a zero-couponbond: Bond maturesat time Û . Option expiresat time Û ¢ l Û .
Priceat time

�
is

ú o � p � � ° dú oõÛ ¢ p o Ê oõÛ ¢ ^ Û¯p q«b p � ���� � o � p ´ ^ h±i � iuÛ ¢ f
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28.3 Terminology

Definition 28.1(Term-structure model) Any mathematicalmodelwhichdetermines,at leastthe-
oretically, thestochasticprocesses Ê o � ^ ÛJp ^ hji � iuÛ ^
for all Û½¸Âo�h ^ Û ` ­ .
Definition 28.2(Yield to maturity) For hui � i Û i Û ` , the yield to maturity Ôso � ^ Û¯p is the� o � p -measurablerandom-variablesatisfyingÊ o � ^ ÛJp üSý�íJ� oõÛ q � pPÔ o � ^ ÛJp � V d ^
or equivalently, ÔWo � ^ ÛJp V q dÛ q � Þo�N� Ê o � ^ Û¯p f
Determining Ê o � ^ Û¯p ^ hji � iÈÛÀiuÛ ` ^
is equivalentto determining ÔWo � ^ Û¯p ^ hji � iÈÛÀiuÛ ` f
28.4 Forward rate agreement

Let hÕi � i¥ÛÀl¥Û c#p i¥Û ` begiven.Supposeyou wantto borrow $1at time Û with repayment
(plusinterest)at time Û c	p , ataninterestrateagreeduponat time

�
. To synthesizea forward-rate

agreementto do this, at time

�
buy a Û -maturityzeroandshort

; Ï É! ß Ð; Ï É! ß �Rq Ð oõÛ cGp p -maturityzeroes.
Thevalueof thisportfolio at time

�
isÊ o � ^ Û¯p q Ê o � ^ Û¯pÊ o � ^ Û c#p p Ê o � ^ Û c#p p V h f

At time Û , you receive $1 from the Û -maturity zero. At time Û crp , you pay $
; Ï É! ß Ð; Ï É! ß �Rq Ð . The

effective interestrateon thedollaryou receive at time Û is

¹ o � ^ Û ^ Û c#p p givenbyÊ o � ^ Û¯pÊ o � ^ Û c	p p VëüSý�í�� p ¹ o � ^ Û ^ Û c#p p � ^
or equivalently, ¹ o � ^ Û ^ Û c#p p V q Þo�N� Ê o � ^ Û csp p q Þ���� Ê o � ^ ÛJpp f
Theforward rate is t o � ^ ÛJp VëÞ����q ) 2 ¹ o � ^ Û ^ Û c	p p V qXuu Û Þo�N� Ê o � ^ Û¯p f (4.1)
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This is theinstantaneousinterestrate,agreeduponat time

�
, for money borrowedat time Û .

Integratingtheabove equation,weobtainÿ ßÉ
t o � ^ ��p Æ � V q ÿ ßÉ uu � Þo�N� Ê o � ^ �#p Æ �V q Þo�N� Ê o � ^ �#p����� V

K ßV K ÉV q Þo�N� Ê o � ^ Û¯p ^
so Ê o � ^ ÛJp VëüSý�í þ qsÿ ßÉ

t o � ^ �#p Æ � � f
Youcanagreeat time

�
to receiveinterestrate

t o � ^ ��p ateachtime � ¸ ©�� ^ Û ­ . If youinvest$
Ê o � ^ Û¯p

at time

�
andreceive interestrate

t o � ^ �#p ateachtime � between

�
and Û , thiswill grow toÊ o � ^ ÛJp üSý�íïþ ÿ ßÉ

t o � ^ ��p Æ � � V d
at time Û .

28.5 Recovering the interest v�w�'�x fr om the forward rate

Ê o � ^ Û¯p Ve� �X5ÑüSý�í�þ qsÿ ßÉ Z o!��p Æ � � ���� � o � p87 ^uu Û Ê o � ^ Û¯p Ve� � 5 q Z oõÛ¯p üSý�í þ q ÿ ßÉ Z o!��p Æ � � ���� � o � p 7 ^uu Û Ê o � ^ Û¯p����� ß K É Ve� � ° q Z o � py���� � o � p ´ V q Z o � p f
Ontheotherhand, Ê o � ^ Û¯p VëüSý�í�þ qsÿ ßÉ

t o � ^ ��p Æ � � ^uu Û Ê o � ^ Û¯p V q t o � ^ Û¯p üSý�í�þ qsÿ ßÉ
t o � ^ ��p Æ � � ^uu Û Ê o � ^ Û¯p����� ß K É V q t o � ^ � p f

Conclusion:
Z o � p V t o � ^ � p .
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28.6 Computing arbitrage-fr eebond prices: Heath-Jarr ow-Morton
method

For eachÛ½¸Âo�h ^ Û ` ­ , let theforwardratebegivenbyt o � ^ Û¯p V t o�h ^ Û¯p c ÿ É2 ù0o!� ^ Û¯p Æ � c ÿ É2 [ o!� ^ Û¯p Æ + o!�#p ^ hji � iÈÛ f
Here

� ù0o!� ^ Û¯pS�ñhji	�siÈÛ � and

� [ o!� ^ Û¯p �NhÕis�¤iuÛ � areadaptedprocesses.

In otherwords, Æ t o � ^ ÛJp V ù o � ^ ÛJp Æ � cu[ o � ^ Û¯p Æ + o � p f
Recallthat Ê o � ^ Û¯p VëüSý�í�þ qmÿ ßÉ

t o � ^ ��p Æ � � f
Now Æ þ q ÿ ßÉ

t o � ^ ��p Æ � � V t o � ^ � p Æ � q ÿ ßÉ Æ t o � ^ ��p Æ �V Z o � p Æ � qÂÿ ßÉ © ù o � ^ ��p Æ � cu[ o � ^ �#p Æ + o � p ­ Æ �V Z o � p Æ � q 5 ÿ ßÉ ù0o � ^ �#p Æ �z7y z�{ |{ Ó Ï É! ß Ð
Æ � q 5 ÿ ßÉ [ o � ^ ��p Æ �|7y z�{ |[ Ó Ï É� ß Ð

Æ + o � pV Z o � p Æ � q ù ` o � ^ Û¯p Æ � q [ ` o � ^ Û¯p Æ + o � p f
Let } oÃk#p Ve� � ^ } ¡Ço�k�p Ve� � ^ } ¡ ¡Ço�k�p Ve� � f
Then Ê o � ^ Û¯p V }�~ q ÿ ßÉ

t o � ^ �#p Æ ��� ^
and Æ¬Ê o � ^ Û¯p V Æ }�~ q ÿ ßÉ

t o � ^ �#p Æ ���V } ¡ ~ q ÿ ßÉ
t o � ^ �#p Æ � � o Z Æ � q ù ` Æ � q [ ` Æ + pc ¢\ } ¡ ¡ ~ qsÿ ßÉ

t o � ^ �#p Æ ���Âo [ ` p \ Æ �V Ê o � ^ ÛJp � Z o � p q ù ` o � ^ Û¯p c¦¢\ o [ ` o � ^ Û¯p
p \ � Æ �q [ ` o � ^ Û¯p Ê o � ^ Û¯p Æ + o � p f
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28.7 Checking for absenceof arbitrage� 0
is a risk-neutralmeasureif andonly ifù ` o � ^ Û¯p V ¢\ o [ ` o � ^ Û¯p
p \ ^ hji � iuÛeiÈÛ `;^

i.e., ÿ ßÉ ù0o � ^ �#p Æ � V ¢\ ~ ÿ ßÉ [ o � ^ �#p Æ ��� \ ^ hji � iuÛ½iuÛ ` f (7.1)

Dif ferentiatingthisw.r.t. Û , we obtainù0o � ^ Û¯p V [ o � ^ Û¯p ÿ ßÉ [ o � ^ �#p Æ � ^ hji � iuÛ½iuÛ ` f (7.2)

Not only does(7.1) imply (7.2),(7.2)alsoimplies(7.1). Thiswill bea homework problem.

Suppose(7.1)doesnot hold. Then

� 0
is not a risk-neutralmeasure,but theremight still bea risk-

neutralmeasure.Let

� \�o � pS�ah±i � iuÛ ` � beanadaptedprocess,anddefine^+ o � p V ÿ É2 \�o!�#p Æ � c + o � p ^` o � p VëüSý�í 1 q ÿ É2 \�o!��p Æ + o!��p q ¢\ ÿ É2 \ \ o!�#p Æ � 3 ^^ � 0 o�a¯p V ÿ b ` oõÛ ` p Æ � 0 òca½¸ � oõÛ ` p f
Then Æ�Ê o � ^ Û¯p V Ê o � ^ Û¯p � Z o � p q ù ` o � ^ Û¯p c¦¢\ o [ ` o � ^ ÛJp
p \ � Æ �q [ ` o � ^ Û¯p Ê o � ^ ÛJp Æ + o � pV Ê o � ^ Û¯p � Z o � p q ù ` o � ^ Û¯p c¦¢\ o [ ` o � ^ ÛJp
p \ c¥[ ` o � ^ ÛJp/\�o � p � Æ �q [ ` o � ^ Û¯p Ê o � ^ ÛJp Æ ^+ o � p ^ h±i � iÈÛ f
In orderfor

Ê o � ^ Û¯p to havemeanrateof return
Z o � p under ^� 0 , wemusthaveù ` o � ^ ÛJp V ¢\ o [ ` o � ^ Û¯p
p \ c¥[ ` o � ^ Û¯p/\�o � p ^ hji � iÈÛÀiuÛ ` f (7.3)

Dif ferentiationw.r.t. Û yieldstheequivalentconditionù o � ^ ÛJp V [ o � ^ Û¯p [ ` o � ^ ÛJp c¥[ o � ^ Û¯p/\�o � p ^ hji � i»ÛÀiuÛ ` f (7.4)

Theorem 7.68(Heath-Jarrow-Morton) For each Û ¸ro�h ^ Û ` ­ , let ù0o!� ^ Û¯p ^ hëi�� iYÛ ^ and[ o!� ^ Û¯p ^ hei��riûÛ , be adaptedprocesses,and assume[ o!� ^ Û¯p»¿ h for all � and Û . Let
t o�h ^ Û¯p ^ hji � iÂÛ ` , bea deterministicfunction,anddefinet o � ^ Û¯p V t oÃh ^ Û¯p c ÿ É2 ù o�� ^ ÛJp Æ � c ÿ É2 [ o!� ^ Û¯p Æ + o!��p f



CHAPTER28. Term-structuremodels 281

Then

t o � ^ Û¯p ^ hgi � i½Û i½Û ` is a family of forward rate processesfor a term-structure model
withoutarbitrage if andonly if there is an adaptedprocess\�o � p ^ hsi � i½Û ` , satisfying(7.3),or
equivalently, satisfying(7.4).

Remark 28.2 Under

� 0
, thezero-couponbondwith maturity Û hasmeanrateof returnZ o � p q ù ` o � ^ ÛJp c£¢\ o [ ` o � ^ Û¯p
p \

andvolatility [ ` o � ^ Û¯p . Theexcessmeanrateof return,above theinterestrate,isq ù ` o � ^ Û¯p c ¢\ o [ ` o � ^ ÛJp
p \ ^
andwhennormalizedby thevolatility, thisbecomesthemarketpriceof riskq ù ` o � ^ Û¯p c£¢\ o [ ` o � ^ ÛJp
p \[ ` o � ^ Û¯p f
Theno-arbitrageconditionis thatthismarketpriceof risk at time

�
doesnotdependonthematurityÛ of thebond.We canthenset\�o � p V q 5 q ù ` o � ^ Û¯p c£¢\ o [ ` o � ^ ÛJp
p \[ ` o � ^ Û¯p 7 ^

and(7.3)is satisfied.

(Theremainderof thischapterwastaughtMar 21)

Supposethe marketpriceof risk doesnot dependon the maturity Û , so we cansolve (7.3) for \ .
Pluggingthis into thestochasticdifferentialequationfor

Ê o � ^ Û¯p , weobtainfor everymaturity Û :Æ¬Ê o � ^ Û¯p V Z o � p Ê o � ^ Û¯p Æ � q [ ` o � ^ Û¯p Ê o � ^ Û¯p Æ ^+ o � p f
Because(7.4) is equivalentto (7.3),we mayplug (7.4) into thestochasticdifferentialequationfor
t o � ^ Û¯p to obtain,for everymaturity Û :Æ t o � ^ Û¯p V © [ o � ^ Û¯p [ ` o � ^ Û¯p cu[ o � ^ Û¯p/\�o � p ­ Æ � c3[ o � ^ Û¯p Æ + o � pV [ o � ^ Û¯p [ ` o � ^ Û¯p Æ � cu[ o � ^ Û¯p Æ ^+ o � p f
28.8 Implementation of the Heath-Jarr ow-Morton model

Choose [ ` o � ^ Û¯p ^ hji � iuÛÀiuÛ ` ^\�o � p ^ hji � iuÛ ` f
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Thesemaybestochasticprocesses,but areusuallytakento bedeterministicfunctions.Defineù0o � ^ Û¯p V [ o � ^ Û¯p [ ` o � ^ Û¯p c3[ o � ^ Û¯p/\�o � p ^^+ o � p V ÿ É2 \�o��#p Æ � c + o � p ^` o � p VëüSý�í 1 qsÿ É2 \�o!�#p Æ + o!�#p q ¢\ ÿ É2 \ \ o!�#p Æ � 3 ^^ � 0 o!aJp V ÿ b ` oõÛ ` p Æ � 0 òca½¸ � oõÛ ` p f
Let

t o�h ^ ÛJp ^ hjiuÛ½iuÛ ` ^ bedeterminedby themarket;recallfrom equation(4.1):t o�h ^ Û¯p V q uu Û Þo�N� Ê o�h ^ Û¯p ^ hjiuÛeiuÛ ` f
Then

t o � ^ Û¯p for hÕi � iuÛ is determinedby theequationÆ t o � ^ Û¯p V [ o � ^ ÛJp [ ` o � ^ Û¯p Æ � c3[ o � ^ Û¯p Æ ^+ o � p ^ (8.1)

thisdeterminestheinterestrateprocessZ o � p V t o � ^ � p ^ hji � iuÛ ` ^ (8.2)

andthenthezero-couponbondpricesaredeterminedby theinitial conditions
Ê o�h ^ Û¯p ^ hmiÀÛ iÛ ` , gottenfrom themarket,combinedwith thestochasticdifferentialequationÆ¬Ê o � ^ Û¯p V Z o � p Ê o � ^ Û¯p Æ � q [ ` o � ^ Û¯p Ê o � ^ Û¯p Æ ^+ o � p f (8.3)

Becauseall pricingof interestratedependentassetswill bedoneundertherisk-neutralmeasurê

� 0
,

underwhich ^+ is a Brownianmotion,we have written (8.1) and(8.3) in termsof ^+ ratherthan+
. Writtenthisway, it is apparentthatneither\�o � p nor ù0o � ^ Û¯p will entersubsequentcomputations.

Theonly processwhichmattersis [ o � ^ Û¯p ^ h±i � iuÛeiuÛ ` , andtheprocess[ ` o � ^ Û¯p V ÿ ßÉ [ o � ^ �#p Æ � ^ h±i � iÈÛeiuÛ ` ^ (8.4)

obtainedfrom [ o � ^ Û¯p .
From(8.3)we seethat [ ` o � ^ Û¯p is thevolatility at time

�
of thezerocouponbondmaturingat timeÛ . Equation(8.4)implies [ ` oõÛ ^ Û¯p V h ^ hjiuÛeiuÛ ` f (8.5)

This is because
Ê oõÛ ^ Û¯p V d andsoas

�
approachesÛ (from below), thevolatility in

Ê o � ^ Û¯p must
vanish.

In conclusion,to implementtheHJM model,it sufficesto havetheinitial marketdata
Ê o�h ^ Û¯p ^ hÕiÛÀi»Û ` ^ andthevolatilities [ ` o � ^ Û¯p ^ hÕi � iuÛeiuÛ ` f
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We requirethat [ ` o � ^ Û¯p bedifferentiablein Û andsatisfy(8.5). We canthendefine[ o � ^ Û¯p V uu Û [ ` o � ^ ÛJp ^
and(8.4)will besatisfiedbecause[ ` o � ^ Û¯p V [ ` o � ^ Û¯p q [ ` o � ^ � p V ÿ ßÉ uu � [ ` o � ^ �#p Æ � f
We thenlet ^+ bea Brownianmotionundera probabilitymeasurê

� 0
, andwe let

Ê o � ^ Û¯p ^ hÕi � iÛ i½Û ` , begivenby (8.3), where
Z o � p is givenby (8.2) and

t o � ^ Û¯p by (8.1). In (8.1) we usethe
initial conditions

t o�h ^ Û¯p V q uu Û Þo�N� Ê o�h ^ Û¯p ^ hjiuÛeiuÛ ` f
Remark 28.3 It is customaryin the literatureto write

+
ratherthan ^+ and

� 0
ratherthan ^ � 0 ,

so that

� 0
is the symbol usedfor the risk-neutralmeasureandno referenceis ever madeto the

marketmeasure.Theonlyparameterwhichmustbeestimatedfrom themarketis thebondvolatility[ ` o � ^ Û¯p , andvolatility is unaffectedby thechangeof measure.
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Chapter 29

Gaussianprocesses

Definition 29.1(GaussianProcess)A GaussianprocessÅ3o � p , �J� h , is a stochasticprocesswith
thepropertythatfor every setof times hji � ¢ i � \¯i f8f8f i � > , thesetof randomvariablesÅ3o � ¢ p ^ ÅÈo � \
p ^ f8f>f ^ Å3o � > p
is jointly normallydistributed.

Remark 29.1 If Å is aGaussianprocess,thenits distributionis determinedby its meanfunction� o � p Ve� � Å3o � p
andits covariancefunctioni o!� ^ � p Ve� �ª© o*Å3o!�8p q � o!�8p
p4�¬oÇÅÈo � p q � o � pÍp ­ f
Indeed,thejoint densityof Å3o � ¢ p ^ f8f8f ^ Å3o � > p is� 0 � Å3o � ¢ p0¸ Æ k ¢ ^ f8f>f ^ Å3o � > p0¸ Æ k > �V do X�� p >,� \ � � ü��c� üSý�íed q ¢\ o�� q � o��8p
p�� � ~c� �¬o�� q�� o��8p
pE��f Æ k ¢ f8f8f Æ k > ^
where

�
is thecovariancematrix�uV áãããä i o � ¢ ^ � ¢ p i o � ¢ ^ � \ p f>f8f i o � ¢ ^ ��> pi o � \ ^ � ¢ p i o � \ ^ � \Sp f>f8f i o � \ ^ � > pf8f>f f>f8f f>f8f f>f8fi o � > ^ � ¢ p i o � > ^ � \Sp f>f8f i o � > ^ � > p å æææè� is therow vector

© k ¢ ^ k�\ ^ f8f8f ^ k > ­ , � is therow vector

© � ¢ ^ � \ ^ f8f>f ^ � > ­ , and� o��8p V © � o � ¢ p ^ � o � \,p ^ f>f8f ^ � o � > p ­ .
Themomentgeneratingfunctionis� � üSý�í þ >J@�K ¢ � @ Å3o �A@ p � VëüSý�íedR� � � o��8p � c¦¢\ � � � � � � f ^
where

�sV © � ¢ ^ ��\ ^ f8f>f ^ � > ­ .
285
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29.1 An example:Brownian Motion

Brownianmotion

+
is aGaussianprocesswith � o � p V h and i o�� ^ � p V � Ü � . Indeed,if hji	� i � ,

then i o!� ^ � p Ve� �3©j+ o!�8p + o � p ­ Ve� � �o+ o��8pNo + o � p q + o!�8p
p c + \ o!�>p �Ve� ��+ o!�>p f � � o + o � p q + o!�8p
p c � ��+ \ o!�>pVe� ��+ \ o!�8pV � Ü � f
To prove thataprocessis Gaussian,onemustshow that Å3o � ¢ p ^ f>f8f ^ ÅÈo ��> p haseitheradensityor a
momentgeneratingfunctionof theappropriateform. We shallusethem.g.f.,andshallcheata bit
by consideringonly two times,whichwe usuallycall � and

�
. We will wantto show that� �»üSý�íJ� � ¢ Å3o!�8p c � \ ÅÈo � p � VëüSý�í�þ � ¢ � ¢ c � \ � \ c ¢\ © � ¢ � \ ­ 5 [ ¢
¢ [ ¢ \[ \ ¢ [ \Í\ 7 5 � ¢�#\ 7 � f

Theorem 1.69(Integral w.r.t. a Brownian) Let

+ o � p bea Brownianmotionand ��o � p a nonran-
domfunction.Then Å3o � p V ÿ É2 ��o��#p Æ + o!��p
is a Gaussianprocesswith � o � p V h andi o!� ^ � p V ÿ���� É2 � \ o!��p Æ � f
Proof: (Sketch.)We have Æ Å V � Æ + f
Therefore, Æ � V��JÏ � Ð V � � V��JÏ � Ð���o!�>p Æ + o!�>p c ¢\ � \ � V��JÏ � Ð�� \ o!�8p Æ � ^� V��JÏ � Ð Ve� V��JÏ 2 Ð c � ÿ �2 � V��¯Ïo� Ð8��oÃn¬p Æ + oÃn¬py z,{ |

Martingale

c ¢\ � \ ÿ �2 � V��JÏ�� Ð8� \ o�n¬p Æ n ^� �j� V��JÏ � Ð V dwc¦¢\ � \ ÿ��2 � \ o�n¬p � �j� V��JÏ�� Ð Æ n ^ÆÆ � � �j� V��JÏ � Ð V ¢\ � \ � \ o��8p � �j� V��¯Ï � Ð ^� �j� V��JÏ � Ð Ve� V��JÏ 2 Ð üSý�í 1 ¢\ � \ ÿ��2 � \ o�n�p Æ n 3 (1.1)VëüSý�í�1 ¢\ � \ ÿ��2 � \ o�n¬p Æ nR3 f
Thisshowsthat Å3o!�>p is normalwith mean0 andvariance

