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Chapter 1

Intr oduction to Probability Theory

1.1 The Binomial AssetPricing Model

The binomial assetpricing modelprovidesa powerful tool to understandrbitragepricing theory
andprobabilitytheory In this coursewe shalluseit for boththesepurposes.

In the binomial assepricing model,we modelstockpricesin discretetime, assuminghatat each
step,the stockpricewill changeo oneof two possiblevalues.Let usbegin with aninitial positive
stockprice Sy. Therearetwo positive numbersgd andu, with

0<d<u, (1.2)

suchthatat the next period,the stockprice will be eitherdsSy, or u.Sy. Typically, we taked and«
to satisfy0 < d < 1 < u, sochangeof the stock price from Sy to dS, represents downwad
movement,and changeof the stock price from Sy to u.S, represent@n upwad movement. It is
commonto alsohave d = % andthis will bethe casein mary of our examples.However, strictly
speakingfor whatwe areaboutto do we needto assumenly (1.1) and(1.2) below.

Of course stockpricemavementsaaremuchmorecomplicatedhanindicatedby the binomialasset
pricing model. We considetthis simplemodelfor threereasonsFirst of all, within this modelthe

concepbf arbitragepricing andits relationto risk-neutralpricing is clearlyilluminated. Secondly
themodelis usedin practicebecausavith a sufficientnumberof stepsijt providesa good,compu-
tationally tractableapproximatiorto continuous-timemodels. Thirdly, within the binomialmodel

we candevelop the theoryof conditionalexpectationsand martingaleswhich lies at the heartof

continuous-timenodels.

With this third motivation in mind, we develop notationfor the binomial model which is a bit
differentfrom thatnormallyfoundin practice.Let usimaginethatwe aretossinga coin,andwhen
we geta “Head; the stockprice movesup, but whenwe geta “Tail,” the price movesdown. We
denotethepriceattime 1 by S, (H) = uS, if thetossresultsin head(H), andby S, (1) = dSy if it

11
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/ S, (HH) = 16
5 (H)=8

\ S, (HT) = 4

%7 / S, (TH) = 4
§M =2

\ -

Figurel.1: Binomialtreeof stok priceswith So = 4, u = 1/d = 2.

resultsin tail (T). After the secondoss,thepricewill beoneof:

SQ(HH) = ’LLSl(H) = u250, SQ(HT) = dSl(H) = duSO,

52 (TH) = u51 (T) = UdSO, 52 (TT) = d51 (T) = d2SO.

After threetossesthereareeightpossiblecoinsequenceslthoughotall of themresultin different
stockpricesattime 3.

For themoment]et usassumehatthethird tossis thelastoneanddenoteby
Q={HHH,HHT ,HTH,HTT,THH, THT,TTH,TTT}

the setof all possibleoutcomef the threetosses.The setf2 of all possibleoutcomesof a ran-
dom experimentis calledthe samplespacefor the experiment,andthe elementsv of € arecalled
samplepoints In this casegachsamplepointw is asequencef lengththree.We denotethe k-th
componentf w by w,. For examplewhenw = HTH,wehavew; = H,wy; =T andws = H.

The stockprice Sy attime k depend®n the cointosses.To emphasizéhis, we oftenwrite Si(w).
Actually, this notationdoesnot quite tell the whole story, for while S; dependson all of w, S
depend®n only thefirst two component®f w, S; dependn only the first componenbf w, and
So doesnotdependnw atall. Sometimesve will usenotationsuchsS;(wy, w;) justto recordmore
explicitly how S; depend®nw = (wy, w2, ws).

Examplel.1 SetSy = 4, « = 2 andd = % We have thenthe binomial “tree” of possiblestock
pricesshavn in Fig. 1.1. Eachsamplepointw = (wq,ws,ws) representa paththroughthe tree.
Thus,we canthink of thesamplespace? aseitherthe setof all possibleoutcomedrom threecoin
tosseor asthe setof all possiblepathsthroughthetree.