T �2 � \ o�n¬p Æ n .
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Now let hÕis��l � begiven.Justasbefore,Æ � V��JÏ ÉÑÐ V � � V��¯Ï ÉÑÐ ��o � p Æ + o � p c¦¢\ � \ � V��¯Ï ÉÑÐ � \ o � p Æ � f
Integratefrom � to

�
to get� V��JÏ ÉÑÐ Ve� V��JÏ � Ð c � ÿ É� ��o�n�p � V��JÏo� Ð Æ + oÃn¬p c ¢\ � \ ÿ É� � \ o�n�p � V��JÏo� Ð Æ n f

Take

� � © f8f>f¡  � o��8p ­ conditionalexpectationsandusethemartingaleproperty� � ° ÿ É� ��oÃn¬p � V��JÏ�� Ð Æ + oÃn¬p����� � o��8p ´ Vë� � ° ÿ É2 ��o�n�p � V��JÏo� Ð Æ + oÃn¬p����� � o��8p ´ q ÿ��2 ��o�n�p � V��JÏo� Ð Æ + o�n�pV h
to get � � ° � V��JÏ ÉÑÐ ���� � o��8p ´ Vë� V��JÏ � Ð c¦¢\ � \ ÿ É� � \ o�n�p � � ° � V��JÏo� Ð ���� � o!�8p ´ Æ nÆÆ � � � ° � V��JÏ ÉÑÐ ���� � o��8p ´ V ¢\ � \ � \ o � p � � ° � V��JÏ ÉÑÐ ���� � o!�>p ´ ^ �0� � f
Thesolutionto thisordinarydifferentialequationwith initial time � is� � ° � V��JÏ ÉÑÐ ���� � o!�>p ´ Ve� V��JÏ � Ð üSý�í�1 ¢\ � \ ÿ É� � \ o�n�p Æ nc3 ^ � � � f (1.2)

We now computethem.g.f. for oõÅ3o!�>p ^ Å3o � p
p , whereh±i	� i � :� � ° � V " �JÏ � Ð � V�¢A�JÏ ÉÑÐ ���� � o��8p ´ Ve� V " �¯Ï � Ð � � ° � V�¢E�¯Ï ÉÑÐ ���� � o!�8p ´Ï 1.2ÐV � ÏoV " � V�¢ Ð �JÏ � Ð üSý�í�1 ¢\ � \\ ÿ É� � \ o�n�p Æ nR3 ^� �¦��� V " �JÏ � Ð � V�¢A�JÏ ÉÑÐ � Ve� � 1 � � ° � V " �JÏ � Ð � V�¢/�JÏ ÉÑÐ����� � o!�8p ´ 3Ve� �sd#� ÏoV " � V�¢ Ð �JÏ � ÐEf f üSý�í%1 ¢\ � \\ ÿ É� � \ o�n¬p Æ nR3
(1.1)
V üSý�í�1 ¢\ o!� ¢ c ��\Sp \ ÿ£�2 � \ o�n�p Æ n c ¢\ � \\ ÿ É� � \ o�n¬p Æ nR3VëüSý�í�1 ¢\ o�� \ ¢ c X � ¢ ��\Sp ÿ£�2 � \ o�n�p Æ n c ¢\ � \\ ÿ É2 � \ o�n�p Æ nR3VëüSý�í�þ ¢\ © � ¢ �#\ ­ 5 T �2 � \ T �2 � \T �2 � \ T É2 � \ 7 5 � ¢�#\ 7 � f

Thisshowsthat oÇÅÈo��8p ^ ÅÈo � p
p is jointly normalwith

� � Å3o!�8p Ve� � Å3o � p V h ,� � Å \ o!�>p V ÿ��2 � \ o�n�p Æ n ^ � � Å \ o � p V ÿ É2 � \ o�n�p Æ n ^� � © Å3o!�8p%Å3o � p ­ V ÿ��2 � \ o�n¬p Æ n f
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Remark 29.2 The hard part of the above argument,and the reasonwe usemomentgenerating
functions,is to prove thenormality. Thecomputationof meansandvariancesdoesnot requirethe
useof momentgeneratingfunctions.Indeed,Å3o � p V ÿ É2 ��o��#p Æ + o!��p
is amartingaleand Å3o�h�p V h , so � o � p Vø� � ÅÈo � p V h ò �0� h f
For fixed � � h , � � Å \ o!�>p V ÿ��2 � \ oÃn¬p Æ n
by theItô isometry. For hjis��i � ,� � © Å3o!�>p8o*Å3o � p q Å3o!�8pÍp ­ Vø� � ° � �G1 Å3o!�8p8o�Å3o � p q Å3o!�>p
p ���� � o!�8p¤3 ´Vø� � áãããä ÅÈo��8p ² � � ° ÅÈo � p ���� � o!�>p ´ q Å3o!�8p ³y z�{ |2 å æææèV h f
Therefore, � � © Å3o!�>p%Å3o � p ­ Vø� � © Å3o!�>p8o*Å3o � p q Å3o!�8pÍp c Å \ o!�>p ­Vø� � Å \ o!�>p V ÿ£�2 � \ oÃn¬p Æ n f
If � wereastochasticproess,theItô isometrysays� � Å \ o!�>p V ÿ �2 � � � \ o�n¬p Æ n
andthesameargumentusedaboveshowsthatfor hji	� i � ,� � © Å3o!�>p%Å3o � p ­ Ve� � Å \ o!�8p V ÿ¥�2 � � � \ o�n�p Æ n f
However, when � is stochastic,Å is not necessarilya Gaussianprocess,so its distribution is not
determinedfrom its meanandcovariancefunctions.

Remark 29.3 When � is nonrandom,Å3o � p V ÿ É2 ��o��#p Æ + o!��p
is alsoMarkov. Weprovedthisbefore,but noteagainthattheMarkov propertyfollowsimmediately
from (1.2).Theequation(1.2)saysthatconditionedon � o!�>p , thedistributionof Å3o � p dependsonly
on Å3o!�8p ; in fact, Å3o � p is normalwith meanÅÈo��8p andvariance

T É� � \ oÃn¬p Æ n .
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Figure29.1:Rangeof valuesof ¦ ^�§�^ n for theintegrals in theproofof Theorem1.70.

Theorem 1.70 Let

+ o � p be a Brownianmotion,and let ��o � p and éNo � p be nonrandomfunctions.
Define

ÅÈo � p V ÿ É2 ��o!�#p Æ + o��#p ^ Ô¤o � p V ÿ É2 éño!�#pPÅÈo��#p Æ � f
ThenÔ is a Gaussianprocesswith meanfunction �©¨ o � p V h andcovariancefunction

i ¨ o!� ^ � p V ÿ �8� É2 � \ o�n�p ² ÿ �� éNo!¦�p Æ ¦ ³ ² ÿ É� éNo�¦¬p Æ ¦ ³ Æ n f (1.3)

Proof: (Partial) Computationof iz¨ o!� ^ � p : Let hÂi6� i �
be given. It is shown in a homework

problemthat oõÔso!�8p ^ Ôªo � p
p is a jointly normalpairof randomvariables.Hereweobserve that

�©¨ o � p Ve� � ÔWo � p V ÿ É2 éNo!��p � � Å3o!�#p Æ � V h ^
andweverify that(1.3)holds.
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We have i ¨ o!� ^ � p Ve� �3© Ô¤o!�8pPÔWo � p ­Ve� � ° ÿ£�2 éNo!¦�p%Å3o!¦�p Æ ¦ f�ÿ É2 éño § p%Å3o § p Æ § ´Ve� � ÿ �2 ÿ É2 éNo!¦�p
éNo § p%Å3o!¦�p%Å3o § p Æ ¦ Æ §V ÿ��2 ÿ É2 éNo!¦�p
éño § p � �È© Å3o!¦¬pPÅÈo § p ­ Æ ¦ Æ §V ÿ �2 ÿ É2 éNo!¦�p
éño § p ÿ©ª �N«2 � \ o�n�p Æ n Æ ¦ Æ §V ÿ��2 ÿ É« éNo!¦�p
éño § p ² ÿ�«2 � \ oÃn¬p Æ n ³ Æ ¦ Æ §c ÿ£�2 ÿ¥�ª éNo!¦�p
éño § p ² ÿ ª2 � \ oÃn¬p Æ n ³ Æ § Æ ¦ (SeeFig. 29.1(a))V ÿ��2 éño § p ² ÿ É« éNo�¦¬p Æ ¦ ³ ² ÿ£«2 � \ o�n�p Æ n ³ Æ §c ÿ �2 éNo!¦�p ² ÿ �ª éNo § p Æ § ³ ² ÿ�ª2 � \ o�n¬p Æ n ³ Æ ¦V ÿ �2 ÿ «2 éNo § p/� \ o�n¬p ² ÿ É« éNo�¦¬p Æ ¦ ³ Æ n Æ §c ÿ£�2 ÿ ª2 éNo!¦�p/� \ oÃn¬p ² ÿ��ª éño § p Æ § ³ Æ n Æ ¦V ÿ��2 ÿ��� éño § p/� \ o�n�p ² ÿ É« éño!¦¬p Æ ¦ ³ Æ § Æ nc ÿ£�2 ÿ¥�� éNo!¦�p/� \ o�n¬p ² ÿ��ª éño § p Æ § ³ Æ ¦ Æ n (SeeFig. 29.1(b))V ÿ��2 � \ o�n�p ² ÿ��� ÿ É« éño!¦¬pÍéNo § p Æ ¦ Æ § ³ Æ nc ÿ£�2 � \ oÃn¬p ² ÿ��� ÿ��ª éño!¦¬pÍéNo § p Æ § Æ ¦ ³ Æ nV ÿ��2 � \ o�n�p ² ÿ��� ÿ É� éño!¦¬pÍéNo § p Æ ¦ Æ §;³ Æ n (SeeFig. 29.1(c))V ÿ �2 � \ o�n�p ² ÿ �� éNo!¦�p Æ ¦ ³ ² ÿ É� éño § p Æ § ³ Æ nV ÿ��2 � \ o�n�p ² ÿ��� éNo!¦�p Æ ¦ ³ ² ÿ É� éño!¦¬p Æ ¦ ³ Æ n
Remark 29.4 Unlike the processÅ3o � p V T É2 ��o!��p Æ + o!�#p , the processÔso � p V T É2 Å3o!��p Æ � is
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neitherMarkov noramartingale.For hji	��l � ,� �ª© Ôso � p   � o��8p ­ V ÿ��2 éNo!��p%Å3o!�#p Æ � c � � ° ÿ É� éNo!��p%Å3o!�#p Æ � ���� � o!�>p ´V Ôso!�>p c ÿ É� éNo!��p � � © Å3o!��p ���� � o!�8p ­ Æ �V Ôso!�>p c ÿ É� éNo!��p%Å3o!�8p Æ �V Ôso!�>p c Å3o!�8p ÿ É� éNo!��p Æ � ^
wherewe have usedthefact that Å is a martingale.Theconditionalexpectation

� � © ÔWo � p   � o!�8p ­ is
notequalto Ô¤o!�8p , nor is it a functionof Ô¤o!�8p alone.
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Chapter 30

Hull and White model

Consider Æ Z o � p V o�ù0o � p q ú o � p Z o � p
p Æ � cu[ o � p Æ + o � p ^
whereù o � p , ú o � p and [ o � p arenonrandomfunctionsof

�
.

We cansolve thestochasticdifferentialequation.Setb o � p V ÿ É2 ú o!��p Æ � f
Then Æ±Ë �g¬ Ï ÉÑÐ Z o � p%Ì Ve�g¬ Ï ÉÑÐ ² ú o � p Z o � p Æ � c Æ Z o � p ³Ve� ¬ Ï ÉÑÐ#oÃù o � p Æ � cu[ o � p Æ + o � p
p f
Integrating,we get� ¬ Ï ÉÑÐ Z o � p V Z o�h�p c ÿ É2 � ¬ Ï�V Ð�ù o!��p Æ � c ÿ É2 � ¬ Ï�V Ð [ o!�#p Æ + o!�#p ^
so Z o � p Ve� ~ ¬ Ï ÉÑÐa° Z o�h�p c ÿ É2 � ¬ ÏoV ÐRù0o!�#p Æ � c ÿ É2 � ¬ ÏoV Ð [ o��#p Æ + o!��p ´ f
FromTheorem1.69in Chapter29,we seethat

Z o � p is a Gaussianprocesswith meanfunction� � o � p Ve� ~ ¬ Ï ÉõÐ ° Z oÃh�p c ÿ É2 � ¬ Ï�V Ð ù o��#p Æ � ´ (0.1)

andcovariancefunction i � o!� ^ � p Ve� ~ ¬ Ï � Ð�~ ¬ Ï ÉÑÐ ÿ��8� É2 � \ ¬ ÏoV Ð [ \ o!��p Æ � f (0.2)

Theprocess
Z o � p is alsoMarkov.

293



294

We wantto study
T ß2 Z o � p Æ � . To do this,wedefineÅ3o � p V ÿ É2 ��¬ ÏoV Ð [ o��#p Æ + o!��p ^ ÔWoÇÛ¯p V ÿ ß2 � ~ ¬ Ï ÉÑÐ ÅÈo � p Æ � f

Then Z o � p Ve� ~ ¬ Ï ÉõÐa° Z oÃh�p c ÿ É2 � ¬ Ï�V Ð�ù o��#p Æ � ´ c � ~ ¬ Ï ÉõÐ�Å3o � p ^ÿ ß2 Z o � p Æ �'V ÿ ß2 � ~ ¬ Ï ÉÑÐw° Z o�h�p c ÿ É2 � ¬ ÏoV Ð%ù o!��p Æ � ´ Æ � c Ô oÇÛ¯p f
Accordingto Theorem1.70in Chapter29,

T ß2 Z o � p Æ � is normal.Its meanis� � ÿ ß2 Z o � p Æ �NV ÿ ß2 � ~ ¬ Ï ÉÑÐ ° Z o�h�p c ÿ É2 �g¬ ÏoV Ð ù0o!��p Æ � ´ Æ � ^ (0.3)

andits varianceis ­ ��® ~ ÿ ß2 Z o � p Æ � � Vø� � Ô \ oõÛ¯pV ÿ ß2 � \ ¬ Ï�� Ð [ \ o�n�p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦�� \ Æ n f
Thepriceat time 0 of azero-couponbondpaying$1at time Û isÊ o�h ^ Û¯p Ve� � üSý�í þ q ÿ ß2 Z o � p Æ � �VëüSý�í�þ o q d p � � ÿ ß2 Z o � p Æ � c ¢\ o q d p \ ­ �N® ~ ÿ ß2 Z o � p Æ � � �VëüSý�í 1 q Z o�h�p ÿ ß2 � ~ ¬ Ï ÉÑÐ Æ � q»ÿ ß2 ÿ É2 � ~ ¬ Ï ÉõÐ � ¬ Ï�V Ð�ù o��#p Æ � Æ �c ¢\ ÿ ß2 � \ ¬ Ï�� Ð [ \ o�n¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦�� \ Æ n 3VëüSý�í@� q Z o�h�p § o�h ^ Û¯p q ajo�h ^ ÛJp � ^
where§ o�h ^ ÛJp V ÿ ß2 � ~ ¬ Ï ÉõÐ Æ � ^aHo�h ^ Û¯p V ÿ ß2 ÿ É2 � ~ ¬ Ï ÉÑÐ � ¬ ÏoV Ð ù0o!��p Æ � Æ � q ¢\ ÿ ß2 � \ ¬ Ïo� Ð [ \ o�n�p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦ � \ Æ n f



CHAPTER30. Hull andWhitemodel 295

u

t
u 

= 
t

T

Figure30.1:Rangeof valuesof � ^ � for theintegral.

30.1 Fiddling with the formulas

Notethat(seeFig 30.1)ÿ ß2 ÿ É2 � ~ ¬ Ï ÉõÐ � ¬ Ï�V Ð ù0o!�#p Æ � Æ �V ÿ ß2 ÿ ßV � ~ ¬ Ï ÉÑÐ � ¬ ÏoV Ð ù0o!��p Æ � Æ �o!¦ Vë� �wn V ��p V ÿ ß2 ��¬ Ï�� Ð ù0o�n¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦�� Æ n f
Therefore,aHoÃh ^ Û¯p V ÿ ß2 áä � ¬ Ïo� Ð ù0o�n�p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦N� q ¢\ � \ ¬ Ï�� Ð [ \ o�n¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦�� \ åè Æ n ^§ oÃh ^ Û¯p V ÿ ß2 � ~ ¬ Ï ª Ð Æ ¦ ^Ê o�h ^ Û¯p VëüSý�íï� q Z o�h�p § o�h ^ ÛJp q ajo�h ^ ÛJp � f
Considerthepriceat time

� ¸ © h ^ Û ­ of thezero-couponbond:Ê o � ^ Û¯p Ve� �65õüSý�í þ qsÿ ßÉ Z o!�#p Æ � � ���� � o � p87 f
Because

Z
is aMarkov process,thisshouldberandomonly througha dependenceon

Z o � p . In fact,Ê o � ^ Û¯p VëüSý�íJ� q Z o � p § o � ^ Û¯p q ajo � ^ Û¯p � ^
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whereaHo � ^ Û¯p V ÿ ßÉ áä � ¬ Ïo� Ð ù o�n�p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦N� q ¢\ � \ ¬ Ïo� Ð [ \ o�n�p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦N� \ åè Æ n ^§ o � ^ Û¯p Ve� ¬ Ï ÉÑÐ ÿ ßÉ � ~ ¬ Ï ª Ð Æ ¦ f
Thereasonfor thesechangesis thefollowing. We arenow takingtheinitial time to be

�
ratherthan

zero,soit is plausiblethat
T ß2 f8f8f Æ n shouldbereplacedby

T ßÉ f>f8f Æ n f Recallthatb o�n¬p V ÿ �2 ú o��#p Æ � ^
andthisshouldbereplacedby b o�n�p q«b o � p V ÿ �É ú o��#p Æ � f
Similarly,

b o!¦¬p shouldbereplacedby
b o!¦�p qub o � p . Making thesereplacementsin ajo�h ^ Û¯p , we

seethatthe
b o � p termscancel.In

§ o�h ^ Û¯p , however, the
b o � p termdoesnot cancel.

30.2 Dynamicsof the bond price

Let

§ É o � ^ Û¯p and a É o � ^ ÛJp denotethepartialderivativeswith respectto

�
. FromtheformulaÊ o � ^ ÛJp VëüSý�íJ� q Z o � p § o � ^ Û¯p q aHo � ^ ÛJp � ^

wehaveÆ¬Ê o � ^ Û¯p V Ê o � ^ Û¯p � q § o � ^ Û¯p Æ Z o � p q ¢\ § \ o � ^ ÛJp Æ Z o � p Æ Z o � p qÂZ o � p § É o � ^ Û¯p Æ � q a É o � ^ Û¯p Æ � �V Ê o � ^ Û¯p ° q § o � ^ Û¯pño�ù o � p q ú o � p Z o � p
p Æ �q § o � ^ Û¯p [ o � p Æ + o � p q ¢\ § \ o � ^ Û¯p [ \ o � p Æ �q«Z o � p § É o � ^ Û¯p Æ � q a É o � ^ Û¯p Æ � ´ f
Becausewehave usedtherisk-neutralpricing formulaÊ o � ^ Û¯p Ve� �65�üSý�í�þ q ÿ ßÉ Z o!��p Æ � � ���� � o � p87
to obtainthebondprice,its differentialmustbeof theformÆ¬Ê o � ^ Û¯p V Z o � p Ê o � ^ Û¯p Æ � c o f8f>f p Æ + o � p f
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Therefore,wemusthaveq § o � ^ Û¯pNo*ù o � p q ú o � p Z o � p
p q ¢\ § \ o � ^ Û¯p [ \ o � p q«Z o � p § É o � ^ ÛJp q a É o � ^ Û¯p V Z o � p f
We leave the verificationof this equationto the homework. After this verification,we have the
formula Æ�Ê o � ^ Û¯p V Z o � p Ê o � ^ Û¯p Æ � q [ o � p § o � ^ Û¯p Ê o � ^ ÛJp Æ + o � p f
In particular, thevolatility of thebondpriceis [ o � p § o � ^ Û¯p .
30.3 Calibration of the Hull & White model

Recall:Æ Z o � p V o�ù o � p q ú o � p Z o � p
p Æ � cu[ o � p Æ¬Ê o � p ^b o � p V ÿ É2 ú o!��p Æ � ^aHo � ^ Û¯p V ÿ ßÉ áä � ¬ Ïo� Ð ù o�n�p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦ � q ¢\ � \ ¬ Ïo� Ð [ \ oÃn¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦ � \ åè Æ n ^§ o � ^ Û¯p Vø� ¬ Ï ÉõÐ ÿ ßÉ � ~ ¬ Ï ª Ð Æ ¦ ^Ê o � ^ Û¯p V¨üSý�íJ� q Z o � p § o � ^ Û¯p q ajo � ^ Û¯p � f
Supposeweobtain

Ê o�h ^ Û¯p for all Û½¸ © h ^ Û ` ­ from marketdata(with someinterpolation).Canwe
determinethefunctionsù0o � p , ú o � p , and [ o � p for all

� ¸ © h ^ Û ` ­ ? Not quite.Hereis whatwecando.

We takethefollowing inputdatafor thecalibration:

1.
Ê o�h ^ Û¯p ^ hÕiuÛeiuÛ ` ;

2.
Z oÃh�p ;

3. ù o�h�p ;
4. [ o � p ^ hji � iuÛ ` (usuallyassumedto beconstant);

5. [ oÃh�p § oÃh ^ Û¯p ^ hjiuÛÀiuÛ ` , i.e., thevolatility at timezeroof bondsof all maturities.