To completeour binomial assetpricing model,we introducea mong marketwith interestrate r;
$1investedn the moneg marketbecomess(1 + r) in thenext period. We taker to betheinterest
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ratefor bothborrowingandlending (This is notasridiculousasit first seemspecausén a mary
applicationof themodel,anagents eitherborroning or lending(not both)andknows in advance
which shewill be doing;in suchanapplication,sheshouldtaker to betherateof interestfor her
activity.) We assumehat

d<1+4+r<u. (1.2)

Themodelwould not makesenséf we did not have this condition.For example,if 1+ r > u, then
therateof returnonthe moneg marketis alwaysat leastasgreatasandsometimegreaterthanthe

returnon the stock,andno onewould investin the stock. Theinequalityd > 1 + r cannothappen
unlesseitherr is negative (which never happensexceptmaybeonceuponatimein Switzerland)r

d > 1. In thelatter case the stockdoesnot really go “down” if we getatail; it just goesup less
thanif we hadgottena head.Oneshouldborrov mone atinterestrater andinvestin the stock,
sinceevenin theworstcasethe stockpricerisesat leastasfastasthe debtusedto buy it.

With the stock as the underlyingasset,let us considera Europeancall option with strike price
K > 0 andexpirationtime 1. This optionconferstheright to buy the stockattime 1 for K dollars,
andsoisworth 5; — K attime 1 if S; — K is positive andis otherwiseworth zero.We denoteby

Vi(w) = (S1(w) — K)T 2 max{S;(w) — K, 0}

the value (payof) of this optionat expiration. Of course,V; (w) actuallydependnly onw,, and
we cananddo sometimesvrite V; (w;) ratherthanV; (w). Ourfirst taskis to computethearbitrage
price of this optionattime zero.

Supposeat time zeroyou sell the call for V;, dollars,whereVj is still to be determined.You now
have anobligationto pay off (uSy — K)* if w; = H andto payoff (dSo — K)* if w; = T. At
thetime you sell the option, you don't yet know which valuew; will take. You hedgeyour short
positionin theoptionby buying Ay sharef stock,whereA is still to bedeterminedYoucanuse
the proceedd/, of the saleof the optionfor this purpose andthenborrow if necessaratinterest
rater to completethe purchase.If V; is morethannecessaryo buy the A, sharesof stock,you
investtheresidualmone atinterestrater. In eithercaseyouwill have Vi, — AySy dollarsinvested
in themoneg/ market,wherethis quantitymight be negative. Youwill alsoown A, shareof stock.

If thestockgoesup, thevalueof your portfolio (excludingthe shortpositionin theoption)is
AoSi1(H)+ (1+ ) (Vo — ApSo),
andyou needto have V; (H). Thus,youwantto choosél, andA, sothat
Vi(H) = AoS1(H) 4+ (14 7) (Vo — AoSo). (1.3)
If thestockgoesdown, thevalueof your portfolio is
AgS1(T) + (14 7) (Vo — AoSo),
andyou needto have Vi (T'). Thus,youwantto choosel; andA to alsohave

‘G(T) = AoSl(T) + (1 + T‘)(Vg — AOSO). (14)
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Thesearetwo equationsn two unknavns,andwe solve thembelov
Subtracting1.4)from (1.3),we obtain

Vi(H) = Vi(T) = Ao(S1(H) — 51(T)), (1.5)

sothat

_ ) - W(T)

Ao = Sy(H) = S(T)

(1.6)

This is a discrete-timeversionof the famous“delta-hedgingformulafor derivative securitiesac-
cordingto which the numberof sharef anunderlyingasset hedgeshouldhold is thederivative
(in the senseof calculus)of the value of the derivative securitywith respectto the price of the
underlyingasset.This formulais so penasive thewhena practitionersays‘delta”’, shemeanshe
derivative (in the senseof calculus)just described.Note, however, that my definitionof A is the
numberof shareof stockoneholdsattime zero,and(1.6) is a consequencef this definition, not
the definition of Ay itself. Dependingon how uncertaintyentersthe model, there can be cases
in which the numberof sharesof stocka hedgeshouldhold is not the (calculus)derivative of the
derivative securitywith respecto the price of theunderlyingasset.

To completethe solutionof (1.3)and(1.4), we substitute(1.6) into either(1.3) or (1.4) andsolve
for V4. After somesimplification,thisleadsto theformula

1 [14+r—-d u—(1+7)

= /.
Vo 1+7r uw—d Vi(H) + uw—d

Vi(T)|. (1.7)

Thisis the arbitrageprice for the Europearcall optionwith payof V; attime 1. To simplify this
formula,we define

A l+r—d Aau—(1+r N
PE——r, qzi( )21—19, (1.8)
u—d u—d
sothat(1.7) becomes
1
o = ——[pVi(H) + ¢Vi(T)]. 1.9
Vo= Vi) + dVa(1)] (L9)

Becauseave have takend < u, both p and§ aredefined,i.e.the denominatoin (1.8)is not zero.
Becausef (1.2), bothp andq arein theinterval (0, 1), andbecausehey sumto 1, we canregard
themasprobabilitiesof H andT’, respectiely. They aretherisk-neutal probabilites. They ap-
pearedwvhenwe solvedthe two equationg1.3) and(1.4), and have nothingto do with the actual
probabilitiesof getting H or 1" onthe cointossesln fact, atthis point, they arenothingmorethan
a cornvenienttool for writing (1.7)as(1.9).

We now considera Europearcall which paysoff K dollarsattime 2. At expiration,the payof of

this optionis V; 2 (S2 — K)*, whereV; andS; dependon w; andws, thefirst andsecondcoin
tossesWe wantto determinghearbitragepricefor this optionattime zero. Suppose@nagentsells
the optionat time zerofor V;, dollars,whereVj, is still to be determined Shethenbuys Ay shares
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of stock,investingVy — AgSo dollarsin themoneg marketto financethis. At time 1, theagenthas
aportfolio (excludingthe shortpositionin the option) valuedat

X1 é A051 + (1 + T’) (VO - Aoso). (110)

Althoughwe do notindicateit in the notation,S; andthereforeX; dependonw;, the outcomeof
thefirst cointoss.Thus,therearereally two equationsmplicit in (1.10):

12

X, (H)
X4(T)

A051 (H) + (1 + T’) (‘/ - AOSO)v
AoS1(T) + (14 r) (Vo — AoSo).

12

After thefirst cointosstheagenthas.X; dollarsandcanreadjusherhedge.Supposeshedecidedo
now hold A; sharef stock,whereA; is allowedto depencdnw; becausehe agentknows what
valuew; hastaken. Sheinveststhe remaindeif herwealth, X; — A1.5; in themong market.In
the next period,herwealthwill begivenby theright-handsideof the following equationandshe
wantsit to be V;. Thereforeshewantsto have

‘/QIA152—|—(1—|—T)(X1—A151). (111)

Althoughwe do notindicateit in the notation,S, andV; dependnw; andw,, theoutcomef the
first two cointossesConsideringall four possibleoutcomesye canwrite (1.11)asfour equations:

V2(HH) = Al(H)Sz(HH)‘F(1+7‘)(Xl(H)—Al(H)Sl(H))a
Va(HT) = A(H)S:(HT)+ (14 r)(Xa(H) — Ar(H)S1(H)),
Va(TH) = A(1)S:(TH)+ (14 r)(Xa (1) = A(D)S:(T)),
Vo(TT) = A(T)S2(TT) + (14 r)(Xo(T) = AL (T)S1(T)).

We now have six equationsthetwo representedly (1.10)andthefour representetly (1.11),in the
sixunknavnsVy, Ag, Ay (H), Ay (T), X1 (H), and X, (1').

To solve thesesquationsandtherebydeterminghearbitrageprice V, attime zeroof theoptionand
thehedgingportfolio Ay, Ay (H ) andA,(T"), we begin with thelasttwo

Va(TH) = A(T)S:(TH) + (1+r)(Xo(T) — A(T)S51(T)),

Vo(TT) = A(T)S2(TT) 4+ (14 r)(Xo(T) = A (T)S1(T)).
Subtractingone of thesefrom the otherandsolvingfor A, (7"), we obtainthe “delta-hedgingor-
mula”

Vo(TH) — Vo(TT)

Ml =g (TH) = 5,(TT)’