Step1. From4 and5 we solvefor § o�h ^ Û¯p V ÿ ß2 � ~ ¬ Ï ª Ð Æ ¦ f
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We canthencompute uu Û § o�h ^ ÛJp Ve� ~ ¬ Ï ß ÐVR¯ b oõÛ¯p V q Þ���� uu Û § oÃh ^ Û¯p ^uu Û b oõÛ¯p V uu Û ÿ ß2 ú o!��p Æ � V ú oõÛ¯p f
We now have ú oõÛJp for all Ûe¸ © h ^ Û ` ­ .
Step2. Fromtheformula Ê o�h ^ Û¯p V¨üSý�í�� q Z o�h�p § o�h ^ Û¯p q aHo�h ^ Û¯p � ^
wecansolvefor ajo�h ^ ÛJp for all Ûe¸ © h ^ Û ` ­ . Recallthatajo�h ^ Û¯p V ÿ ß2 áä � ¬ Ïo� Ð ù0o�n¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦�� q ¢\ � \ ¬ Ïo� Ð [ \ oÃn¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦�� \ åè Æ n f
We canusethis formulato determineù oõÛJp ^ hjiuÛ½iuÛ ` asfollows:uu Û ajo�h ^ Û¯p V ÿ ß2 5�� ¬ Ï�� Ð ù0o�n�p � ~ ¬ Ï ß Ð q � \ ¬ Ïo� Ð [ \ oÃn¬p � ~ ¬ Ï ß Ð ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦���7 Æ n ^� ¬ Ï ß Ð uu Û ajo�h ^ Û¯p V ÿ ß2 5�� ¬ Ï�� Ð2ù0o�n�p q � \ ¬ Ïo� Ð [ \ oÃn¬p ~ ÿ ß� � ~ ¬ Ï ª Ð Æ ¦N�°7 Æ n ^uu Û ° � ¬ Ï ß Ð uu Û ajo�h ^ Û¯p ´ Vø� ¬ Ï ß Ð�ù oÇÛ¯p q ÿ ß2 � \ ¬ Ï�� Ð [ \ o�n�p � ~ ¬ Ï ß Ð Æ n ^� ¬ Ï ß Ð uu Û ° � ¬ Ï ß Ð uu Û ajo�h ^ Û¯p ´ Vø� \ ¬ Ï ß Ð ù oõÛJp q ÿ ß2 � \ ¬ Ïo� Ð [ \ o�n�p Æ n ^uu Û ° � ¬ Ï ß Ð uu Û ° � ¬ Ï ß Ð uu Û aHo�h ^ Û¯p ´S´ V ù ¡ oõÛ¯p � \ ¬ Ï ß Ð c X ù oÇÛ¯p ú oõÛJp � \ ¬ Ï ß Ð q � \ ¬ Ï ß Ð [ \ oõÛ¯p ^ hÕiuÛeiuÛ ` f
Thisgivesusanordinarydifferentialequationfor ù , i.e.,ù ¡ o � p � \ ¬ Ï ÉÑÐ c X ù o � p ú o � p � \ ¬ Ï ÉÑÐ q � \ ¬ Ï ÉÑÐ [ \ o � p V known functionof

� f
Fromassumption4 andstep1, we know all thecoefficientsin this equation.Fromassumption3,
wehave theinitial condition ù0o�h�p . Wecansolvetheequationnumericallyto determinethefunctionù0o � p ^ hji � iÈÛ ` .
Remark 30.1 The derivation of the ordinarydifferentialequationfor ù o � p requiresthreediffer-
entiations.Dif ferentiationis anunstableprocedure,i.e., functionswhich areclosecanhave very
differentderivatives.Consider, for example,t o�k#p V h ò�ks¸ � ¹ ^} o�k�p V êÍ��� o d h�h�h�k#pd h�h ò�ks¸ � ¹ f
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Then   t oÃk#p q } o�k#p   i dd h�h ò�ks¸ � ¹ ^
but because } ¡ o�k#p V d h�± ��ê o d h�h�h�k#p ^
wehave   t ¡�o�k#p q } ¡ÇoÃk#p   V d h
for many valuesof k .

Assumption5 for thecalibrationwasthatweknow thevolatility at timezeroof bondsof all maturi-
ties.Thesevolatilitiescanbeimplied by thepricesof optionsonbonds.We considernow how the
modelpricesoptions.

30.4 Option on a bond

ConsideraEuropeancall optiononazero-couponbondwith strikeprice
b

andexpirationtime Û ¢ .
Thebondmaturesat time Û]\J¿uÛ ¢ . Thepriceof theoptionat time0 is� � ° � ~ TR² "³ � ÏoV ÐN´ V o Ê oõÛ ¢ ^ Û]\�p q»b p � ´Vø� �j� ~ T�² "³ � ÏoV Ðz´ V o üSý�í�� q Z oÇÛ ¢ p § oõÛ ¢ ^ Û�\Íp q aHoÇÛ ¢ ^ Û]\,p � qÂb p � fV ÿ �~#� ÿ �~#� � ~ � ² üSý�í�� q ¦ § oõÛ ¢ ^ Û]\
p q aHoÇÛ ¢ ^ Û]\
p � q«b ³ �

t oÃk ^ ¦�p Æ k Æ ¦ ^
where

t o�k ^ ¦¬p is thejoint densityof
Ë T ß "2 Z o!�#p Æ � ^ Z oõÛ ¢ p Ì .

We observedat thebeginningof thisChapter(equation(0.3))that
T ß "2 Z o!�#p Æ � is normalwithZ ¢¶µVe� �S5 ÿ ß "2 Z o!�#p Æ �z7 V ÿ ß "2 � � Z o!��p Æ �V ÿ ß "2 ° Z o�h�p � ~ ¬ Ï�� Ð c � ~ ¬ Ï�� Ð ÿ �2 �g¬ ÏoV Ð ù0o!��p Æ � ´ Æ n ^[ \ ¢ µV ­ �N®·5 ÿ ß "2 Z o!�#p Æ �z7 V ÿ ß "2 � \ ¬ Ï�� Ð [ \ o�n�p ~ ÿ ß "� � ~ ¬ Ï ª Ð Æ ¦�� \ Æ n f

We alsoobserved(equation(0.1)) that
Z oõÛ ¢ p is normalwithZ \ µVe� � Z oõÛ ¢ p V Z o�h�p � ~ ¬ Ï ß "ÇÐ c � ~ ¬ Ï ß "RÐ ÿ ß "2 � ¬ Ï�V Ð%ù0o!�#p Æ � ^[ \\ µV ­ �N® o Z oõÛ ¢ p
p Ve� ~ \ ¬ Ï ß "ÃÐ ÿ ß "2 � \ ¬ Ï�V Ð [ \ o!�#p Æ � f
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In fact,
Ë T ß "2 Z o!�#p Æ � ^ Z oõÛ ¢ p%Ì is jointly normal,andthecovarianceis

i�[ ¢ [ \ Ve� �65 ÿ ß "2 o Z o��#p q � � Z o!��p
p Æ � f o Z oõÛ ¢ p q � � Z oõÛ ¢ p
p87V ÿ ß "2 � � © o Z o!�#p q � � Z o��#p
p0o Z oÇÛ ¢ p q � � Z oõÛ ¢ p
p ­ Æ �V ÿ ß "2 i � o!� ^ Û ¢ p Æ � ^
wherei � o!� ^ Û ¢ p is definedin Equation0.2.

Theoptiononthebondhaspriceat timezeroof

ÿ �~#� ÿ �~#� � ~ � ² üSý�í@� q ¦ § oõÛ ¢ ^ Û]\,p q aHoÇÛ ¢ ^ Û]\
p � q«b ³ �� dXN� [ ¢ [ \�¸ d q i�\ üSý�í þ q dX o d q i�\ p 5 k \[ \ ¢ c X i k�¦[ ¢ [ \ c ¦ \[ \\ 7 � Æ k Æ ¦ f (4.1)

Thepriceof theoptionat time

� ¸ © h ^ Û ¢ ­ is

� � ° � ~ T ² "¹ � ÏoV Ð�´ V o Ê oõÛ ¢ ^ Û]\,p q«b p � ���� � o � p ´Ve� � ° � ~ T ² "¹ � ÏoV Ð�´ V o üSý�í�� q Z oõÛ ¢ p § oÇÛ ¢ ^ Û]\
p q ajoõÛ ¢ ^ Û�\Íp � q«b p � ���� � o � p ´ (4.2)

Becauseof the Markov property, this is randomonly througha dependenceon
Z o � p . To compute

this optionprice,we needthejoint distributionof
Ë T ß "É Z o!��p Æ � ^ Z oÇÛ ¢ p Ì conditionedon

Z o � p . This
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pairof randomvariableshasa jointly normalconditionaldistribution,andZ ¢ o � p Ve� �S5 ÿ ß "É Z o!�#p Æ ������ � o � p87V ÿ ß "É ° Z o � p � ~ ¬ Ï�� Ð � ¬ Ï ÉõÐ c � ~ ¬ Ïo� Ð ÿ �É � ¬ Ï�V Ð ù o!��p Æ � ´ Æ n ^[ \ ¢ o � p Ve� � áä ~ ÿ ß "É Z o��#p Æ � q Z ¢ o � pL� \ ���� � o � p åèV ÿ ß "É � \ ¬ Ï�� Ð [ \ o�n�p ~ ÿ ß "� � ~ ¬ Ï ª Ð Æ ¦ � \ Æ n ^Z \�o � p Ve� � ° Z oõÛ ¢ p ���� Z o � p ´V Z o � p � ~ ¬ Ï ß "RÐ � ¬ Ï ÉÑÐ c � ~ ¬ Ï ß "ÃÐ ÿ ß "É � ¬ Ï�V Ð�ù o��#p Æ � ^[ \\ o � p Ve� � ° o Z oÇÛ ¢ p q Z \�o � p
p \ ���� � o � p ´Ve� ~ \ ¬ Ï ß "RÐ ÿ ß "É � \ ¬ ÏoV Ð [ \ o!��p Æ � ^i o � p [ ¢ o � p [ \�o � p Ve� �S5 ~ ÿ ß "É Z o!�#p Æ � q Z ¢ o � pE� o Z oõÛ ¢ p q Z \�o � p
py���� � o � p87V ÿ ß "É � ~ ¬ ÏoV ÐÃ~ ¬ Ï ß "2Ð ÿ VÉ � \ ¬ Ï�� Ð [ \ o�n�p Æ n Æ � f
The variancesandcovariancesarenot random. The meansarerandomthrougha dependenceonZ o � p .
Advantagesof theHull & Whitemodel:

1. Leadsto closed-formpricing formulas.

2. Allowscalibrationto fit initial yield curveexactly.

Short-comingsof theHull & White model:

1. One-factor, soonly allowsparallelshiftsof theyield curve, i.e.,Ê o � ^ Û¯p VëüSý�íJ� q Z o � p § o � ^ Û¯p q aHo � ^ Û¯p � ^
sobondpricesof all maturitiesareperfectlycorrelated.

2. Interestrateis normally distributed,andhencecantakenegative values.Consequently, the
bondprice Ê o � ^ Û¯p Ve� �S5õüSý�í�þ qsÿ ßÉ Z o��#p Æ � � ���� � o � pA7
canexceed1.
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Chapter 31

Cox-Ingersoll-Rossmodel

In theHull & Whitemodel,
Z o � p is aGaussianprocess.Since,for each

�
,
Z o � p isnormallydistributed,

thereisapositiveprobabilitythat
Z o � p0l3h . TheCox-Ingersoll-Rossmodelis thesimplestonewhich

avoidsnegative interestrates.

We begin with a
Æ
-dimensionalBrownian motion o + ¢ ^ + \ ^ f>f8f ^ + ´ p . Let ú ¿ h and [ ¿ h be

constants.For º V d ^ f8f8f ^ Æ , let Å ? oÃh�p0¸ � ¹ begivensothatÅ \¢ o�h�p c Å \\ o�h�p c f>f8f c Å \´ o�h�p � h ^
andlet Å ? bethesolutionto thestochasticdifferentialequationÆ Å ? o � p V q ¢\ ú Å ? o � p Æ � c ¢\ [ Æ +�? o � p fÅ ? is calledtheOrstein-Uhlenbeck process.It alwayshasadrift towardtheorigin. Thesolutionto
thisstochasticdifferentialequationisÅ ? o � p Ve� ~ ¢\ U É ° Å ? oÃh�p c ¢\ [ ÿ É2 � ¢\ U V Æ +¥? o!�#p ´ f
Thissolutionis aGaussianprocesswith meanfunction� ? o � p Ve� ~ ¢\ U É Å ? o�h�p
andcovariancefunction i o!� ^ � p V d» [ \ � ~ ¢\ U Ï � � ÉõÐ ÿ���� É2 � U V Æ � f
Define Z o � p µV Å \¢ o � p c Å \\ o � p c f>f8f c Å \´ o � p f
If
Æ V d , we have

Z o � p V Å \¢ o � p andfor each

�
,

� 0 � Z o � p0¿3h � V d , but (seeFig. 31.1)� 0�1
Thereareinfinitely many valuesof

� ¿3h for which
Z o � p V h¼3 V d

303
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t
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Figure31.1:
Z o � p canbezero.

If
Æ � X

, (seeFig. 31.1)� 0 �
Thereis at leastonevalueof

� ¿3h for which
Z o � p V h � V h f

Let

t o�k ¢ ^ k \ ^ f8f8f ^ k ´ p V k \ ¢ c k \\ c f8f8f c k \´ . Thent �&½ V X k�¾ ^ t �&½���¿ Vàþ X
if À V º ^h if À ºV º f

Itô’s formulaimpliesÆ Z o � p V ´J ¾ K ¢
t �&½ Æ Å ¾ c ¢\ ´J ¾ K ¢

t �&½��&½ Æ Å ¾ Æ Å ¾V ´J ¾ K ¢ X Å ¾ Ë q ¢\ ú Å ¾ Æ � c ¢\ [ Æ + ¾ o � p Ì c ´J ¾ K ¢ d» [ \ Æ + ¾ Æ + ¾V q ú Z o � p Æ � c3[ ´J¾ K ¢ Å ¾ Æ + ¾ c Æ [ \» Æ �V ~ Æ [ \» q ú Z o � p � Æ � cu[�Á Z o � p ´J ¾ K ¢ Å ¾ o � p¸ Z o � p Æ + ¾ o � p f
Define + o � p V ´J ¾ K ¢ ÿ É2 Å ¾ o!��p¸ Z o!�#p Æ + ¾ o!�#p f
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Then

+
is a martingale,Æ + V ´J ¾ K ¢ Å ¾� Z Æ + ¾ ^Æ + Æ + V ´J ¾ K ¢ Å \¾Z Æ �ÖV Æ � ^

so

+
is a Brownianmotion.We haveÆ Z o � p V ~ Æ [ \» q ú Z o � p � Æ � cu[�Á Z o � p Æ + o � p f

TheCox-Ingersoll-Ross(CIR)processis givenbyÆ Z o � p V o�ù q ú Z o � p
p Æ � c3[ Á Z o � p Æ + o � p ^
We define Æ V » ù[ \ ¿3h f
If
Æ

happensto beaninteger, thenwe havetherepresentationZ o � p V ´J ¾ K ¢ Å \¾ o � p ^
but wedonot require

Æ
to beaninteger. If

Æ l X (i.e., ù»l ¢\ [ \ ), then� 0 �
Thereareinfinitely many valuesof

� ¿uh for which
Z o � p V h � V d f

This is nota goodparameterchoice.

If
Æ � X

(i.e., ù � ¢\ [ \ ), then� 0 �
Thereis at leastonevalueof

� ¿3h for which
Z o � p V h � V h f

With the CIR process,onecan derive formulasunderthe assumptionthat
Æ V Â {[ ¢ is a positive

integer, andthey arestill correctevenwhen
Æ

is not aninteger.

For example,hereis thedistributionof
Z o � p for fixed

� ¿3h . Let
Z o�h�p � h begiven.TakeÅ ¢ oÃh�p V h ^ Å \ o�h�p V h ^ f8f>f ^ Å ´®~ ¢ oÃh�p V h ^ Å ´ o�h�p V Á Z oÃh�p f

For À V d ^ X ^ f>fSf ^ Æ q d , Å ¾ o � p is normalwith meanzeroandvariancei o � ^ � p V [ \» ú o d q � ~ U ÉRp f



306Å ´ o � p is normalwith mean � ´ o � p Vø� ~ ¢\ U É Á Z o�h�p
andvariancei o � ^ � p . ThenZ o � p V i o � ^ � p ´,~ ¢J ¾ K ¢ ~ Å ¾ o � p¸ i o � ^ � p � \y z�{ |

Chi-squarewith ´�~ ¢ K�Ã�Ä¤Å�Æ,ÇÆ Ç
degreesof

freedom

c Å \´ o � py z�{ |
Normalsquaredandindependentof theother

term

(0.1)

Thus
Z o � p hasa non-central chi-squaredistribution.

31.1 Equilibrium distrib ution of vÈw�'�x
As

� Ý¥t , � ´ o � pÍÝuh . We have Z o � p V i o � ^ � p ´J¾ K ¢ ~ Å ¾ o � p¸ i o � ^ � p � \ f
As

� Ýut , we have i o � ^ � p V [ ¢Â U , andso the limiting distribution of
Z o � p is

[ ¢Â U timesa chi-square

with
Æ V Â {[ ¢ degreesof freedom.Thechi-squaredensitywith

Â {[ ¢ degreesof freedomist o�¦¬p V dX \ { � [ ¢¡É Ë \ {[ ¢ Ì ¦ ¢ Ä¤Å [ ¢[ ¢ � ~ ª � \ f
We makethechangeof variable

Z V [ ¢Â U ¦ . Thelimiting densityfor
Z o � p isÊ o Z p V » ú[@\ f dX \ { � [ ¢ É Ë \ {[ ¢ Ì ² » ú[]\ Z ³ ¢

Ä¤Å [ ¢[ ¢ � ~ ¢�Ë[ ¢ �V ² X ú[]\ ³ ¢ Ä[ ¢ dÉ Ë \ {[ ¢ Ì Z ¢ Ä¤Å [ ¢[ ¢ � ~ ¢�Ë[ ¢ � f
We computedthemeanandvarianceof

Z o � p in Section15.7.

31.2 Kolmogorov forward equation

Considera Markov processgovernedby thestochasticdifferentialequationÆ ÅÈo � p V m oõÅ3o � p
p Æ � c¥[ oÇÅÈo � p
p Æ + o � p f
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µ
é

h ¦
Figure31.2:Thefunction éNo�¦¬p

Becausewe aregoing to apply the following analysisto the caseÅ3o � p V Z o � p , we assumethatÅ3o � p � h for all

�
.

We startat ÅÈoÃh�p V k � h at time 0. Then Å3o � p is randomwith density Ê o�h ^ � ^ k ^ ¦�p (in the ¦
variable).Since0 and k will notchangeduringthefollowing,weomit themandwrite Ê o � ^ ¦�p rather
thanÊ o�h ^ � ^ k ^ ¦¬p . We have � � éNoÇÅÈo � p
p V ÿ �2 éño!¦�p Ê o � ^ ¦�p Æ ¦
for any function é .

TheKolmogorov forwardequation(KFE) isapartialdifferentialequationin the“forward” variables�
and ¦ . We derive it below.

Let éño!¦�p beasmoothfunctionof ¦ � h whichvanishesnear¦ V h andfor all largevaluesof ¦ (see
Fig. 31.2).Itô’s formulaimpliesÆ éNoõÅ3o � p
p V � é ¡ oõÅ3o � pÍp m oõÅ o � p
p c¦¢\ é ¡�¡ oõÅ3o � p
p [ \ oõÅ3o � p
p � Æ � c é ¡ oÇÅÈo � p
p [ oõÅ3o � pÍp Æ + o � p ^
so

éNoõÅ3o � p
p V éNoõÅ3o�h�pÍp c ÿ É2 � é�¡RoõÅ3o!�8pÍp m oõÅ3o��8p
p c ¢\ é<¡�¡RoõÅ3o!�8p
p [ \ oõÅ3o!�8p
p � Æ � cÿ É2 é ¡ oõÅ3o!�>p
p [ oÇÅÈo��8p
p Æ + o!�>p ^� � éNoÇÅÈo � p
p V éNoõÅ3o�h�pÍp c � � ÿ É2 � é ¡ oõÅ3o!�8p
p m oõÅ3oC�>p
p Æ � c ¢\ é ¡�¡ oõÅ3o!�>p
p [ \ oõÅ3o!�8p
p � Æ � ^
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or equivalently,ÿ �2 éNo!¦�p Ê o � ^ ¦�p Æ ¦ V éNoõÅ3o�h�pÍp c ÿ É2 ÿ �2 é ¡ o!¦¬p m o!¦¬p Ê o!� ^ ¦¬p Æ ¦ Æ � c¢\ ÿ É2 ÿ �2 é ¡�¡ o!¦�p [ \ o!¦�p Ê o!� ^ ¦�p Æ ¦ Æ � f
Differentiatewith respectto

�
to getÿ �2 éNo!¦�p Ê É o � ^ ¦�p Æ ¦ V ÿ �2 é ¡ o!¦¬p m o!¦¬p Ê o � ^ ¦¬p Æ ¦ c ¢\ ÿ �2 é ¡�¡ o!¦�p [ \ o!¦�p Ê o � ^ ¦�p Æ ¦ f

Integrationby partsyieldsÿ �2 é ¡ o!¦�p m o!¦�p Ê o � ^ ¦�p Æ ¦ V éNo!¦�p m o!¦�p Ê o � ^ ¦�p����� ª
K �ª K 2y z,{ |K 2 q ÿ �2 éño!¦�p uu ¦ o m o!¦�p Ê o � ^ ¦�p
p Æ ¦ ^ÿ �2 é ¡�¡ o!¦¬p [ \ o!¦�p Ê o � ^ ¦�p Æ ¦ V é ¡ o!¦�p [ \ o!¦¬p Ê o � ^ ¦¬p ���� ª
K �ª K 2y z,{ |K 2 qsÿ �2 é ¡ o!¦¬p uu ¦ Ë [ \ o!¦�p Ê o � ^ ¦�p Ì Æ ¦V q éNo!¦�p uu ¦ Ë [ \ o!¦�p Ê o � ^ ¦�p Ì����� ª