(1.12)
andsubstitutirg this into eitherequationwe cansolve for

X, (T) = HLT@‘/Q(TH) +qV(TT)]. (1.13)
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Equation(1.13),givesthe valuethe hedgingportfolio shouldhave attime 1 if the stockgoesdown
betweerntimes0 and1. We definethis quantityto be the arbitragevalueof the optionat time 1 if
wy = T, andwe denoteit by V; (7). We have just shavn that

V(1) 2 11?[]3‘/2 (TH)+ §Va(TT))]. (1.14)

The hedgershouldchooseher portfolio so thather wealth X, (7') if wy; = T agreeswith V;(T')
definedby (1.14). This formulais analgougo formula(1.9), but postponedy onestep. The first
two equationsmplicit in (1.11)leadin a similarwayto theformulas

Vo(HH) — Vo(HT)

AulH) = Sy(HH) — So(HT) (1.15)

andX,(H) = Vi(H), whereV;(H ) is thevalueof theoptionattime 1 if w; = H, definedby

1
Vi(H) 2 TPV ) + aVa(HT)]. (1.16)
Thisis againanalgougo formula(1.9),postponedby onestep.Finally, weplugthevaluesX, (H) =
Vi(H) and X (T) = V4(T') into thetwo equationsmplicit in (1.10). The solutionof theseequa-
tionsfor Ay andVj is the sameasthe solutionof (1.3) and(1.4), andresultsagainin (1.6) and
(1.9).

The patternemeging herepersistsyegardlesf the numberof periods.If V;, denoteghevalueat

time k£ of a derivative security andthis depend®n thefirst £ coin tossesvy, . . ., wg, thenattime
k — 1, afterthefirst £k — 1 tossesvy, . ..,wi_1 areknown, the portfolio to hedgea shortposition
shouldhold A1 (w1, . . .,wk—1) shareof stock,where

_ ‘/k(wl, - .,Wk_l,H) — Vk(wl, - .,Wk_l,T)
Sk(wl, - .,Wk_l,H) — Sk(wl, - .,Wk_l,T)7

Ak_l(wh...,bu)k_l) (117)

andthevalueattime k£ — 1 of the derivative security whenthefirst £ — 1 cointossegesultin the
outcomesvy, . .., wk_1, IS givenby

1 . N
‘/k—l(wlv .. '7“16—1) = m[p‘/k’(wlv . '7wk—17H) + qVk(wlv .. '7wk—17T)]

(1.18)
1.2 Finite Probability Spaces
Let Q2 beasetwith finitely mary elementsAn exampleto keepin mindis
Q={HHH,HHT,HTH,HTT,THH, THT,TTH,TTT} (2.2)

of all possibleoutcomesf threecointossesLet 7 bethesetof all subsetf 2. Somesetsin F
are), {HHH,HHT,HTH,HTT},{TTT}, andQ itself. How mary setsaretherein F?
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Definition 1.1 A probability measue P is a function mapping.F into [0, 1] with the following
properties:

() P(Q) =1,

(i) If Ay, Ay, ... isasequencef disjointsetsin F, then
P (U Ak) =Y P(A).
k=1 k=1

Probabilitymeasuresave the following interpretation.Let A bea subsebf . Imaginethat(2 is
thesetof all possibleoutcome®f somerandomexperiment.Thereis a certainprobability, between
0 and 1, that whenthat experimentis performedthe outcomewill lie in the set A. We think of
IP(A) asthis probability.

Example 1.2 Suppose coin hasprobability% for H and% for T'. For theindividual elementsf
Qin (2.1),define

P{HHH} = (%)3, P{HHT} = (%)2 (3)
Py = (3 (3). P = (3)(3)
Py = (8)°(1). ey =(3) (3)
P{rTHY = (1) (2)°, PATTTY = (2)°
For A ¢ F, wedefine
P(A) =Y IP{w}. (2.2)
w€eA

For example,

P{HHH,HHT,HTH, HTT} = (%)SJF 2 (%)2 (g) + (%) @)2 = %

whichis anothemwvay of sayingthatthe probabilityof H onthefirst tossis %

Asin theabore example,it is generallythe casethatwe specifya probabilitymeasuren only some
of thesubset®f Q andthenuseproperty(ii) of Definition1.1to determinelP(A) for theremaining
setsA € F. In theabore example we specifiedhe probabilitymeasur@nly for thesetscontaining
asingleelementandthenusedDefinition 1.1(ii) in theform (2.2) (seeProbleml.4(ii)) to determine
IP for all theothersetsin F.