K �ª K 2y z,{ |K 2 c ÿ �2 éNo�¦¬p u \u ¦ \ Ë [ \ o!¦�p Ê o � ^ ¦�p Ì Æ ¦ f
Therefore,ÿ �2 éNo!¦�p Ê É o � ^ ¦�p Æ ¦ V q ÿ �2 éNo!¦�p uu ¦ o m o!¦�p Ê o � ^ ¦�p
p Æ ¦ c¦¢\ ÿ �2 éNo�¦¬p u \u ¦ \ Ë [ \ o!¦�p Ê o � ^ ¦�p Ì Æ ¦ ^
or equivalently,ÿ �2 éño!¦¬p 5 Ê É o � ^ ¦�p c uu ¦ o m o!¦�p Ê o � ^ ¦�p
p q ¢\ u \u ¦ \ Ë [ \ o!¦�p Ê o � ^ ¦�p%Ì 7 Æ ¦ V h f
This lastequationholdsfor every function é of theform in Figure31.2.It impliesthatÊ É o � ^ ¦�p c uu ¦ o
o m o!¦�p Ê o � ^ ¦�p
p q ¢\ u \u ¦ \ Ë [ \ o�¦¬p Ê o � ^ ¦¬p Ì V h f (KFE)

If therewerea placewhere(KFE) did not hold, thenwe could take éNo!¦�pj¿ h at thatandnearby
points,but take é to bezeroelsewhere,andwe wouldobtainÿ �2 é 5 Ê É c uu ¦ o mEÊ p q ¢\ u \u ¦ \ o [ \ Ê pA7 Æ ¦¤ºV h f
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If theprocessÅ3o � p hasanequilibriumdensity, it will beÊ o!¦�p V Þ����É Ý � Ê o � ^ ¦¬p f
In orderfor this limit to exist, wemusthaveh V Þ����É Ý � Ê É o � ^ ¦¬p f
Letting

� Ý3t in (KFE), weobtaintheequilibriumKolmogorov forwardequationuu ¦ o m o�¦¬p Ê o!¦¬pÍp q ¢\ u \u ¦ \ Ë [ \ o!¦�p Ê o�¦¬p Ì V h f
Whenanequilibriumdensityexists,it is theuniquesolutionto thisequationsatisfyingÊ o!¦�p � h òc¦ � h ^ÿ �2 Ê o!¦�p Æ ¦ V d f
31.3 Cox-Ingersoll-Rossequilibrium density

We computedthis to beÊ o Z p V¨§ Z ¢ Ä¤Å [ ¢[ ¢ � ~ ¢�Ë[ ¢ � ^
where §ÀV ² X ú[@\ ³ ¢ Ä[ ¢ dÉ Ë \ {[ ¢ Ì f
We computeÊ ¡Ço Z p V X ù q [ \[@\ f Ê o Z pZ q X ú[�\ Ê o Z pV X[ \ Z Ë ù q ¢\ [ \ q ú Z Ì Ê o Z p ^Ê ¡�¡Ço Z p V q X[]\ Z \ Ë ù q ¢\ [ \ q ú Z Ì Ê o Z p c X[�\ Z o q ú p Ê o Z p c X[]\ Z Ë ù q ¢\ [ \ q ú Z Ì Ê ¡Ão Z pV X[ \ Z ² q dZ o�ù q ¢\ [ \ q ú Z p q ú c X[ \ Z o�ù q ¢\ [ \ q ú Z p \ ³ Ê o Z p
We wantto verify theequilibriumKolmogorov forwardequationfor theCIR process:uu Z o
o�ù q ú Z p Ê o Z pÍp q ¢\ u \u Z \ o [ \ Z Ê o Z pÍp V h f (EKFE)
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Now uu Z o%o�ù q ú Z p Ê o Z pÍp V q ú Ê o Z p c o�ù q ú Z p Ê ¡ o Z p ^u \u Z \ o [ \ Z Ê o Z pÍp V uu Z o [ \ Ê o Z p c3[ \ Z Ê ¡Ço Z p
pV X [ \ Ê ¡Ço Z p cu[ \ Z Ê ¡�¡Ço Z p f
TheLHS of (EKFE) becomesq ú Ê o Z p c o�ù q ú Z p Ê ¡ o Z p q [ \ Ê ¡ o Z p q ¢\ [ \ Z Ê ¡ ¡ o Z pV Ê o Z p#° q ú c o�ù q ú ZJq [ \ p X[@\ Z o�ù q ¢\ [ \ q ú Z pc dZ o�ù q ¢\ [ \ q ú Z p c ú q X[]\ Z o�ù q ¢\ [ \ q ú Z p \ ´V Ê o Z p ° o�ù q ¢\ [ \ q ú Z p X[�\ Z o�ù q ¢\ [ \ q ú Z pq ¢\ [ \ X[]\ Z o�ù q ¢\ [ \ q ú Z pc dZ o�ù q ¢\ [ \ q ú Z p q X[¾\ Z o�ù q ¢\ [ \ q ú Z p \ ´V h ^
asexpected.

31.4 Bond prices in the CIR model

Theinterestrateprocess
Z o � p is givenbyÆ Z o � p V o�ù q ú Z o � p
p Æ � c3[4Á Z o � p Æ + o � p ^

where
Z o�h�p is given.ThebondpriceprocessisÊ o � ^ Û¯p Ve� �65õüSý�í þ qsÿ ßÉ Z o!�#p Æ � � ���� � o � p87 f

Because üSý�í 1 q ÿ É2 Z o��#p Æ � 3 Ê o � ^ Û¯p Ve� � 5 üSý�í þ q ÿ ß2 Z o!�#p Æ � � ���� � o � p 7 ^
the tower propertyimplies that this is a martingale.The Markov propertyimplies that

Ê o � ^ Û¯p is
randomonly throughadependenceon

Z o � p . Thus,thereis a function
Ê o Z ^ � ^ Û¯p of thethreedummy

variables
Z ^ � ^ Û suchthattheprocess

Ê o � ^ Û¯p is thefunction
Ê o Z ^ � ^ Û¯p evaluatedat

Z o � p ^ � ^ Û , i.e.,Ê o � ^ ÛJp V Ê o Z o � p ^ � ^ Û¯p f
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Because

üSý�í d q T É2 Z o!��p Æ � f Ê o Z o � p ^ � ^ Û¯p is a martingale,its differentialhasno
Æ �

term.We com-
pute

Æ ² üSý�í�1 q ÿ É2 Z o!��p Æ �43 Ê o Z o � p ^ � ^ ÛJp ³VëüSý�í 1 qsÿ É2 Z o!�#p Æ � 3 ° q Z o � p Ê o Z o � p ^ � ^ ÛJp Æ � c Ê � o Z o � p ^ � ^ Û¯p Æ Z o � p c¢\ Ê �%� o Z o � p ^ � ^ Û¯p Æ Z o � p Æ Z o � p c Ê É o Z o � p ^ � ^ Û¯p Æ � ´ f
Theexpressionin

© f8f>f ­
equalsV q Z ÊÀÆ � c Ê � o�ù q ú Z p Æ � c Ê � [ � Z Æ +c ¢\ Ê �%� [ \ Z Æ � c Ê É Æ � f

Settingthe
Æ �

termto zero,weobtainthepartialdifferentialequationq«Z Ê o Z ^ � ^ ÛJp c Ê É o Z ^ � ^ ÛJp c o�ù q ú Z p Ê � o Z ^ � ^ Û¯p c ¢\ [ \ Z Ê �2� o Z ^ � ^ ÛJp V h ^hji � luÛ ^ Z � h f (4.1)

Theterminalconditionis Ê o Z ^ Û ^ ÛJp V d ^ Z � h f
Surprisingly, this equationhasa closedform solution. Using theHull & White modelasa guide,
we look for asolutionof theform Ê o Z ^ � ^ Û¯p Ve� ~�� } Ï É� ß ÐÃ~ b Ï É� ß Ð ^
where

§ oõÛ ^ Û¯p V h ^ ajoõÛ ^ Û¯p V h . ThenwehaveÊ É V o q Z § É q a É p Ê ^Ê � V q § Ê ^ Ê �%� Vë§ \ Ê ^
andthepartialdifferentialequationbecomesh V q Z Ê c o q Z § É q a É p Ê q oÃù q ú Z p § Ê c ¢\ [ \ Z § \ ÊV Z Ê o q d q § É c ú § c¦¢\ [ \ § \ p q Ê o!a É c ù § p
We first solve theordinarydifferentialequationq d q § É o � ^ ÛJp c ú § o � ^ Û¯p c ¢\ [ \ § \ o � ^ ÛJp V h<� § oÇÛ ^ ÛJp V h ^
andthenset ajo � ^ Û¯p V ù ÿ ßÉ § o!� ^ Û¯p Æ � ^
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so aHoÇÛ ^ ÛJp V h and a É o � ^ Û¯p V q ù § o � ^ Û¯p f
It is tediousbut straightforwardto checkthatthesolutionsaregivenby§ o � ^ ÛJp V êÍ����Ì o U oõÛ q � p
pU ± ��ê�Ì o U oÇÛ q � pÍp c ¢\ ú êÍ����Ì o U oõÛ q � p
p ^ajo � ^ Û¯p V q X ù[]\ Þo�N� áä U]� ¢\ U Ï ß ~�ÉÑÐU ± ��ê�Ì o U oõÛ q � p
p c£¢\ ú ê
����Ì o U oÇÛ q � p
p åè ^
where U¤V ¢\ Á ú \'c X []\ ^ ê
����Ì � V � V q � ~ VX ^ ± ��ê�Ì � V � V c � ~ VX f
Thusin theCIR model,we have� �65õüSý�í þ q ÿ ßÉ Z o!�#p Æ � � ���� � o � p!7 V Ê o Z o � p ^ � ^ Û¯p ^
where Ê o Z ^ � ^ Û¯p VëüSý�íJ� q Z § o � ^ Û¯p q ajo � ^ Û¯p � ^ hji � luÛ ^ Z � h ^
and

§ o � ^ Û¯p and ajo � ^ Û¯p aregivenby theformulasabove. BecausethecoefficientsinÆ Z o � p V o�ù q ú Z o � p
p Æ � cu[�Á Z o � p Æ + o � p
do not dependon

�
, the function

Ê o Z ^ � ^ Û¯p dependson

�
and Û only throughtheir difference� VÛ q �

. Similarly,

§ o � ^ ÛJp and ajo � ^ Û¯p arefunctionsof � V Û q �
. We write

Ê o Z ^ � p insteadofÊ o Z ^ � ^ Û¯p , andwehaveÊ o Z ^ � p VëüSý�íJ� q Z § o � p q aHo � p � ^ � � h ^ Z � h ^
where § o � p V ê
����Ì o U � pU ± ��ê�Ì o U � p c£¢\ ú ê
����Ì o U � p ^ajo � p V q X ù[]\ Þo�N� áä U]� ¢\ U �U ± ��ê�Ì o U � p c ¢\ ú ê
����Ì o U � p åè ^U¤V ¢\ Á ú \'c X []\ f
We have Ê o Z o�h�p ^ Û¯p Ve� � üSý�í�þ q ÿ ß2 Z o��#p Æ � � f
Now

Z o��#pw¿3h for each� , almostsurely, so
Ê o Z o�h�p ^ Û¯p is strictly decreasingin Û . Moreover,Ê o Z oÃh�p ^ h�p V d ^
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But also, Ê o Z o�h�p ^ Û¯p VëüSý�íJ� q Z o�h�p § oõÛ¯p q aHoÇÛ¯p � ^
so Z o�h�p § o�h�p c aHoÃh�p V h ^Þ����ß Ý � © Z o�h�p § oõÛ¯p c aHoÇÛ¯p ­ V t ^
and Z oÃh�p § oÇÛ¯p c aHoõÛJp
is strictly inreasingin Û .

31.5 Option on a bond

Thevalueat time

�
of anoptiononabondin theCIR modelisn@o � ^ Z o � p
p Ve� �S5ÑüSý�í�þ q ÿ ß "É Z o��#p Æ � � o Ê oõÛ ¢ ^ Û]\
p q«b p � ���� � o � p87 ^

whereÛ ¢ is theexpirationtimeof theoption, Û]\ is thematuritytimeof thebond,and hÕi � iuÛ ¢ iÛ]\ . As usual,

üSý�í·d q T É2 Z o!�#p Æ ��f n@o � ^ Z o � p
p is a martingale,andthis leadsto thepartialdifferential
equation q Z n c n É c o�ù q ú Z p
n � c¦¢\ [ \ Z n �%� V h ^ hji � luÛ ¢ ^ Z � h f
(where n V n�o � ^ Z p .) Theterminalconditionisn�oÇÛ ¢ ^ Z p V o Ê o Z ^ Û ¢ ^ Û \ p qÂb p � ^ Z � h f
OtherEuropeanderivativesecuritiesonthebondarepricedusingthesamepartialdifferentialequa-
tion with theterminalconditionappropriatefor theparticularsecurity.

31.6 Deterministic time changeof CIR model

Processtimescale: In this time scale,theinterestrate
Z o � p is givenby theconstantcoefficientCIR

equation Æ Z o � p V o�ù q ú Z o � p
p Æ � c3[4Á Z o � p Æ + o � p f
Realtimescale: In this timescale,theinterestrate ÍZ o Í� p is givenby a time-dependentCIR equationÆ ÍZ o Í� p V o�Íù0o Í� p q Íú o Í� pzÍZ o Í� p
p Æ Í� c Í[ o Í� p Á ÍZ o Í� p Æ Í+ o Í� p f
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Figure31.3:Timechangefunction.

Thereis a strictly increasingtime changefunction

� VÑÏ o Í� p which relatesthetwo time scales(See
Fig. 31.3).

Let ÍÊ o¤ÍZ ^ Í� ^ ÍÛ p denotethepriceatrealtime Í� of abondwith maturity ÍÛ whentheinterestrateat timeÍ� is ÍZ . We wantto setthingsupsoÍÊ o¤ÍZ ^ Í� ^ ÍÛ p V Ê o Z ^ � ^ Û¯p Ve� ~�� } Ï É! ß Ð�~ b Ï É! ß Ð ^
where

�ÖVÒÏ o Í� p ^ Û VlÏ o ÍÛJp , and

§ o � ^ Û¯p and ajo � ^ Û¯p areasdefinedpreviously.

We needto determinetherelationshipbetweenÍZ and
Z
. We haveÊ o Z o�h�p ^ h ^ ÛJp Vë� �»üSý�í þ q ÿ ß2 Z o � p Æ � � ^Ê o¤ÍZ o�h�p ^ h ^ ÍÛap Vë� �»üSý�í þ qsÿÔÓß2 ÍZ o Í� p Æ Í� � f

With Û VÒÏ o ÍÛ p , makethechangeof variable

�ÖVÒÏ o Í� p , Æ �ÖVÒÏ ¡ o Í� p Æ Í� in thefirst integral to getÊ o Z o�h�p ^ h ^ ÛJp Vø� �«üSý�í�þ q ÿ Óß2 Z o Ï o Í� p
p Ï ¡Ño Í� p Æ Í� � ^
andthiswill be

Ê o¤ÍZ o�h�p ^ h ^ ÍÛap if wesetÍZ o Í� p V Z o Ï o Í� p
p Ï ¡Ço Í� p f
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31.7 Calibration

ÍÊ o¤ÍZ o Í� p ^ Í� ^ ÍÛ p V Ê ~ ÍZ o Í� pÏ ¡ o Í� p ^ Ï o Í� p ^ Ï o ÍÛ pE�VëüSý�í�þ q ÍZ o Í� p § o Ï o Í� p ^ Ï o ÍÛ p
pÏ ¡ o Í� p q ajo Ï o Í� p ^ Ï o ÍÛ0p
p �VëüSý�íed q ÍZ o Í� p Í§ o Í� ^ ÍÛ p q Íajo Í� ^ ÍÛ pgf ^
where Í§ o Í� ^ ÍÛ p V § o Ï o Í� p ^ Ï o ÍÛ p
pÏ ¡ o Í� pÍajo Í� ^ ÍÛ p V ajo Ï o Í� p ^ Ï o ÍÛ0p
p
do not dependon Í� and ÍÛ only through ÍÛ q Í� , since,in thereal time scale,themodelcoefficients
aretimedependent.

Supposewe know ÍZ o�h�p and ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛ p for all ÍÛe¸ © h ^ ÍÛ ` ­ . We calibrateby writing theequationÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap VëüSý�í·d q ÍZ o�h�p Í§ o�h ^ ÍÛ p q ÍaHo�h ^ ÍÛ pgf ^
or equivalently, q Þ���� ÍÊ o¤ÍZ oÃh�p ^ h ^ ÍÛ p V ÍZ o�h�pÏ ¡ o�h�p § o Ï o�h�p ^ Ï o ÍÛap
p c ajo Ï o�h�p ^ Ï o ÍÛapÍp f
Take ù ^ ú and [ sotheequilibriumdistributionof

Z o � p seemsreasonable.Thesevaluesdetermine
the functions

§ ^ a . Take

Ï ¡ oÃh�p V d (we justify this in the next section). For each ÍÛ , solve the
equationfor

Ï o ÍÛ¯p : q Þ���� ÍÊ o¤ÍZ oÃh�p ^ h ^ ÍÛap V ÍZ o�h�p § o�h ^ Ï o ÍÛap
p c ajo�h ^ Ï o ÍÛ pÍp f (*)

The right-handsideof this equationis increasingin the

Ï o ÍÛ p variable,startingat 0 at time h and
having limit t at t , i.e., ÍZ oÃh�p § oÃh ^ h�p c aHoÃh ^ h�p V h ^ÞØ���ß Ý � © ÍZ oÃh�p § oÃh ^ Û¯p c ajo�h ^ Û¯p ­ V t f
SincehÕi q Þ���� ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap0l¥t ^ (*) hasa uniquesolutionfor each ÍÛ . For ÍÛ V h , this solution
is

Ï o�h�p V h . If ÍÛ ¢ l ÍÛ]\ , thenq Þo�N� ÍÊ o Z o�h�p ^ h ^ ÍÛ ¢ p0l q Þo�N� ÍÊ o Z o�h�p ^ h ^ ÍÛ�\%p ^
so

Ï o ÍÛ ¢ p l Ï o ÍÛ]\
p . Thus

Ï
is astrictly increasingtime-change-functionwith theright properties.



316

31.8 Tracking down Õ�Ö/w�×�x in the time changeof the CIR model

Resultfor generaltermstructuremodels:q uu Û Þ���� Ê o�h ^ Û¯p ���� ß K 2 V Z o�h�p f
Justification: Ê o�h ^ Û¯p Ve� � üSý�í�þ q ÿ ß2 Z o!�#p Æ � � fq Þo�N� Ê o�h ^ Û¯p V q Þo�N�0� � üSý�í þ q ÿ ß2 Z o��#p Æ � �

q uu Û Þo�N� Ê o�h ^ Û¯p V � � ° Z oõÛ¯p � ~ T ²³ � ÏoV Ðz´ V ´� �j� ~ T ²³ � ÏoV ÐN´ Vq uu Û Þo�N� Ê o�h ^ ÛJp����� ß K 2 V Z o�h�p f
In therealtimescaleassociatedwith thecalibrationof CIR by timechange,wewrite thebondprice
as ÍÊ o¤ÍZ oÃh�p ^ h ^ ÍÛap ^
therebyindicatingexplicitly theinitial interestrate.Theabove saysthatqØuu ÍÛ Þ���� ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap ���� Óß K 2 V ÍZ o�h�p f
The calibrationof CIR by time changerequiresthat we find a strictly increasingfunction

Ï
withÏ o�h�p V h suchthatq Þo�N� ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap V dÏ ¡ o�h�p ÍZ o�h�p § o Ï o ÍÛ0p
p c ajo Ï o ÍÛ p
p ^ ÍÛ � h ^ (cal)

where ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap , determinedby marketdata,is strictly increasingin ÍÛ , startsat1 when ÍÛ V h ,
andgoesto zeroas ÍÛ¯Ý3t . Therefore,

q Þo�N� ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap is asshown in Fig. 31.4.

Considerthefunction ÍZ o�h�p § oõÛ¯p c aHoÇÛ¯p ^
Here

§ oÇÛ¯p and aHoÇÛ¯p aregivenby§ oõÛ¯p V ê
����Ì o U Û¯pU ± ��ê�Ì o U ÛJp c ¢\ ú ê
����Ì o U Û¯p ^ajoõÛ¯p V q X ù[ \ Þo�N� áä U]� ¢\ U;ßU ± ��ê�Ì o U Û¯p c¦¢\ ú ê
����Ì o U Û¯p åè ^UWV ¢\ Á ú \ c X [ \ f
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Figure31.5:Calibration

The function ÍZ o�h�p § oõÛ¯p c aHoõÛJp is zeroat Û V h , is strictly increasingin Û , andgoesto t asÛ¯Ýut . This is becausetheinterestrateis positivein theCIR model(seelastparagraphof Section
31.4).

To solve(cal), let usfirst considertherelatedequationq Þo�N� ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap V ÍZ o�h�p § o Ï o ÍÛ p
p c ajo Ï o ÍÛ p
p f (cal’)

Fix ÍÛ anddefine

Ï o ÍÛ p to betheuniqueÛ for which(seeFig. 31.5)q Þo�N� ÍÊ o¤ÍZ oÃh�p ^ h ^ ÍÛap V ÍZ o�h�p § oõÛ¯p c aHoÇÛ¯p
If ÍÛ V h , then

Ï o ÍÛ p V h . If ÍÛ ¢ l ÍÛ \ , then

Ï o ÍÛ ¢ p�l Ï o ÍÛ \ p . As ÍÛ¯Ý3t ,

Ï o ÍÛ¯p
Ýut . We have thus
defineda time-changefunction

Ï
which hasall theright properties,exceptit satisfies(cal’) rather

than(cal).
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We concludeby showing that

Ï ¡ o�h�p V d so

Ï
alsosatisfies(cal). From(cal’) we computeÍZ o�h�p V qØuu ÍÛ Þo�N� ÍÊ o¤ÍZ o�h�p ^ h ^ ÍÛap����� Óß K 2V ÍZ o�h�p § ¡ o Ï o�h�p
p Ï ¡ o�h�p c a ¡ o Ï o�h�p
p Ï ¡ o�h�pV ÍZ o�h�p § ¡ÇoÃh�p Ï ¡Ño�h�p c a ¡�o�h�p Ï ¡�o�h�p f

We show in amomentthat

§ ¡ o�h�p V d , a ¡ o�h�p V h , sowe haveÍZ oÃh�p V ÍZ oÃh�p Ï ¡ o�h�p f
Notethat ÍZ o�h�p is theinitial interestrate,observedin themarket,andis striclty positive.Dividing byÍZ o�h�p , weobtain Ï ¡ o�h�p V d f
Computationof

§ ¡ o�h�p :§ ¡Ro � p V dË U ± ��ê�Ì o U � p c¦¢\ ú ê
����Ì o U � p Ì \ ° U ± ��ê�Ì o U � p Ë U ± ��ê�Ì o U � p c ¢\ ú ê
����Ì o U � p Ìq ê
����Ì o U � p Ë U \ êÍ����Ì o U � p c£¢\ ú U ± ��ê�Ì o U � p Ì ´§ ¡�o�h�p V dU \ ��U o U c h�p q h#o�h c£¢\ ú U p � V d f
Computationof a ¡ o�h�p :a ¡ o � p V q X ù[]\ 5 U ± ��ê�Ì o U � p c¦¢\ ú ê
����Ì o U � pU]� U � � \ 7ö dË U ± ��ê�Ì o U � p c ¢\ ú ê
����Ì o U � p Ì \ ° ú

UX � U � � \ Ë U ± ��ê�Ì o U � p c ¢\ ú ê
����Ì o U � p%Ìq U�� U � � \ Ë U \ êÍ����Ì o U � p c£¢\ ú U ± ��ê�Ì o U � p%Ì ´#^a ¡Ro�h�p V q X ù[]\ ° U c hU ´ do U c h�p \ °Íú UX o U c h�p q U o�h c ¢\ ú U p ´V q X ù[]\ � dU \ 5 ú U \X q ¢\ ú U \ 7V h f



Chapter 32

A two-factor model (Duffie & Kan)

Let usdefine: Å ¢ o � p V Interestrateat time

�Å \ o � p V Yield at time

�
onabondmaturingat time

� cu� 2
Let Å ¢ oÃh�p�¿½h , Åª\�o�h�p�¿ h begiven,andlet Å ¢ o � p and Åª\;o � p begivenby thecoupledstochastic
differentialequationsÆ Å ¢ o � p V o k ¢
¢ Å ¢ o � p c k ¢ \ Å \ o � p c#m ¢ p Æ � cu[ ¢ Á ú ¢ Å ¢ o � p c ú \ Å \ o � p c ù Æ + ¢ o � p ^ (SDE1)Æ Å \ o � p V o k \ ¢ Å ¢ o � p c k \Í\ Å \ o � p c#m \ p Æ � cu[ \ Á ú ¢ Å ¢ o � p c ú \ Å \ o � p c ù»o i Æ + ¢ o � p c Á d q i \ Æ + \ o � p
p ^

(SDE2)

where

+ ¢ and

+ \ areindependentBrownianmotions.To simplify notation,we define

ÔWo � p µV ú ¢ Å ¢ o � p c ú \ Å \ o � p c ù ^+ÚÙ o � p µV i + ¢ o � p c Á d q i \ + \ o � p f
Then

+ Ù
is a Brownianmotionwith Æ + ¢ o � p Æ + Ù o � p V i Æ � ^

and Æ Å ¢ Æ Å ¢ V [ \ ¢ Ô Æ � ^ Æ Å \ Æ Åª\ V [ \\ Ô Æ � ^ Æ Å ¢ Æ Åª\ V i�[ ¢ [ \
Ô Æ � f
319
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32.1 Non-negativity of Û
Æ Ô V ú ¢ Æ Å ¢ c ú \ Æ Åª\V o ú ¢ k ¢
¢ Å ¢ c ú ¢ k ¢ \,Åª\ c ú ¢ m ¢ p Æ � c o ú \ k \ ¢ Å ¢ c ú \ k \
\,Åª\ c ú \ m \,p Æ �c � Ôso ú ¢ [ ¢ Æ + ¢ c ú \ i�[ \ Æ + ¢ c ú \ Á d q i�\�[ \ Æ + \,pV © o ú ¢ k ¢
¢ c ú \ k \ ¢ p%Å ¢ c o ú ¢ k ¢ \ c ú \ k \
\,p%Åª\ ­ Æ � c o ú ¢ m ¢ c ú \ m \�p Æ �c o ú \¢ [ \ ¢ c X ú ¢ ú \ i�[ ¢ [ \ c ú \\ [ \\ p ¢\ Á ÔWo � p Æ + Â o � p

where + Â o � p V o ú ¢ [ ¢ c ú \ i�[ \Sp + ¢ o � p c ú \�¸ d q i�\�[ \ + \�o � pÁ ú \¢ [ \ ¢ c X ú ¢ ú \ i�[ ¢ [ \ c ú \\ [ \\
is aBrownianmotion.We shallchoosetheparameterssothat:

Assumption1: For some

U
, ú ¢ k ¢
¢ c ú \ k \ ¢ V¨U ú ¢ ^ ú ¢ k ¢ \ c ú \ k \
\ VëU ú \ f

Then Æ Ô V ©�U ú ¢ Å ¢ c U ú \%Åª\ c ù U ­ Æ � c o ú ¢ m ¢ c ú \ m \ q ù U p Æ �c o ú \¢ [ \ ¢ c X ú ¢ ú \ i�[ ¢ [ \ c ú \\ [ \\ p ¢\ � Ô Æ + ÂVëU Ô Æ � c o ú ¢ m ¢ c ú \ m \ q ù U p Æ � c o ú \¢ [ \ ¢ c X ú ¢ ú \ i�[ ¢ [ \ c ú \\ [ \\ p ¢\ � Ô Æ + Â f
Fromourdiscussionof theCIR process,werecall that Ô will staystrictly positiveprovidedthat:

Assumption2: ÔWo�h�p V ú ¢ Å ¢ o�h�p c ú \ÍÅª\ oÃh�p c ù»¿3h ^
and

Assumption3: ú ¢ m ¢ c ú \ m \ q U ù � ¢\ o ú \¢ [ \ ¢ c X ú ¢ ú \ i�[ ¢ [ \ c ú \\ [ \\ p f
UnderAssumptions1,2,and3,Ôso � p0¿3h ^ h±i � l¥t ^ almostsurely,

and(SDE1)and(SDE2)makesense.Thesecanberewritten asÆ Å ¢ o � p V o k ¢
¢ Å ¢ o � p c k ¢ \ÍÅª\�o � p c#m ¢ p Æ � cu[ ¢ Á Ô o � p Æ + ¢ o � p ^ (SDE1’)Æ Å \ o � p V o k \ ¢ Å ¢ o � p c k \
\ÍÅª\�o � p c#m \,p Æ � cu[ \ Á Ô o � p Æ + Ù o � p f (SDE2’)
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32.2 Zero-couponbond prices

Thevalueat time

� iÈÛ of azero-couponbondpaying$1at time Û isÊ o � ^ Û¯p Ve� �S5�üSý�í�þ qsÿ ßÉ Å ¢ o!�#p Æ � � ���� � o � p87 f
Sincethe pair oÇÅ ¢ ^ Å \ p of processesis Markov, this is randomonly througha dependenceonÅ ¢ o � p ^ Åª\;o � p . Sincethecoefficientsin (SDE1)and(SDE2)do not dependon time, thebondprice
dependson

�
and Û only throughtheir difference� V Û q � . Thus,thereis a function

Ê o�k ¢ ^ k#\ ^ � p
of thedummyvariablesk ¢ ^ k \ and � , sothatÊ oõÅ ¢ o � p ^ Åª\8o � p ^ Û q � p Ve� �S5�üSý�í þ q ÿ ßÉ Å ¢ o!�#p Æ � � ���� � o � p87 f
TheusualtowerpropertyargumentshowsthatüSý�í 1 qsÿ É2 Å ¢ o!�#p Æ � 3 Ê oÇÅ ¢ o � p ^ Åª\ o � p ^ Û q � p
is amartingale.We computeits stochasticdifferentialandsetthe

Æ �
termequalto zero.Æ ² üSý�í 1 qsÿ É2 Å ¢ o!�#p Æ � 3 Ê oõÅ ¢ o � p ^ Å \ o � p ^ Û q � p ³VëüSý�í 1 qsÿ É2 Å ¢ o!��p Æ � 3«° q Å ¢ Ê½Æ � c Ê � " Æ Å ¢ c Ê � ¢ Æ Åª\ q Ê � Æ �c¦¢\ Ê � " � " Æ Å ¢ Æ Å ¢ c Ê � " � ¢ Æ Å ¢ Æ Å \ c¦¢\ Ê � ¢ � ¢ Æ Åª\ Æ Åª\ ´VëüSý�í 1 qsÿ É2 Å ¢ o!��p Æ � 3«° ² q Å ¢ Ê c o k ¢
¢ Å ¢ c k ¢ \
Å \ c#m ¢ p Ê � " c o k \ ¢ Å ¢ c k \Í\,Åª\ csm \�p Ê � ¢ q Ê �c ¢\ [ \ ¢ Ô Ê � " � " cYi�[ ¢ [ \ Ô Ê � " � ¢ c ¢\ [ \\ Ô Ê � ¢ � ¢ ³ Æ �cu[ ¢ � Ô Ê � " Æ + ¢ cu[ \ � Ô Ê � ¢ Æ + Ù ´

Thepartialdifferentialequationfor
Ê o�k ¢ ^ k#\ ^ � p isq k ¢ Ê q Ê � c o k ¢
¢ k ¢ c k ¢ \Sk#\ c�m ¢ p Ê � " c o k \ ¢ k ¢ c k \
\Sk�\ c�m \Sp Ê � ¢ c»¢\ [ \ ¢ o ú ¢ k ¢ c ú \Sk#\ c ùNp Ê � " � "cYi�[ ¢ [ \ o ú ¢ k ¢ c ú \ k \ c ùNp Ê � " � ¢ c ¢\ [ \\ o ú ¢ k ¢ c ú \ k \ c ùNp Ê � ¢ � ¢ V h f (PDE)

We seekasolutionof theformÊ oÃk ¢ ^ k�\ ^ � p VëüSý�íJ� q k ¢ § ¢ o � p q k#\ § \�o � p q aHo � p � ^
valid for all � � h andall k ¢ ^ k�\ satisfyingú ¢ k ¢ c ú \Sk�\ c ùÂ¿¥h f (*)
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We musthave Ê o�k ¢ ^ k \ ^ h�p V d ^ ò�k ¢ ^ k \ satisfying(*) ^
because� V h correspondsto

�'V Û . This impliestheinitial conditions§ ¢ o�h�p Vë§ \ o�h�p V aHoÃh�p V h f (IC)

We wantto find

§ ¢ o � p ^ § \ o � p ^ ajo � p for � ¿3h . We haveÊ � o�k ¢ ^ k�\ ^ � p V î q k ¢ § ¡¢ o � p q k�\ § ¡\ o � p q a ¡ o � pPð Ê o�k ¢ ^ k#\ ^ � p ^Ê � " o�k ¢ ^ k�\ ^ � p V q § ¢ o � p Ê oÃk ¢ ^ k�\ ^ � p ^Ê � ¢ o�k ¢ ^ k�\ ^ � p V q § \;o � p Ê oÃk ¢ ^ k�\ ^ � p ^Ê � " � " o�k ¢ ^ k�\ ^ � p Vë§ \¢ o � p Ê o�k ¢ ^ k#\ ^ � p ^Ê � " � ¢ o�k ¢ ^ k�\ ^ � p Vë§ ¢ o � p § \8o � p Ê o�k ¢ ^ k�\ ^ � p ^Ê � ¢ � ¢ o�k ¢ ^ k�\ ^ � p Vë§ \\ o � p Ê o�k ¢ ^ k#\ ^ � p f
(PDE)becomesh V Ê o�k ¢ ^ k�\ ^ � p#° q k ¢ c k ¢ § ¡¢ o � p c k�\ § ¡\ o � p c a ¡Ro � p q o k ¢Í¢ k ¢ c k ¢ \Sk�\ csm ¢ p § ¢ o � pq o k \ ¢ k ¢ c k \
\Sk�\ csm \�p § \ o � pc£¢\ [ \ ¢ o ú ¢ k ¢ c ú \Sk#\ c ùñp § \¢ o � p cYi�[ ¢ [ \ o ú ¢ k ¢ c ú \�k�\ c ùNp § ¢ o � p § \;o � pc£¢\ [ \\ o ú ¢ k ¢ c ú \Sk#\ c ùñp § \\ o � p ´V k ¢ Ê o�k ¢ ^ k#\ ^ � p ° q dac § ¡¢ o � p q k ¢
¢ § ¢ o � p q k \ ¢ § \�o � pc ¢\ [ \ ¢ ú ¢ § \¢ o � p cYi�[ ¢ [ \ ú ¢ § ¢ o � p § \;o � p c ¢\ [ \\ ú ¢ § \\ o � p ´c k \ Ê oÃk ¢ ^ k \ ^ � p#° § ¡\ o � p q k ¢ \ § ¢ o � p q k \
\ § \ o � pc ¢\ [ \ ¢ ú \ § \¢ o � p cYi�[ ¢ [ \ ú \ § ¢ o � p § \;o � p c ¢\ [ \\ ú \ § \\ o � p ´c Ê o�k ¢ ^ k#\ ^ � p ° a ¡ o � p q m ¢ § ¢ o � p q m \ § \;o � pc ¢\ [ \ ¢ ù § \¢ o � p cYi�[ ¢ [ \�ù § ¢ o � p § \8o � p c¦¢\ [ \\ ù § \\ o � p ´
We getthreeequations:§ ¡¢ o � p V dac k ¢
¢ § ¢ o � p c k \ ¢ § \ o � p q ¢\ [ \ ¢ ú ¢ § \¢ o � p q i�[ ¢ [ \ ú ¢ § ¢ o � p § \>o � p q ¢\ [ \\ ú ¢ § \\ o � p ^

(1)§ ¢ o�h�p V h��§ ¡\ o � p Vlk ¢ \ § ¢ o � p c k \
\ § \;o � p q ¢\ [ \ ¢ ú \ § \¢ o � p q i�[ ¢ [ \ ú \ § ¢ o � p § \ o � p q ¢\ [ \\ ú \ § \\ o � p ^ (2)§ \ o�h�p V h��a ¡ o � p V m ¢ § ¢ o � p c#m \ § \�o � p q ¢\ [ \ ¢ ù § \¢ o � p q i�[ ¢ [ \Sù § ¢ o � p § \>o � p q ¢\ [ \\ ù § \\ o � p ^ (3)aHo�h�p V h��
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We first solve (1) and(2) simultaneouslynumerically, andthenintegrate(3) to obtainthe functionajo � p .
32.3 Calibration

Let � 2 ¿3h begiven.Thevalueat time

�
of a bondmaturingat time

� c¥� 2 isÊ oõÅ ¢ o � p ^ Åª\>o � p ^ � 2 p V¨üSý�í�� q Å ¢ o � p § ¢ o � 2 p q Åª\�o � p § \;o � 2 p q ajo � 2 p �
andtheyield isq d� 2 Þo�N� Ê oõÅ ¢ o � p ^ Å \8o � p ^ � 2 p V d� 2 © Å ¢ o � p § ¢ o � 2 p c Åª\ o � p § \;o � 2 p c ajo � 2 p ­ f
But we have setup themodelsothat Å \ o � p is theyield at time

�
of a bondmaturingat time

� c¥� 2 .
Thus Åª\�o � p V d� 2 © Å ¢ o � p § ¢ o � 2 p c Åª\ o � p § \;o � 2 p c ajo � 2 p ­ f
Thisequationmusthold for every valueof Å ¢ o � p and Åª\�o � p , which impliesthat§ ¢ o � 2 p V h ^ § \�o � 2 p V � 2 ^ aHo � p V h f
We mustchoosetheparametersk ¢
¢ ^ k ¢ \ ^ m ¢ � k \ ¢ ^ k \
\ ^ m \>� ú ¢ ^ ú \ ^ ùw� [ ¢ ^ i ^ [ \;�
sothatthesethreeequationsaresatisfied.
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Chapter 33

Changeof numéraire

Considera Brownian motion drivenmarketmodelwith time horizon Û ` . For now, we will have
oneasset,which we call a “stock” even thoughin applicationsit will usuallybe an interestrate
dependentclaim. Thepriceof thestockis modeledbyÆ � o � p V Z o � p � o � p Æ � cu[ o � p � o � p Æ + o � p ^ (0.1)

wherethe interestrateprocess
Z o � p andthe volatility process[ o � p areadaptedto somefiltration� � o � pS� h i � iëÛ ` � . + is a Brownianmotionrelative to this filtration, but

� � o � pS� h i � iëÛ ` �maybelargerthanthefiltration generatedby

+
.

This is not a geometricBrownianmotionmodel.We areparticularlyinterestedin thecasethatthe
interestrateis stochastic,givenby a termstructuremodelwe havenot yet specified.

We shallwork only undertherisk-neutralmeasure,which is reflectedby thefact thatthemeanrate
of returnfor thestockis

Z o � p .
We definetheaccumulationfactor

ú o � p VëüSý�í�1 ÿ É2 Z o!��p Æ �43 ^
sothatthediscountedstockprice

Î�Ï ÉÑÐU Ï ÉÑÐ is amartingale.Indeed,Æ ² � o � pú o � p ³ V
� o � pú o � p [ o � p Æ + o � p f

Thezero-couponbondpricesaregivenbyÊ o � ^ Û¯p Ve� �S5�üSý�í þ qsÿ ßÉ Z o!�#p Æ � � ���� � o � p87Ve� � ° ú o � pú oõÛ¯p ���� � o � p ´ ^
325
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so Ê o � ^ Û¯pú o � p Ve� � ° dú oõÛ¯p ���� � o � p ´
is alsoa martingale(towerproperty).

The Û -forward price
9 o � ^ Û¯p of thestockis thepricesetat time

�
for deliveryof oneshareof stock

at time Û with paymentat time Û . Thevalueof theforwardcontractat time

�
is zero,soh Ve� � °�ú o � pú oõÛJp o

� oõÛJp q=9 o � ^ ÛJp
p4���� � o � p ´V ú o � p � � ° � oÇÛ¯pú oõÛ¯p ���� 9 � ´ qY9 o � ^ Û¯p � � ° ú o � pú oõÛ¯p ���� � o � p ´V ú o � p
� o � pú o � p qY9 o � ^ Û¯p Ê o � ^ ÛJpV � o � p qY9 o � ^ Û¯p Ê o � ^ ÛJp

Therefore, 9 o � ^ Û¯p V � o � pÊ o � ^ Û¯p f
Definition 33.1(Numéraire) Any assetin themodelwhosepriceis alwaysstrictly positivecanbe
takenasthenuméraire.We thendenominateall otherassetsin unitsof thisnuméraire.

Example33.1(Money market asnuméraire) The money marketcould be the numéraire. At time Ü , the
stockis worth Ý�Þàß�áâ ÞàßCá unitsof money marketandthe ã -maturitybondis worth ä�Þåß!æ çèáâ ÞàßCá unitsof money market.

Example33.2(Bond asnuméraire) The ã -maturitybondcouldbethenuméraire.At time Ü�é¥ã , thestock
is worth êeëìÜ�í�ãïî unitsof ã -maturitybondandthe ã -maturitybondis worth1 unit.

We will saythata probabilitymeasure

� 0ñð
is risk-neutral for thenuḿeraire 
 if every assetprice,

dividedby 
 , is a martingaleunder

� 0�ð
. Theoriginalprobabilitymeasure

� 0
is risk-neutralfor the

numéraireú (Example33.1).

Theorem 0.71 Let 
 bea nuḿeraire, i.e., theprice processfor someassetwhoseprice is always
strictly positive. Then

� 0�ð
definedby� 0ñð o�a¯p V d
uo�h�p ÿ b 
uoõÛ ` pú oõÛ ` p Æ � 0 ^ òca½¸ � oõÛ ` p ^

is risk-neutral for 
 .
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Note:

� 0
and

� 0ñð
areequivalent,i.e.,have thesameprobabilityzerosets,and� 0 o!aJp V 
uo�h�p ÿ�b ú oõÛ ` p
uoõÛ ` p Æ � 0�ð ^ òca½¸ � oõÛ ` p f

Proof: Because
 is thepriceprocessfor someasset,
 � ú is amartingaleunder

� 0
. Therefore,� 0�ð o!- p V d
 oÃh�p ÿ - 
uoõÛ ` pú oõÛ ` p Æ � 0V d
 oÃh�p f � � ° 
uoõÛ ` pú oõÛ ` p ´V d
 oÃh�p 
uo�h�pú o�h�pV d ^

andweseethat

� 0 ð
is aprobabilitymeasure.

Let Ô be an assetprice. Under

� 0
, Ô � ú is a martingale.We mustshow that under

� 0�ð
, Ô � 
 is

a martingale.For this, we needto recallhow to combineconditionalexpectationswith changeof
measure(Lemma1.54).If hji � iuÛÀiÈÛ ` and Å is � oÇÛ¯p -measurable,then� �òð ° Å ���� � o � p ´ V 
 oÃh�p ú o � p
uo � p � � ° 
uoõÛ¯p
uo�h�p ú oÇÛ¯p Å ���� � o � p ´V ú o � p
 o � p � � ° 
uoõÛJpú oÇÛ¯p ÅG���� � o � p ´ f
Therefore, � �óð ° ÔsoõÛJp
 oÇÛ¯p ���� � o � p ´ V ú o � p
 o � p � � ° 
uoõÛJpú oÇÛ¯p ÔsoõÛ¯p
uoõÛJp ���� � o � p ´V ú o � p
 o � p ÔWo � pú o � pV Ôso � p
 o � p ^
which is themartingalepropertyfor Ô � 
 under

� 0�ð
.

33.1 Bond price asnuméraire

Fix ôrõ:ö!÷�øhô¶ùLú andlet û©ö�ü�øhô¶ý bethenuméraire.Therisk-neutralmeasurefor thisnuméraireisþ ÿ�� ö � ý�� �û©ö!÷�ø/ô ý ��� û ö�ô ø/ô¶ý	 ö�ô¶ý 
 þ ÿ� �û©ö!÷�ø/ô ý � � �	 ö�ô¶ý 
 þ ÿ � � õ
��ö�ô¶ý��
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Becausethis bondis not definedafter time ô , we changethe measureonly “up to time ô ”, i.e.,
using �������� ��� ��� � � ������ ��� andonly for

� õ��¥ö�ô¶ý .þ ÿ��
is calledthe ô -forward measure. Denominatedin units of ô -maturity bond,the valueof the

stockis � ö�ü�øhô¶ý�� � ö�üAýû ö�ü�ø/ô ý ø ÷ �#ü!�#ô"�
This is amartingaleunder

þ ÿ#�
, andsohasa differentialof theform
 � ö�ü�ø/ô¶ý��%$'&¶ö�ü�ø/ô ý � ö�ü�øhô¶ý 
�( � ö�üEý�ø ÷)�#ü!�#ô¶ø (1.1)

i.e., a differentialwithout a 
 ü term. Theprocess* ( ��+ ÷��Ñü,�Ñô.- is a Brownianmotionunderþ ÿ��
. Wemayassumewithout lossof generalitythat $�&óö�ü�øhô¶ý!/	÷ .

We write

� ö�üAý ratherthan

� ö�ü�ø/ô ý from now on.

33.2 Stockprice asnuméraire

Let � ö�üAý be the numéraire. In termsof this numéraire,the stockprice is identically 1. The risk-
neutralmeasureunderthisnuméraireisþ ÿ10 ö � ý�� �� ö!÷Ný � � � ö�ô ù ý	 ö�ô ù ý 
 þ ÿ ø � � õ��£ö�ô ù ý��
Denominatedin sharesof stock,thevalueof the ô -maturitybondisû ö�ü�ø/ô¶ý� ö�üEý � �� ö�üAý �
This is amartingaleunder

þ ÿ20
, andsohasa differentialof theform


43 �� ö�üAý�5 �76ïö�ü�øhô¶ý 3 �� ö�üAý�5 
8( 0 ö�üAý�ø (2.1)

where * ( 0 ö�üAý + ÷9�Ôü � ô¶ù:- is a Brownian motionunder
þ ÿ10

. We may assumewithout lossof
generalitythat 6ïö�ü�ø/ô¶ý�/s÷ .
Theorem 2.72 Thevolatility 6 ö�ü�ø/ô ý in (2.1) is equalto the volatility $;&¶ö�ü�ø/ô¶ý in (1.1). In other
words,(2.1)canberewritten as


<3 �� ö�üEý 5 �=$�&óö�ü�ø/ô¶ý 3 �� ö�üEý 5 
�( 0 ö�üEý�ø (2.1’)
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Proof: Let >�ö@?�ý�� �:A ? , so >CB�öD?�ý��FE �GA ?'H�ø!>CB B�öD?�ý��=I A ?CJ . Then


 3 �� ö�üAý 5 � 
 >ñö � ö�üAý/ý�K> B ö � ö�üEý/ý 
 � ö�üAý#L �H > B B ö � ö�üAýhý 
 � ö�üEý 
 � ö�üAý�FE �� H ö�üAý $�&óö�ü�øhô¶ý � ö�ü�ø/ô¶ý 
8( � ö�üAý#L �� J ö�üAý $ H& ö�ü�ø/ô¶ý � H ö�ü�ø/ô¶ý 
 ü� �� ö�üEý M EN$;&¶ö�ü�øhô¶ý 
8( � ö�üEý#LO$ H& ö�ü�ø/ô¶ý 
 üQP�=$�&óö�ü�øhô¶ý 3 �� ö�üEý 5SR E 
�( � ö�üAý�LO$;&¶ö�ü�øhô¶ý 
 ü�úT�
Under

þ ÿ#� ø8E ( � is aBrownianmotion.Underthismeasure, �& �VU � hasvolatility $;&¶ö�ü�ø/ô¶ý andmean

rateof return $�H& ö�ü�ø/ô ý . The changeof measurefrom
þ ÿ#�

to
þ ÿ20

makes �& �VU � a martingale,i.e., it
changesthemeanreturnto zero,but thechangeof measuredoesnotaffect thevolatility. Therefore,6ïö�ü�øhô¶ý in (2.1)mustbe $W&Èö�ü�ø/ô¶ý and ( 0 mustbe

( 0 ö�üAýX�YE ( � ö�üAý#L � U� $ & ö@Zñø/ô¶ý 
 Z#�

33.3 Merton option pricing formula

Thepriceat time zeroof a Europeancall is[ ö�÷Ný�� þ \^] �	 ö�ô¶ý ö � ö�ô¶ý1E9_�ýa`�b� þ \ ] � ö�ô¶ý	 ö�ô ý�c'd 0 � ���DegfNh b E9_ þ \ ] �	 ö�ô ýicCd 0 � ���DeCfjh b� � ö�÷Ný � d 0 � ���DegfNh � ö�ô¶ý� ö�÷Ný 	 ö�ô ý 
 þ ÿ E9_�û ö!÷èø/ô¶ý � d 0 � ���@eCfNh �û©ö!÷�øhô¶ý 	 ö�ô ý 
 þ ÿ� � ö�÷Ný þ ÿ10 * � ö�ô¶ý�kO_l-mE9_�û ö�÷�ø/ô¶ý þ ÿ#� * � ö�ô¶ý�kO_l-� � ö�÷Ný þ ÿ10 * � ö�ô¶ý!kO_l-mE9_�û ö�÷�ø/ô¶ý þ ÿ#� * � ö�ô¶ý!kO_l-� � ö�÷Ný þ ÿ10.n �� ö�ô¶ý)o �_qp Er_�û ö�÷�ø/ô¶ý þ ÿ#� * � ö�ô¶ý!kO_l-8�
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This is acompletelygeneralformulawhichpermitscomputationassoonaswespecify $;&¶ö�ü�ø/ô¶ý . If
weassumethat $ & ö�ü�ø/ô ý is aconstant$ & , wehave thefollowing:�� ö�ô¶ý � û ö!÷èø/ô¶ý� ö!÷Nýts�ugvxw $;& ( 0 ö�ô¶ý1E �H $ H& ôzyeøþ ÿ10 3 �� ö�ô¶ý o �_ 5 � þ ÿ10 n $�& ( 0 ö�ô¶ý1E �H $ H& ô o|{V}i~ � ö!÷�ý_�û ö!÷�øhô¶ý p� þ ÿ 0zn ( 0 ö�ô¶ý� ô o �$�& � ô {V}i~ � ö!÷Ný_�û ö!÷�øhô¶ý L��H $ & � ô p�=�#ö�� � ý�ø
where � � � �$ & � ô ] {�}�~ � ö!÷Ný_�û ö!÷èø/ô¶ý L �H $ H& ô b �
Similarly, � ö�ô¶ý�� � ö!÷Nýû ö!÷èø/ô¶ý�s�ugv w $;& ( � ö�ô¶ý1E �H $ H& ô y øþ ÿ#� * � ö�ô¶ý!kO_l-.� þ ÿ�� n $�& ( � ö�ô ý2E �H $ H& ô�k {V}i~ _�û©ö!÷�ø/ô ý� ö!÷Ný p� þ ÿ�� n ( � ö�ô¶ý� ô k �$;& � ô ] {V}i~ _�û ö�÷�ø/ô¶ý� ö!÷Ný L �H $ H& ô!b p� þ ÿ�� n E ( � ö�ô¶ý� ô o �$�& � ô ] {V}i~ � ö!÷Ný_�û ö�÷�ø/ô¶ý E �H $ H& ô b p�=�#ö�� H ý�ø
where � H � �$;& � ô ] {�}�~ � ö!÷Ný_�û ö!÷èø/ô¶ý E��H $ H& ô!bN�
If � is constant,then û ö�÷�ø/ô¶ý��%���C� � ,� � � �$�& � ô ] {V}i~ � ö!÷�ý_ LröD�XL^�H $ H& ýEô!bóø� H � �$�& � ô ] {V}i~ � ö!÷�ý_ LröD�NEF�H $ H& ýEô!bóø
andwe have the usualBlack-Scholesformula. When � is not constant,we still have the explicit
formula [ ö�÷Ný2� � ö!÷Ný�� ö�� � ý�E�_¥û©ö!÷�øhô¶ýa�#ö�� H ý��
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As thisformulasuggests,if $�& is constant,thenfor ÷��#ü���ô , thevalueof aEuropeancall expiring
at time ô is [ ö�üEýX� � ö�üAý�� ö�� � ö�üEý/ý�E9_�û ö�ü�ø/ô¶ý�� ö�� H ö�üAý/ý�ø
where � � ö�üAý�� �$W& � ôKE:ü ] {V}i~ � ö�üAý_ L^�H $ H& ö�ôOE�üAýTb¶ø� H ö�üAý�� �$W& � ôKE:ü ] {V}i~ � ö�üAý_ E �H $ H& ö�ôOE�üAýTbm�
This formula also suggestsa hedge: at eachtime ü , hold �#ö�� � ö�üAý/ý sharesof stock and short_��#ö�� H ö�üAý/ý bonds.

We wantto verify thatthis hedgeis self-financing. Supposewebegin with $
[ ö!÷�ý andateachtimeü hold � ö�� � ö�üAý/ý sharesof stock. We shortbondsasnecessaryto financethis. Will thepositionin

thebondalwaysbe EN_��#ö�� H ö�üEý/ý ? If so,thevalueof theportfolio will alwaysbe� ö�üEýa�#ö�� � ö�üAý/ý�E9_�û©ö�ü�øhô¶ýa�#ö�� H ö�üAýhý�� [ ö�üAý�ø
andwewill have a hedge.

Mathematically, thisquestiontakesthefollowing form. Let� ö�üAý��=�#ö�� � ö�üEý/ý��
At time ü , hold

� ö�üAý sharesof stock. If �	ö�üAý is the valueof the portfolio at time ü , then ��ö�üAý!E� ö�üEý � ö�üAý will be investedin the bond,so the numberof bondsownedis � �VU � ��� �VU �����UD� ��� � ö�üEý andthe
portfolio valueevolvesaccordingto
 �	ö�üEý2� � ö�üAý 
8� ö�üAý�L �	ö�üAý1E � ö�üAýû©ö�ü�øhô¶ý � ö�üAý 
 û ö�ü�ø/ô¶ý�� (3.1)

Thevalueof theoptionevolvesaccordingto
 [ ö�üAý��%� ö�� � ö�üAýhý 
8� ö�üAý�L � ö�üAý 
 � ö�� � ö�üAý/ý#L 
�� ö�üAý 
 � ö�� � ö�üAý/ýE�_�� ö�� H ö�üAý/ý 
 û ö�ü�ø/ô¶ý1E�_ 
 û ö�ü�ø/ô¶ý 
 �#ö�� H ö�üAýhý�E9_�û ö�ü�ø/ô¶ý 
 �#ö�� H ö�üAý/ý�� (3.2)

If �	ö!÷Ný1� [ ö!÷�ý , will �	ö�üEý�� [ ö�üAý for ÷)�#ü���ô ?

Formulas(3.1) and(3.2) aredifficult to compare,sowe simplify themby a changeof numéraire.
Thischangeis justifiedby thefollowing theorem.

Theorem 3.73 Changesof nuḿeraireaffectportfolio valuesin thewayyouwouldexpect.

Proof: Supposewe have a modelwith � assetswith prices � � ø � H øG�:�G�¼ø �#� . At eachtime ü , hold�)� ö�üAý sharesof asset� , �1� � ø�IèøG�G�:��ø��)E � , andinvesttheremainingwealthin asset� . Begin with
a nonrandominitial wealth �	ö!÷Ný , andlet ��ö�üAý bethevalueof theportfolio at time ü . Thenumber
of sharesof asset� heldat time ü is� � ö�üEýX��� �	ö�üEý2E9� � � �� � � �)� ö�üAý � � ö�üEý¢¡� � ö�üEý ø
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and � evolvesaccordingto theequation


 �£� � � �¤� � � �¥� 
�� � L§¦��¨E � � �¤� � � �)� � �ª© 
�� �� �� �¤� � � �)� 
8� � �
Notethat � � ö�üAý�� �¤� � � � � ö�üAý � � ö�üEý�ø
andweonly getto specify

� � øG�:�G��ø � � � � , not
� � , in advance.

Let � bea numéraire,anddefine«�#ö�üAý�� �	ö�üAý�#ö�üEý ø­¬� � ö�üAý��§� � ö�üAý�#ö�üAý ø �#� � ø�I�øG�:����ø����
Then 
 «�®� �� 
 �¯L�� 
 3 �� 5 L 
 � 
 3 �� 5� �� �¤ �°� � �)� 
�� � L ¦ �¤� � � �¥� � � © 
<3 �� 5 L �¤ � � � �)� 
8� � 
<3 �� 5� �¤� � � �¥� 3 �� 
�� � L � � 
 3 �� 5 L 
�� � 
 3 �� 5X5� �¤� � � �¥� 
 ¬ � � �
Now � � �±� �£E9� � � ��°� � �)� � � ¡�#��±� � A �²E9� � � �� � � �¥� � � A �³¡� � A �� «�¨E9� � � ��°� � � � ¬ � �¬� � �
Therefore,


 «�®� �¤� � � � � 
 ¬ � � L ¦ «�¨E � � �¤� � � � � ¬ � ��© 
 ¬� �¬� �
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Thisis theformulafor theevolutionof aportfoliowhichholds
�)�

sharesof asset� , �#� � ø�I�ø:�G����ø��2E�
, andall assetsandtheportfolio aredenominatedin unitsof � .

We returnto the Europeancall hedgingproblem(comparisonof (3.1) and(3.2)), but we now use
thezero-couponbondasnuméraire.We still hold

� ö�üEý��F�#ö�� � ö�üEý/ý sharesof stockat eachtime ü .
In termsof thenew numéraire,theassetvaluesare

Stock: � ö�üAýû©ö�ü�øhô¶ý � � ö�üEý�ø
Bond:

û©ö�ü�øhô¶ýû©ö�ü�øhô¶ý � � �
Theportfolio valueevolvesaccordingto
 «� ö�üAý�� � ö�üAý 
 � ö�üEý#Llö «� ö�üAý�E � ö�üAý/ýi
 ö � ý� � � ö�üAý 
 � ö�üAý�� (3.1’)

In thenew numéraire,theoptionvalueformula[ ö�üEý��=�#ö�� � ö�üAý/ý � ö�üEý2E�_�û ö�ü�ø/ô¶ýa�#ö�� H ö�üEý/ý
becomes «[ ö�üAý�� [ ö�üAýû©ö�ü�øhô¶ý �=�#ö�� � ö�üAýhý � ö�üAý´Er_��#ö�� H ö�üAý/ýgø
and 
 «[ �=�#ö�� � ö�üEý/ý 
 � ö�üAý#L � ö�üAý 
 �#ö�� � ö�üEý/ý�L 
 �#ö�� � ö�üAý/ý 
 � ö�üEý�E9_ 
 �#ö�� H ö�üEý/ý�� (3.2’)

To show thatthehedgeworks,wemustshow that� ö�üAý 
 �#ö�� � ö�üEý/ý#L 
 � ö�� � ö�üAý/ý 
 � ö�üAý´Er_ 
 �#ö�� H ö�üEý/ý��l÷C�
This is ahomework problem.
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Chapter 34

Brace-Gatarek-Musielamodel

34.1 Review of HJM under risk-neutral µ·¶¸ ö�ü�øhô¶ý�� Forwardrateat time ü for borrowing at time ôz�
 ¸ ö�ü�øhô¶ý�� $ïö�ü�ø/ô¶ý�$ ù ö�ü�ø/ô¶ý 
 ü#L|$ïö�ü�ø/ô ý 
�( ö�üAý�ø
where $ ù ö�ü�øhô¶ý2� � �U $�ö�ü�ø�Z¼ý 
 Z
Theinterestrateis ��ö�üEýX� ¸ ö�ü�ø/üAý . Thebondpricesû ö�ü�ø/ô ý�� þ \²¹ s�ugvzº E � �U �|öDZ�ý 
 Z2»³¼¼¼¼ ��ö�üAý¾½� s�ugv¿º E � �U ¸ ö�ü�ø�Z�ý 
 Z2»
satisfy 
 û©ö�ü�øhô¶ý��=��ö�üEý�û ö�ü�ø/ô¶ý 
 ü2E $ ù ö�ü�ø/ô¶ýÀ Á�Â Ã

volatility of
�

-maturitybond.

û ö�ü�ø/ô¶ý 
�( ö�üAý��
To implementHJM, youspecifya function$ïö�ü�øhô¶ý�ø ÷ �#ü!�#ô"�
A simplechoicewewould like to useis$ ö�ü�ø/ô ý��=$ ¸ ö�ü�ø/ô ý
where$9k	÷ is theconstant“volatility of theforwardrate”. This is notpossiblebecauseit leadsto$ ù ö�ü�ø/ô¶ý1�=$ � �U ¸ ö�ü�ø�Z�ý 
 Z�ø
 ¸ ö�ü�ø/ô¶ý1�=$ H ¸ ö�ü�ø/ô¶ý ¦ � �U ¸ ö�ü�ø�Z�ý 
 Z © 
 ü�LO$ ¸ ö�ü�øhô¶ý 
�( ö�üEý�ø
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andHeath,Jarrow andMortonshow thatsolutionsto thisequationexplodebeforeô .

Theproblemwith theabove equationis that the 
 ü termgrows like thesquareof theforwardrate.
To seewhatproblemthiscauses,considerthesimilardeterministicordinarydifferentialequation¸ B ö�üEý�� ¸ H ö�üAýgø
wherȩ ö!÷Ný��=Ä.ks÷ . We have ¸ B�ö�üAý¸ H ö�üEý � � øE 

 ü �¸ ö�üEý � � øE �¸ ö�üAý L �¸ ö!÷Ný � � U� � 
 Z��GüE �¸ ö�üEý �Gü1E �¸ ö!÷Ný �Gü1E �GA ÄX� Ä�ü1E �Ä ø¸ ö�üEýX� Ä� E9Ä�ü �
Thissolutionexplodesat üX� �GA Ä .
34.2 Brace-Gatarek-Musielamodel

New variables:

Currenttime ü
Time to maturity Å �[ôOE�ü��

Forwardrates: ��ö�ü�ø�Å�ý2� ¸ ö�ü�ø/ü�LOÅ�ý�ø ��ö�ü�ø�÷Ný1� ¸ ö�ü�øhüAý��=��ö�üEý�ø (2.1)ÆÆ Å ��ö�ü�ø�Å�ý2� ÆÆ ô ¸ ö�ü�ø/ü�L|Å�ý (2.2)

Bondprices: Ç ö�ü�ø�Å�ý1�lû ö�ü�ø/ü#L|Å�ý (2.3)� s�uCv n E � U `;ÈU ¸ ö�ü�ø�É�ý 
 É pöDZ �=É¿E:ü + 
 Z � 
 Ézý!Ê � s�uCv n E � È� ¸ ö�ü�øhü�LOZ¼ý 
 Z p� s�uCv n E � È� ��ö�ü�ø�Z�ý 
 Z pÆÆ Å Ç ö�ü�ø�Å�ý1� ÆÆ ô û ö�ü�ø/ü#L|Å�ý��FEN��ö�ü�ø�Å�ý Ç ö�ü�ø�Å�ý�� (2.4)
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We will now write $°ö�ü�ø�Å�ý2�=$°ö�ü�øhôËE üAý ratherthan $ïö�ü�øhô¶ý . In thisnotation,theHJM modelis
 ¸ ö�ü�øhô¶ý��=$�ö�ü�ø�Å�ýa$ ù ö�ü�ø�Å�ý 
 ü#L|$ïö�ü�ø�Å�ý 
8( ö�üAýgø (2.5)
 û©ö�ü�øhô¶ý��=��ö�üAýhû ö�ü�ø/ô¶ý 
 ü2E9$ ù ö�ü�ø�Å�ýhû ö�ü�ø/ô¶ý 
8( ö�üEý�ø (2.6)

where $ ù ö�ü�ø�Å�ý�� � È� $�ö�ü�ø�Z¼ý 
 Zñø (2.7)ÆÆ Å $ ù ö�ü�ø�Å�ý��=$�ö�ü�ø�Å�ý�� (2.8)

We now derive thedifferentialsof ��ö�ü�ø�Å�ý and

Ç ö�ü�ø�Å�ý , analogousto (2.5)and(2.6)We have


 ��ö�ü�ø�Å�ý1� 
 ¸ ö�ü�øhü�L|Å�ýÀ Á�Â Ã
differentialappliesonly to first argument

L ÆÆ ô ¸ ö�ü�ø/ü'LKÅ�ý 
 ü
(2.5),(2.2)� $ïö�ü�ø�Å�ýa$ ù ö�ü�ø�Å�ý 
 ü�L|$ïö�ü�ø�Å�ý 
8( ö�üAý�L ÆÆ Å ��ö�ü�ø�Å�ý 
 ü
(2.8)� ÆÆ Å�M ��ö�ü�ø�Å�ý�L �H ö@$ ù ö�ü�ø�Å�ý/ý H P 
 ü�LK$ ö�ü�ø�Å�ý 
�( ö�üAý�� (2.9)

Also,


 Ç ö�ü�ø�Å�ý1� 
 û©ö�ü�øhü�LKÅ�ýÀ Á�Â Ã
differentialappliesonly to first argument

L ÆÆ ô û©ö�ü�øhü�LKÅ�ý 
 ü
(2.6),(2.4)� ��ö�üAý�û©ö�ü�øhü#L|Å�ý 
 ü2E9$ ù ö�ü�ø�Å�ý/û ö�ü�ø/ü�L|Å�ý 
�( ö�üAý�E9��ö�ü�ø�Å�ý Ç ö�ü�ø�Å�ý 
 ü
(2.1)� R ��ö�ü�ø�÷Ný�Er��ö�ü�ø�Å�ý8ú Ç ö�ü�ø�Å�ý 
 ü2Er$ ù ö�ü�ø�Å�ý Ç ö�ü�ø�Å�ý 
8( ö�üAý�� (2.10)

34.3 LIBOR

Fix Ì kG÷ (say, Ìz� �Í year).$

Ç ö�ü�ø�Ì�ý investedat time ü in a ö�ü�LOÌ�ý -maturitybondgrows to $ 1 at
time ü#L|Ì . Î¶ö�ü�ø�÷Ný is definedto bethecorrespondingrateof simpleinterest:Ç ö�ü�ø�Ì�ý&ö � L|Ì�Î¶ö�ü�ø�÷Nýhý2� � ø� LOÌ�Î ö�ü�ø�÷Ný2� �Ç ö�ü�ø�Ì�ý � s�ugv¿º �³Ï� �|ö�ü�ø�Z¼ý 
 Z1»©øÎ¶ö�ü�ø�÷�ý�� s�ugv wgÐ Ï� �|ö�ü�ø�Z¼ý 
 Z y E �Ì �
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34.4 Forward LIBORÌ<kr÷ is still fixed. At time ü , agreeto invest$ Ñ �VU@� ÈG`�Ò �Ñ �VU@� È � at time ü2LOÅ , with paybackof $1 at timeü#LOÅ¿LOÌ . Cando this at time ü by shorting Ñ �VU@� ÈG`�Ò �Ñ �VU@� È � bondsmaturingat time ü#LOÅ andgoinglong
onebondmaturingat time ü#L|Å.LKÌ . Thevalueof thisportfolio at time ü isE Ç ö�ü�ø�Å.L|Ì,ýÇ ö�ü�ø�Å�ý Ç ö�ü�ø�Å�ý�L Ç ö�ü�ø�Å.L|Ì,ý��Ò÷C�
Theforward LIBOR Î ö�ü�ø�Å�ý is definedto bethesimple(forward)interestratefor this investment:Ç ö�ü�ø�ÅmLKÌ�ýÇ ö�ü�ø�Å�ý ö � L|Ì�Î¶ö�ü�ø�Å�ý/ý1� � ø� LKÌÓÎ ö�ü�ø�Å�ý2� Ç ö�ü�ø�Å�ýÇ ö�ü�ø�Å"LOÌ�ý � s�uCv *8E Ð È� ��ö�ü�ø�Z�ý 
 ZW-s�uCv w E Ð ÈG`�Ò� ��ö�ü�ø�Z�ý 
 Z y� s�uCv º � ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z » øÎ¶ö�ü�ø�Å�ý1� s�uCv w Ð ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z y E �Ì � (4.1)

Connectionwith forwardrates:ÆÆ Ì s�uCvzº � ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z2»Ô¼¼¼¼ Ò � � �=��ö�ü�ø�ÅmLKÌ�ý s�uCv,º � ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z1»³¼¼¼¼ Ò � ��=��ö�ü�ø�Å�ý�ø
so ¸ ö�ü�ø/ü�LKÅ�ý��=��ö�ü�ø�Å�ý�� {�Õ ÖÒ¾× � s�uCv.w Ð ÈG`�ÒÈ ��ö�ü�ø�Z¼ý 
 Z#y E �ÌÎ¶ö�ü�ø�Å�ý1� s�uCv.w Ð ÈG`�ÒÈ ��ö�ü�ø�Z¼ý 
 Z#y E �Ì ø Ì¿k	÷ fixed�

(4.2)��ö�ü�ø�Å�ý is thecontinuouslycompoundedrate. Î¶ö�ü�ø�Å�ý is thesimplerateovera periodof durationÌ .
Wecannothavealog-normalmodelfor ��ö�ü�ø�Å�ý becausesolutionsexplodeaswesaw in Section34.1.
For fixedpositive Ì , wecanhave a log-normalmodelfor Î¶ö�ü�ø�Å�ý .
34.5 The dynamicsof Ø9Ù�Ú8Û�Ü!Ý
We wantto choose$ïö�ü�ø�Å�ý�ø4ü�/s÷�ø�Å�/	÷ , appearingin (2.5)sothat
 Î¶ö�ü�ø�Å�ý�� ö¢�G�:��ý 
 ü�LOÎ ö�ü�ø�Å�ý#6ïö�ü�ø�Å�ý 
8( ö�üAý
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for some 6 ö�ü�ø�Å�ýgø ü9/ ÷�ø�ÅY/ ÷ . This is the BGM model, and is a subclassof HJM models,
correspondingto particularchoicesof $�ö�ü�ø�Å�ý .
Recall(2.9):


 ��ö�ü�ø�Å�ý2� ÆÆ Z M �|ö�ü�ø�Z¼ý�L �H ö@$ ù ö�ü�ø�Z�ý/ý H P 
 ü#L|$ïö�ü�ø�Z¼ý 
�( ö�üAý��
Therefore,


 ¦ � ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z © � � ÈG`�ÒÈ 
 �|ö�ü�ø�Z¼ý 
 Z (5.1)� � ÈG`�ÒÈ ÆÆ Z M �|ö�ü�ø�Z¼ý�L^�H ö@$ ù ö�ü�ø�Z�ý/ý H P 
 Z 
 ü�L � ÈG`�ÒÈ $ïö�ü�ø�Z¼ý 
 Z 
�( ö�üAý� M �|ö�ü�ø�Å"LOÌ�ý�E9��ö�ü�ø�Å�ý�L �H ö@$ ù ö�ü�ø�Å"LOÌ�ý/ý H E �H ö@$ ù ö�ü�ø�Å�ý/ý H P 
 üL R $ ù ö�ü�ø�Å.L|Ì�ý�E9$ ù ö�ü�ø�Å�ý8ú 
�( ö�üAý
and


 Î ö�ü�ø�Å�ý � Í�Þ � �� 
lßà s�uCv.w Ð ÈG`�ÒÈ ��ö�ü�ø�Z¼ý 
 Z�yáE �Ì âã� �Ì"s�uCvzº � ÈG`�ÒÈ ��ö�ü�ø�Z�ý 
 Z2» 
 � ÈG`�ÒÈ ��ö�ü�ø�Z�ý 
 ZL �I�Ì"s�ugvzº � ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z2» ¦ 
 � ÈG`�ÒÈ �|ö�ü�ø�Z¼ý 
 Z © H
(4.1),(5.1)� �Ì R � LKÌ�Î¶ö�ü�ø�Å�ý8ú�ä (5.2)ä n R ��ö�ü�ø�ÅmLKÌ�ý2E���ö�ü�ø�Ì,ý�L��H öD$ ù ö�ü�ø�Å"LOÌ�ý/ý H E��H öD$ ù ö�ü�ø�Å�ýhý H ú 
 üL R $ ù ö�ü�ø�Å.L|Ì�ý�E9$ ù ö�ü�ø�Å�ý8ú 
�( ö�üAýL �H R $ ù ö�ü�ø�Å"LOÌ�ý1Er$ ù ö�ü�ø�Å�ý8ú H 
 ü p� �Ì R � L|Ì�Î¶ö�ü�ø�Å�ýAú n R �|ö�ü�ø�Å.L|Ì�ý�E9��ö�ü�ø�Ì�ý8ú 
 üL|$ ù ö�ü�ø�Å.L|Ì�ý R $ ù ö�ü�ø�Å"LOÌ�ý1Er$ ù ö�ü�ø�Å�ý8ú 
 ü� L R $ ù ö�ü�ø�ÅmL|Ì�ý�E�$ ù ö�ü�ø�Å�ýAú 
�( ö�üAý p �
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But ÆÆ Å Î ö�ü�ø�Å�ý�� ÆÆ Å ßà s�uCv w Ð ÈG`�ÒÈ ��ö�ü�ø�Z�ý 
 Z y E �Ì âã� s�uCvzº � ÈG`�ÒÈ ��ö�ü�ø�Z�ý 
 Z1»�� R ��ö�ü�ø�Å.L|Ì�ý�E9��ö�ü�ø�Ì�ý8ú� �Ì R � L|Ì�Î¶ö�ü�ø�Å�ýAú R ��ö�ü�ø�Å"LOÌ�ý�E9��ö�ü�ø�Ì�ý8ú��
Therefore,


 Î ö�ü�ø�Å�ý�� ÆÆ Å Î ö�ü�ø�Å�ý 
 ü�L �Ì R � L|Ì�Î ö�ü�ø�Å�ý8ú R $ ù ö�ü�ø�Å.L|Ì�ý�E9$ ù ö�ü�ø�Å�ýAú�� R $ ù ö�ü�ø�Å"LOÌ�ý 
 ü�L 
�( ö�üAý8úQ�
Take 6ïö�ü�ø�Å�ý to begivenby6ïö�ü�ø�Å�ýaÎ ö�ü�ø�Å�ý#� �Ì R � LKÌ�Î¶ö�ü�ø�Å�ý8ú R $ ù ö�ü�ø�ÅmLKÌ,ý´E9$ ù ö�ü�ø�Å�ýAúD� (5.3)

Then 
 Î¶ö�ü�ø�Å�ý1� R ÆÆ Å Î¶ö�ü�ø�Å�ý�L|6ïö�ü�ø�Å�ýaÎ ö�ü�ø�Å�ýa$ ù ö�ü�ø�Å"LOÌ�ý8ú 
 ü�L�6ïö�ü�ø�Å�ýaÎ ö�ü�ø�Å�ý 
�( ö�üEý��
(5.4)

Notethat(5.3) is equivalentto$ ù ö�ü�ø�Å.L|Ì�ýX�%$ ù ö�ü�ø�Å�ý�L Ì�Î¶ö�ü�ø�Å�ýå6 ö�ü�ø�Å�ý� L|ÌÓÎ ö�ü�ø�Å�ý � (5.3’)

Pluggingthis into (5.4)yields


 Î ö�ü�ø�Å�ý2� ¹ ÆÆ Å Î¶ö�ü�ø�Å�ý�L�6ïö�ü�ø�Å�ýaÎ ö�ü�ø�Å�ýa$ ù ö�ü�ø�Å�ý�L ÌÓÎ H ö�ü�ø�Å�ýå6 H ö�ü�ø�Å�ý� L|ÌÓÎ ö�ü�ø�Å�ý ½ 
 üL�6ïö�ü�ø�Å�ýaÎ¶ö�ü�ø�Å�ý 
8( ö�üAý�� (5.4’)

34.6 Implementation of BGM

Obtaintheinitial forward LIBORcurve Î¶ö�÷�ø�Å�ý�øæÅ�/	÷�ø
from marketdata.Choosea forward LIBORvolatility function(usuallynonrandom)6 ö�ü�ø�Å�ýgø ü!/	÷�ø�Å�/	÷��
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BecauseLIBOR givesno rateinformationon time periodssmallerthan Ì , we mustalsochoosea
partial bondvolatility function $ ù ö�ü�ø�Å�ýgø ü!/	÷�øï÷)�KÅ o Ì
for maturitieslessthan Ì from thecurrenttimevariableü .
With thesefunctions,wecanfor eachÅ õ R ÷�ø�Ì�ý solve(5.4’) to obtainÎ ö�ü�ø�Å�ý�ø ü!/	÷�øï÷)�OÅ o ÌG�
Pluggingthesolutioninto (5.3’), we obtain $ ù ö�ü�ø�Å�ý for Ìz�KÅ o IiÌ . We thensolve(5.4’) to obtainÎ¶ö�ü�ø�Å�ýgø ü�/	÷èøXÌz�KÅ o IiÌ¤ø
andwecontinuerecursively.

Remark 34.1 BGM is a specialcaseof HJM with HJM’s $ñùNö�ü�ø�Å�ý generatedrecursively by (5.3’).
In BGM, 6ïö�ü�ø�Å�ý is usuallytakento benonrandom;theresulting$ ù ö�ü�ø�Å�ý is random.

Remark 34.2 (5.4)(equivalently, (5.4’)) is a stochasticpartial differentialequationbecauseof theÏÏ È Î¶ö�ü�ø�Å�ý term. This is not asterribleasit first appears.Returningto theHJM variablesü and ô ,
set _#ö�ü�ø/ô¶ý1�=Î ö�ü�øhôOE�üAý��
Then 
 _ ö�ü�ø/ô ý2� 
 Î¶ö�ü�ø/ô|E�üEý�E ÆÆ Å Î¶ö�ü�ø/ô|E�üEý 
 ü
and(5.4)and(5.4’) become
 _#ö�ü�øhô¶ý1�76ïö�ü�øhôrE�üAý�_ ö�ü�ø/ô ý R $ ù ö�ü�øhôËE�ü#L|Ì�ý 
 ü�L 
�( ö�üAý8ú�76ïö�ü�øhôrE�üAý�_ ö�ü�ø/ô ý ] $ ù ö�ü�ø/ô|E:üEý 
 ü#L Ì�_#ö�ü�øhô¶ý¢6ïö�ü�ø/ô9E�üAý� LKÌÓ_#ö�ü�ø/ô¶ý 
 ü�L 
�( ö�üAý b �

(6.1)

Remark 34.3 From(5.3)wehave6ïö�ü�ø�Å�ýaÎ¶ö�ü�ø�Å�ý�� R � LOÌ�Î¶ö�ü�ø�Å�ýAú $�ùNö�ü�ø�Å"LOÌ�ý1Er$RùNö�ü�ø�Å�ýÌ �
If we let Ì × ÷ , then 6 ö�ü�ø�Å�ý�Î¶ö�ü�ø�Å�ýaç ÆÆ Ì $ ù ö�ü�ø�Å"LOÌ�ý�¼¼¼¼ Ò � � �%$ïö�ü�ø�Å�ý�ø
andso 6 ö�ü�ø/ô�E:üEýa_#ö�ü�øhô¶ýaç�$ïö�ü�øhô|E�üAý��
We saw before(eq.4.2)thatas Ì × ÷ ,Î¶ö�ü�ø�Å�ýaç|��ö�ü�ø�Å�ý1� ¸ ö�ü�øhü�L|Å�ý�ø
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so _#ö�ü�øhô¶ýaç ¸ ö�ü�ø/ô ý��
Therefore,thelimit as Ì × ÷ of (6.1) is givenby equation(2.5):
 ¸ ö�ü�ø/ô ý��=$ïö�ü�ø/ô|E�üAý R $ ù ö�ü�øhôËE üAý 
 ü#L 
8( ö�üAýAú8�
Remark 34.4 Althoughthe 
 ü termin (6.1)hastheterm ÒDèGé �VU@� � � U �êf é �VU@� ���� ` f ��U@� ��� involving _ H , solutions
to thisequationdonot explodebecauseÌG6 H ö�ü�ø/ôKE�üAýa_ H ö�ü�ø/ô¶ý� L|ÌÓ_#ö�ü�ø/ô¶ý � Ì:6 H ö�ü�ø/ô|E:üEýa_ H ö�ü�ø/ô ýÌ�_#ö�ü�ø/ô¶ý�|6 H ö�ü�ø/ô|E üAýa_#ö�ü�ø/ô¶ý��
34.7 Bond prices

Let
	 ö�üEý�� s�ugv w Ð U� ��ö@Z�ý 
 Z y � From(2.6)we have


<3 û ö�ü�ø/ô ý	 ö�üAýë5 � �	 ö�üAý R EN��ö�üAýhû ö�ü�ø/ô¶ý 
 ü�L 
 û©ö�ü�øhô¶ý8ú�FE û©ö�ü�øhô¶ý	 ö�üAý $ ù ö�ü�øhô|E:üAý 
�( ö�üAý��
Thesolution

����U@� ������VU � to thisstochasticdifferentialequationis givenbyû ö�ü�ø/ô¶ý	 ö�üAýhû ö!÷�øhô¶ý � s�ugv n E � U� $ ù ö@Z�øhôËE�Z�ý 
�( öDZ�ý1E �H � U� ö@$ ù ö@Z�øhôËE�Z�ý/ý H 
 Z p �
This is amartingale,andwe canuseit to switchto theforward measureþ ÿ � ö � ý�� �û ö!÷èø/ô¶ý � � �	 ö�ô¶ý.
 þ ÿ� ��� û ö�ô¶ø/ô ý	 ö�ô¶ý/û©ö!÷�ø/ô ý 
 þ ÿ � � õ<�¥ö�ô ý��
Girsanov’sTheoremimpliesthat

( � ö�üAýX� ( ö�üEý#L � U� $ ù ö@Z�øhô|E9Z�ý 
 Z�ø ÷)��ü��#ô ø
is aBrownianmotionunder

þ ÿ��
.
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34.8 Forward LIBOR under more forward measure

From(6.1)we have
 _#ö�ü�ø/ô¶ý1�76ïö�ü�øhôrE üAýa_#ö�ü�ø/ô¶ý R $ ù ö�ü�øhô|E:ü�LKÌ�ý 
 ü�L 
�( ö�üEý8ú�76ïö�ü�øhôrE üAýa_#ö�ü�ø/ô¶ý 
8( � `�Ò ö�üAý�ø
so _#ö�ü�ø/ô¶ý1�=_#ö!÷�øhô¶ý s�uCv n � U� 6ïö@Zñø/ôrE9Z¼ý 
8( � `�Ò öDZ�ý1E �H � U� 6 H ö@Zñø/ô�ErZ�ý 
 Z p
and _ ö�ô¶ø/ô ý#�=_#ö!÷�øhô¶ý s�uCvmº � �� 6ïö@Zñø/ôrE9Z¼ý 
8( � `�Ò öDZ�ý1E �H � �� 6 H ö@Zñø/ô|ErZ¼ý 
 Z1» (8.1)�=_#ö�ü�øhô¶ý s�uCvmº � �U 6ïö@Zñø/ô�ErZ�ý 
�( � `�Ò ö@Z�ý�E �H � �U 6 H ö@Z�øhôËE9Z¼ý 
 Z2»<�
We assumethat 6 is nonrandom.Then�	ö�üAý�� � �U 6ïö@Z�øhôrErZ¼ý 
8( � `�Ò ö@Z¼ý�E �H � �U 6 H ö@Zñø/ô|E9Z�ý 
 Z (8.2)

is normalwith variance � H ö�üEý�� � �U 6 H ö@Zñø/ô|E9Z�ý 
 Z
andmeanE �H � H ö�üEý .
34.9 Pricing an interestrate caplet

Considera floatingrateinterestpaymentsettledin arrears.At time ôrLKÌ , thefloatingrateinterest
paymentdue is Ì�Î¶ö�ô ø�÷Ný��æÌÓ_#ö�ô ø/ô¶ýgø the LIBOR at time ô . A capletprotectsits owner by
requiringhim to payonly thecap Ì�Ä if Ì�_ ö�ô¶ø/ô ýXk7Ì�Ä . Thus,thevalueof thecapletat time ôrLOÌ
is Ì�ö@_#ö�ô¶øhô¶ý�E9Ä�ý ` . We determineits valueat times ÷)��ü��#ô�LOÌ .
CaseI: ô=�#ü���ôrLOÌ .ì � `�Ò ö�üEý�� þ \ ] 	 ö�üAý	 ö�ôrL|Ì�ý Ì�ö@_#ö�ô¶øhô¶ý�ErÄ�ý ` ¼¼¼¼ �£ö�üEý b (9.1)�=Ì�ö@_#ö�ô¶øhô¶ý�ErÄ�ý ` þ \ ] 	 ö�üAý	 ö�ô9LOÌ�ý ¼¼¼¼ �£ö�üEý b�=Ì�ö@_#ö�ô¶øhô¶ý�ErÄ�ýa`4û ö�ü�ø/ô�L|Ì,ý��



344

CaseII: ÷)�#ü!�#ô .
Recallthatþ ÿ#� `�Ò ö � ý�� ���)í ö�ô�LOÌ�ý 
 þ ÿ ø � � õ��£ö�ôrL|Ì�ý�ø
where í ö�üAý�� û©ö�ü�øhôrLOÌ�ý	 ö�üEý/û ö�÷�ø/ô9LOÌ�ý �
We haveì � `�Ò ö�üEý�� þ \ ] 	 ö�üAý	 ö�ôrL|Ì�ý Ì�ö@_#ö�ô ø/ô¶ý�E�Ä�ýa`N¼¼¼¼ �¥ö�üAý b�=Ì�û ö�ü�ø/ôrLKÌ�ý 	 ö�üAýhû ö!÷�øhô9L|Ì,ýû ö�ü�ø/ôrL|Ì�ýÀ Á�Â Ãîïið·ñóò þ \ ßôôôôà û©ö�ôrLKÌ&øhôÔLKÌ�ý	 ö�ôrLOÌ�ý/û©ö!÷�øhôõLOÌ�ýÀ Á�Â Ãö�� � `�Ò � ö�_#ö�ô ø/ô¶ý�E9Ä�ý ` ¼¼¼¼ �£ö�üAý â·÷÷÷÷ã�=Ì�û ö�ü�ø/ôrLKÌ�ý þ \ � `�Ò ] ö@_#ö�ô¶øhô¶ý#E9Ä�ý ` ¼¼¼¼ �£ö�üAý b
From(8.1)and(8.2)wehave _#ö�ô¶øhô¶ý#�=_#ö�ü�ø/ô¶ý s�ugv *G�	ö�üAýø-�ø
where�	ö�üEý is normalunder

þ ÿ#� `�Ò with variance� H ö�üEýX� Ð �U 6 H öDZ�ø/ô|E�Z�ý 
 Z andmean E �H � H ö�üAý .Furthermore,�	ö�üAý is independentof ��ö�üAý .ì � `�Ò ö�üAý��%Ì,û©ö�ü�øhôrLOÌ�ý þ \N� `�Ò ] öª_#ö�ü�ø/ô¶ý s�ugv *G�	ö�üEý�-NE9Ä�ý ` ¼¼¼¼ �£ö�üAý b �
Set >�ö@ùzý2� þ \N� `�Ò M ö@ù s�uCv *G�	ö�üAý�-NE9Ä�ý ` P�%ùá� 3 ���ö�üEý#{V}i~ ù Ä L �H � ö�üAý 5 E9Ä!� 3 ���ö�üAý1{V}i~ ù Ä E �H ��ö�üEý 5 �
Then ì � `�Ò ö�üAý��%Ìeû ö�ü�ø/ôrLKÌ,ý�>�ö@_#ö�ü�ø/ô¶ý/ýgø ÷)�#ü!�#ôOErÌ:� (9.2)

In thecaseof constant6 , wehave ��ö�üEý��76 � ôKE:ü�ø
and(9.2)is calledtheBlack capletformula.
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34.10 Pricing an interestrate cap

Let ô � �l÷�ø4ô � �=Ì&ø ô H �=I�Ì&øN�:�G�¼ø�ô�úá�=û�Ì:�
A capis a seriesof paymentsÌ�ö@_#ö�ô � ø/ô � ý1ErÄ�ýa` at time ô � ` � ø�� �l÷�ø � øG�:����ø�û<E � �
Thevalueat time ü of thecapis thevalueof all remainingcaplets,i.e.,ì ö�üAý�� ¤��ü UDý ��þ

ì � þ ö�üAý��
34.11 Calibration of BGM

Theinterestratecaplet Ä on Î¶ö!÷�øhô¶ý at time ôrLOÌ hastime-zerovalueì � `�Ò ö�÷Ný2�%Ì,û©ö!÷�øhôrL|Ì�ý�>ñö@_#ö!÷èø/ô¶ý/ýgø
where> (definedin thelastsection)dependson� �� 6 H öDZ�ø/ô|E9Z¼ý 
 Z��
Let ussuppose6 is adeterministicfunctionof its secondargument,i.e.,6 ö�ü�ø�Å�ý��76ïö@Å�ý��
Then > dependson � �� 6 H ö�ô|E�Z�ý 
 Z4� � �� 6 H ö@Ézý 
 É'�
If we know thecapletprice

ì � `�Ò ö!÷Ný , we can“back out” thesquaredvolatility Ð �� 6 H ö@Ézý 
 É . If we
know capletprices

ì �:ÿ `�Ò ö!÷Ný�ø ì � î `�Ò ö!÷Ný�ø:�G�:��ø ì ��� `�Ò ö!÷Ný�ø
whereô � o ô � o �:�G� o ô�ú , wecan“back out”� �:ÿ� 6 H ö@É�ý 
 É¼ø � � î�:ÿ 6 H ö@Ézý 
 Éz� � � î� 6 H ö@Ézý 
 É.E � �:ÿ� 6 H ö@Ézý 
 É�ø �G�G�¼ø � ���� � � î 6 H ö@Ézý 
 É;� (11.1)

In thiscase,we mayassumethat 6 is constantoneachof theintervalsö!÷�ø/ô � ýgøÈö�ô � ø/ô � ýgøN�G�:��ø¶ö�ô�ú � � øhô�úyýgø
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andchoosetheseconstantsto maketheabove integralshave thevaluesimpliedby thecapletprices.

If weknow capletprices

ì � `�Ò ö�÷Ný for all ô=/	÷ , wecan“backout” Ð �� 6 H ö@Ézý 
 É andthendifferen-
tiateto discover 6 H öDÅ�ý and 6ïö@Å�ý1� � 6 H ö@Å�ý for all Å�/	÷ .
To implementBGM, we needboth 6 öDÅ�ý�ø2Å�/s÷ , and$ ù ö�ü�ø�Å�ýgø ü!/	÷�øï÷)�KÅ o Ì:�
Now $ ù ö�ü�ø�Å�ý is the volatility at time ü of a zerocouponbondmaturingat time ü L%Å (see(2.6)).
SinceÌ is small(say �Í year),and ÷��OÅ o Ì , it is reasonableto set$ ù ö�ü�ø�Å�ý1�l÷�ø ü�/	÷èø:÷)�OÅ o Ì:�
We cannow solve(or simulate)to getÎ ö�ü�ø�Å�ý�ø ü!/	÷�ø�Å</	÷�ø
or equivalently, _ ö�ü�ø/ô ý�ø ü�/s÷�ø/ô7/	÷�ø
usingtherecursiveprocedureoutlinedat thestartof Section34.6.

34.12 Long rates

Thelongrateis determinedby long maturitybondprices.Let û bea largefixedpositiveinteger, so
that û�Ì is 20or 30years.Then �Ç ö�ü�ø�û�Ì�ý � s�ugv¿º � ú Ò� ��ö�ü�ø�Z�ý 
 Z1»� ú�� � � s�ugvzº � � Ò� � � � � Ò ��ö�ü�ø�Z¼ý 
 Z2»� ú�� � � R � L|Ì�Î¶ö�ü�ø,ö@�¿E � ý�Ì,ýAú�ø
wherethelastequalityfollowsfrom (4.1).Thelongrateis�û�Ì {V}i~ �Ç ö�ü�ø�û�Ì�ý � �û�Ì ú¤� � � {V}i~�R � LOÌ�Î ö�ü�ø�ö@�zE � ýaÌ�ý8úQ�
34.13 Pricing a swap

Let ô � /s÷ begiven,andsetô � �[ô � L|Ì¤ø:ô H �Gô � LOIiÌ¤ø|�G�:��ø:ô�ú)�Gô � L|û�Ì:�
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Theswapis theseriesof paymentsÌ|öDÎ¶ö�ô � ø�÷�ý#ErÄ�ý at time ô � ` � ø��á�Ò÷�ø � ø:�G����ø�û4E � �
For ÷)�#ü���ô � , thevalueof theswapisú � �¤� � � þ \^] 	 ö�üEý	 ö�ô � ` � ý Ì�ö@Î¶ö�ô � ø�÷Ný1E9Ä�ý ¼¼¼¼ �¥ö�üAýDbm�
Now� LOÌ�Î¶ö�ô � ø�÷Ný2� �û ö�ô � ø/ô � ` � ý ø
so Î¶ö�ô � ø�÷Ný2� �Ì ] �û ö�ô � ø/ô � ` � ý E � bm�
We compute þ \ ] 	 ö�üAý	 ö�ô � ` � ý Ì|öDÎ¶ö�ô � ø�÷�ý2E�Ä�ý ¼¼¼¼ �£ö�üEý b� þ \ ] 	 ö�üEý	 ö�ô � ` � ý 3 �û©ö�ô � ø/ô � ` � ý E � E9Ì�Ä 5 ¼¼¼¼ ��ö�üAý b� þ \ ßôôôôà 	 ö�üEý	 ö�ô � ý/û©ö�ô � øhô � ` � ý þ \ ] 	 ö�ô � ý	 ö�ô � ` � ý ¼¼¼¼ �£ö�ô � ý bÀ Á�Â Ã��� ��þ � �Óþ�� î � ¼¼¼¼ �¥ö�üAý â·÷÷÷÷ã EGö � LOÌ�Ä�ý/û©ö�ü�øhô � ` � ý

� þ \ ] 	 ö�üEý	 ö�ô � ` � ý ¼¼¼¼ ��ö�üAý b E	ö � L|Ì�Ä�ý/û©ö�ü�øhô � ` � ý�Òû ö�ü�ø/ô � ý�EGö � LOÌ�Ä�ý/û©ö�ü�øhô � ` � ý��
Thevalueof theswapat time ü isú � �¤� � � þ \ ] 	 ö�üAý	 ö�ô � ` � ý Ì�ö@Î¶ö�ô � ø�÷Ný#E�Ä�ý�¼¼¼¼ �£ö�üEý b� ú � �¤� � � R û ö�ü�ø/ô � ý2EGö � LOÌ�Ä�ý/û©ö�ü�øhô � ` � ýAú�lû©ö�ü�øhô � ý�E	ö � L|Ì�Ä�ý/û ö�ü�ø/ô � ý#L#û ö�ü�ø/ô � ý�E ö � L|Ì�Ä�ý/û©ö�ü�øhô H ý#L7�:�G��Lsû ö�ü�ø/ô�ú � � ý�E	ö � L|Ì�Ä�ý/û ö�ü�ø/ô�ú�ý�lû©ö�ü�øhô � ý�E9Ì�Ä�û©ö�ü�øhô � ý�E9Ì�Ä�û ö�ü�ø/ô H ý�E|�G�:��E9ÌÓÄ�û©ö�ü�øhô ú ý�E:û ö�ü�ø/ô ú ý��
The forwardswaprate � �:ÿ ö�üAý at time ü for maturity ô � is the valueof Ä which makesthe time-ü
valueof theswapequalto zero:

� �:ÿ ö�üAý�� û©ö�ü�øhô � ý�E:û ö�ü�ø/ô�ú�ýÌ R û ö�ü�ø/ô � ý#L7�G�:�øL#û©ö�ü�øhô ú ý8ú �
In contrastto thecapformula,which dependson thetermstructuremodelandrequiresestimation
of 6 , theswapformulais generic.
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Chapter 35

Notesand References

35.1 Probability theory and martingales.

Probabilitytheoryis usuallylearnedin two stages.In thefirst stage,onelearnsthata discreteran-
domvariablehasaprobabilitymassfunctionandacontinuousrandomvariablehasadensity. These
canbeusedtocomputeexpectationsandvariances,andevenconditionalexpectations.Furthermore,
onelearnshow transformationsof continuousrandomvariablescausechangesin their densities.A
well-writtenbookwhichcontainsall thesethingsis DeGroot(1986).

The secondstageof probability theory is measuretheoretic. In this stageone views a random
variableasa functionfrom a samplespace� to thesetof realnumbers

þ 	
. Certainsubsetsof � are

calledevents, andthecollectionof all eventsformsa $ -algebra� . Eachset
�

in � hasaprobabilityþ ÿ ö � ý . This point of view handlesbothdiscreteandcontinuousrandomvariableswithin thesame
unifying framework. A conditionalexpectationis itself a randomvariable,measurablewith respect
to theconditioning$ -algebra.Thispointof view is indispensiblefor treatingtherathercomplicated
conditionalexpectationswhicharisein martingaletheory. A well-writtenbookonmeasure-theoretic
probabilityis Billingsley (1986).A succinctbookonmeasure-theoreticprobabilityandmartingales
in discretetime is Williams (1991).A moredetailedbookis Chung(1968).

The measure-theoreticview of probability theorywasbegun by Kolmogorov (1933). The term
martingalewasapparentlyfirst usedby Ville (1939),althoughtheconceptdatesbackto 1934work
of Lévy. Thefirst completeaccountof martingaletheoryis Doob(1953).

35.2 Binomial assetpricing model.

Thebinomialassetpricing modelwasdevelopedby Cox,Ross& Rubinstein(1979). Accountsof
this modelcanbefoundin severalplaces,includingCox & Rubinstein(1985),Dothan(1990)and
Ritchken(1987). Many modelsarefirst developedandunderstoodin continuoustime, and then
binomialversionsaredevelopedfor purposesof implementation.

349
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35.3 Brownian motion.

In 1828RobertBrown observed irregularmovementof pollensuspendedin water. This motion is
now known to becausedby thebuffetingof thepollenby watermolecules,asexplainedby Einstein
(1905). Bachelier(1900)usedBrownian motion (not geometricBrownianmotion)asa modelof
stockprices,even thoughBrownian motion cantakenegative values.Lévy (1939,1948)discov-
eredmany of the nonintuitive propertiesof Brownian motion. The first mathematicallyrigorous
constructionof Brownianmotionwascarriedout by Wiener(1923,1924).

Brownianmotionandits propertiesarepresentedin anumeroustexts, includingBillingsley (1986).
Thedevelopmentin thiscourseis asummaryof thatfoundin Karatzas& Shreve (1991).

35.4 Stochasticintegrals.

The integral with respectto Brownianmotion wasdevelopedby Itô (1944). It wasintroducedto
financeby Merton(1969).A mathematicalconstructionof this integral,with a minimumof fuss,is
givenby Øksendal(1995).

Thequadraticvariationof martingaleswasintroducedby Fisk (1966)anddevelopedinto theform
usedin thiscourseby Kunita& Watanabe(1967).

35.5 Stochasticcalculusand financial markets.

Stochasticcalculusbeginswith Itô (1944). Many financebooks,including(in orderof increasing
mathematicaldifficulty) Hull (1993),Dothan(1990)andDuffie (1992), includesectionson Itô’s
integralandformula.Someotherbooksondynamicmodelsin financeareCox& Rubinstein(1985),
Huang& Litzenberger (1988), Ingersoll (1987), and Jarrow (1988). An excellent referencefor
practitioners,now in preprintform, is Musiela& Rutkowski (1996). Somemathematicstexts on
stochasticcalculusareØksendal(1995),Chung& Williams (1983),Protter(1990)andKaratzas&
Shreve (1991).

Samuelson(1965,1973)presentsthe argumentthat geometricBrownian motion is a goodmodel
for stockprices.This is oftenconfusedwith theefficientmarkethypothesis, which assertsthatall
informationwhichcanbelearnedfromtechnicalanalysisof stockpricesis alreadyreflectedin those
prices.Accordingto this hypothesis,paststockpricesmaybeusefulto estimatetheparametersof
thedistributionof futurereturns,but they do not provide informationwhich permitsan investorto
outperformthemarket.Themathematicalformulationof theefficientmarkethypothesisis thatthere
is a probabilitymeasureunderwhich all discountedstockpricesaremartingales,a muchweaker
conditionthanthe claim that stockpricesfollow a geometricBrownian motion. Someempirical
studiessupportingthe efficient markethypothesisareKendall(1953),Osborne(1959),Sprenkle
(1961), Boness(1964), Alexander(1961) and Fama(1965). The last of thesepapersdiscusses
otherdistributionswhichfit stockpricesbetterthangeometricBrownianmotion.A criticismof the
efficient markethypothesisis provided by LeRoy (1989). A provocative article on the sourceof
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stockpricemovementsis Black(1986).

The first derivation of the Black-Scholesformula given in this course,usingonly Itô’s formula,
is similar to that originally givenby Black & Scholes(1973). An importantcompanionpaperis
Merton (1973),which makesgoodreadingeven today. (This andmany otherpapersby Merton
arecollectedin Merton (1990).) Even thoughgeometricBrownian motion is a lessthanperfect
modelfor stockprices,theBlack-Scholesoptionhedgingformulaseemsnot to bevery sensitiveto
deficienciesin themodel.

35.6 Mark ov processes.

Markov processeswhich aresolutionsto stochasticdifferentialequationsarecalleddiffusionpro-
cesses. A goodintroductionto this topic, including discussionsof the Kolmogorov forward and
backwardequations,is Chapter15 of Karlin & Taylor (1981). The otherbookscited previously,
Øksendal(1995),Protter(1990),Chung& Williams (1983),andKaratzas& Shreve(1991),all treat
this subject.Kloeden& Platen(1992)is a thoroughstudyof the numericalsolutionof stochastic
differentialequations.

Theconstantelasticityof variancemodelfor optionpricingappearsin Cox& Ross(1976).Another
alternative modelfor the stockpriceunderlyingoptions,dueto Föllmer & Schweizer(1993),has
thegeometricOrnstein-Uhlenbeckprocessasaspecialcase.

TheFeynman-KacTheorem,connectingstochasticdifferentialequationstopartialdifferentialequa-
tions, is dueto Feyman(1948)andKac (1951). A numericaltreatmentof the partial differential
equationsarisingin financeis containedin Wilmott, DewynneandHowison(1993,1995)andalso
Duffie (1992).

35.7 Girsanov’stheorem,the martingale representationtheorem,and
risk-neutral measures.

Girsanov’sTheoremin thegeneralitystatedhereis dueto Girsanov (1960),althoughtheresultfor
constant
 wasestablishedmuch earlierby Cameron& Martin (1944). The theoremrequiresa
technicalconditionto ensurethat

þ \ í ö�ô¶ý�� � , sothat � þ ÿ is a probabilitymeasure;seeKaratzas&
Shreve (1991),page198.

The form of the martingalerepresentationtheorempresentedhereis from Kunita & Watanabe
(1967).It canalsobefoundin Karatzas& Shreve (1991),page182.

Theapplicationof theGirsanov Theoremandthemartingalerepresentationtheoremto risk-neutral
pricing is dueto Harrison& Pliska(1981). This methodologyfreesthe Brownian-motiondriven
modelfrom theassumptionof constantinterestrateandvolatility; theseparameterscanberandom
throughdependenceonthepathof theunderlyingasset,or eventhroughdependenceonthepathsof
otherassets.Whenboththe interestrateandvolatility of anassetareallowedto bestochastic,the
Brownian-motiondrivenmodelis mathematicallythemostgeneralpossiblefor assetpriceswithout
jumps.
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When assetprocesseshave jumps, risk-freehedgingis generallynot possible. Someworks on
hedgingand/oroptimizationin modelswhich allow for jumpsareAase(1993),Back(1991),Bates
(1988,1992),Beinert& Trautman(1991),Elliott & Kopp(1990),Jarrow & Madan(1991b,c),Jones
(1984),Madan& Seneta(1990),Madan& Milne (1991),Mercurio& Runggaldier(1993),Merton
(1976),Naik & Lee(1990),Schweizer(1992a,b),Shirakawa(1990,1991)andXue(1992).

TheFundamentalTheoremof AssetPricing,asstatedhere,canbefoundin Harrison& Pliska(1981,
1983). It is temptingto believe theconverseof Part I, i.e., thattheabsenceof arbitrageimpliesthe
existenceof a risk-neutralmeasure.This is true in discrete-timemodels,but in continuous-time
models,aslightly strongerconditionis neededto guaranteeexistenceof arisk-neutralmeasure.For
the continuous-timecase,resultshave beenobtainedby many authors,including Stricker(1990),
Delbaen(1992),Lakner(1993),Delbaen& Schachermayer(1994a,b),andFritelli & Lakner(1994,
1995).

In additionto the fundamentalpapersof Harrison& Kreps(1979),andHarrison& Pliska(1981,
1983),someotherworkson the relationshipbetweenmarketcompletenessanduniquenessof the
risk-neutralmeasureareArtzner& Heath(1990),Delbaen(1992),Jacka(1992),Jarrow & Madan
(1991a),Müller (1989)andTaqqu& Willinger (1987).

35.8 Exotic options.

Thereflectionprinciple,adjustedto accountfor drift, is takenfrom Karatzas& Shreve(1991),pages
196–197.

Explicit formulasfor thepricesof barrieroptionshavebeenobtainedby Rubinstein& Reiner(1991)
andKunitomo& Ikeda(1992). Lookbackoptionshave beenstudiedby Goldman,Sosin& Gatto
(1979),Goldman,Sosin& Shepp(1979)andConźe & Viswanathan(1991).

Becauseit is difficult to obtainexplicit formulasfor the pricesof Asian options,mostwork has
beendevotedto approximations.We do not provide anexplicit pricing formulahere,althoughthe
partialdifferentialequationgivenhereby theFeynman-KacTheoremcharacterizestheexactprice.
Bouaziz,Bryis & Crouhy(1994)provide an approximatepricing formula, Rogers& Shi (1995)
providea lowerbound,andGeman& Yor (1993)obtaintheLaplacetransformof theprice.

35.9 American options.

A generalarbitrage-basedtheoryfor thepricingof Americancontingentclaimsandoptionsbegins
with the articlesof Bensoussan(1984)andKaratzas(1988);seeMyneni (1992)for a survey and
additionalreferences.TheperpetualAmericanput problemwassolvedby McKean(1965).

Approximationand/ornumericalsolutionsfor the Americanoption problemhave beenproposed
by several authors,including Black (1975),Brennan& Schwartz(1977)(seeJaillet et al. (1990)
for atreatmentof theAmericanoptionoptimalstoppingproblemvia variationalinequalities,which
leadsto a justificationof theBrennan-Schwartzalgorithm),by Cox,Ross& Rubinstein(1979)(see
Lamberton(1993)for theconvergenceof theassociatedbinomialand/orfinite differenceschemes)
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andby Parkinson(1977),Johnson(1983),Geske& Johnson(1984),MacMillan (1986),Omberg
(1987),Barone-Adesi& Whalley (1987),Barone-Adesi& Elliott (1991),Bunch& Johnson(1992),
Broadie& Detemple(1994),andCarr& Faguet(1994).

35.10 Forward and futur escontracts.

The distinctionbetweenfuturescontractsanddaily resettledforward contractshasonly recently
beenrecognized(seeMargrabe(1976),Black (1976))andeven morerecentlyunderstood.Cox,
Ingersoll& Ross(1981)andJarrow & Oldfield(1981)provideadiscrete-timearbitrage-basedanal-
ysisof therelationshipbetweenforwardsandfutures,whereasRichard& Sundaresan(1981)study
theseclaimsin acontinuous-time,equilibriumsetting.Ourpresentationof thismaterialis similar to
thatof Duffie & Stanton(1992),which alsoconsidersoptionson futures,andto Chapte7 of Duffie
(1992).For additionalreadingon forwardandfuturescontracts,onemayconsultDuffie (1989).

35.11 Term structur emodels.

TheHull & White(1990)modelis ageneralizationof theconstant-coefficentVasicek(1977)model.
Implementationsof themodelappearin Hull & White(1994a,b).TheCox-Ingersoll-Rossmodelis
presentedin (1985a,b).Thepresentationsof thesegivenmodelshereis takenfrom Rogers(1995).
Othersurveysof termstructuremodelsareDuffie & Kan(1994)andVetzal(1994).A partial list of
othertermstructuremodelsis Black,Derman& Toy (1990),Brace& Musiela(1994a,b),Brennan
& Schwartz(1979,1982)(but seeHogan(1993)for discussionof aproblemwith thismodel),Duffie
& Kan(1993),Ho & Lee(1986),Jamshidian(1990),andLongstaff & Schwartz(1992a,b).

Thecontinuous-timeHeath-Jarrow-Mortonmodelappearsin Heath,Jarrow & Morton (1992),and
a discrete-timeversionis providedby Heath,Jarrow & Morton (1990). Carverhill & Pang(1995)
discussimplementation.The Brace-Gatarek-Musielavariationof the HJM model is takenfrom
Brace,et al. (1995). A summaryof this modelappearsasReed(1995). Relatedworks on term
structuremodelsandswapsareFlesaker& Hughston(1995)andJamshidian(1996).

35.12 Changeof numéraire.

Thismaterialin thiscourseis takenfrom Geman,El KarouiandRochet(1995).Similar ideaswere
usedby by Jamshidian(1989).TheMertonoptionpricing formulaappearsin Merton(1973).

35.13 Foreignexchangemodels.

Foreignexchangeoptionswerepricedby Biger & Hull (1983)andGarman& Kohlhagen(1983).
Thepricesfor differentialswapshave beenworkedout by Jamshidian(1993a,1993b)andBrace&
Musiela(1994a).
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Boston.
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