Definition 1.2 Let 2 be a nonemptyset. A o-algebrais a collectionG of subsetof Q with the
following threeproperties:

(i) 0 eg,



18

(i) If A € G,thenitscomplementd® € G,

(i) If Ay, Ay, As, ... isasequencef setsin G, thenus? | A, isalsoin G.

Herearesomeimportanto-algebra®f subset®f theset2 in Examplel.2:

Fo = {079}7

Fi = {(z), QO {HHH,HHT,HTH,HTT},{THH, THT,TTH, TTT}},
Fy = {(Z), Q{HHH,HHT},{HTH, HTT}, {THH,THT},{TTH,TTT},

andall setswhich canbebuilt by takingunionsof thes%,
F3 = F = Thesetof all subset®f Q.

To simplify notationa bit, let usdefine

Ay 2 {HHH,HHT,HTH, HTT} = {H onthefirsttoss,
Ar 2 {THH,THT,TTH,TTT} = {T onthefirsttosg,
sothat
Fi= {(DvaAHv AT}7

andlet usdefine

Apn 2 {HHH,HHT} = {H H onthefirst two tosse$,
Apr 2 {HTH,HTT} = {HT onthefirsttwo tosses,
Arg & {THH,THT} = {T H onthefirsttwo tosses,
App 2 {TTH,TTT} = {TT onthefirsttwo tosses,

sothat

Fo = {0, Agn, Aur, Are, Arr,
A, Ar, Agr U ArH, Aga U ArT, AT U ArH, At U AT,

c c c c
AHH7 AHT7 ATH7 ATT}‘

We interpreto-algebrassarecordof information. Supposehe coinis tossedhreetimes,andyou
arenottold the outcome but you aretold, for every setin F; whetheror notthe outcomes in that
set. For example,you would betold thatthe outcomeis notin @) andis in 2. Moreover, you might
betold thatthe outcomeis notin Az butisin Ar. In effect, you have beentold thatthe first toss
wasal’, andnothingmore. The g-algebraF; is saidto containthe “information of thefirst toss”,
which is usuallycalledthe“information up to time 1”. Similarly, F; containsthe “information of
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thefirst two tosses, whichis the“information up to time 2.” Theo-algebraF; = F contains‘full
information”aboutthe outcomeof all threetossesTheso-called‘tri vial” o-algebraF, containgno
information. Knowing whetherthe outcomew of thethreetossess in ) (it is not) andwhetherit is
in €2 (it is) tellsyou nothingaboutw

Definition 1.3 Let{2 beanonemptyfinite set. A filtrationis asequencef o-algebrasry, Fi, Fs, . .., Fn
suchthateacho-algebran the sequenceontainsall the setscontainedoy the previous o-algebra.

Definition 1.4 Let © be a nonemptyfinite setandlet F be the o-algebraof all subsetf 2. A
randomvariableis afunctionmapping? into IR.

Example 1.3 Let Q2 begivenby (2.1) andconsiderthe binomialassepricing Examplel.1, where
So = 4, u = 2 andd = % Then Sy, S1, S; and S3 areall randomvariables. For example,
So(HHT) = u?Sp = 16. The“randomvariable” S, is really notrandomsinceSq(w) = 4 for all
w € €. Nonethelessi is a function mapping®2 into /R, andthustechnicallya randomvariable,

albeita degenerat®ne.

A randomvariablemapst? into IR, andwe canlook at the preimageunderthe randomvariableof
setsin IR. Considerfor example therandomvariableS, of Examplel.1. We have

Sy(HHH) = Sy(HHT) = 16,
So(HTH) = Sy(HTT) = So(THH) = Sy (THT) = 4,
So(TTH) = Sy(TTT) = 1.

Let usconsidettheinterval [4, 27]. Thepreimageunder.sS; of thisinterval is definedto be
{w € Qi Sy(w) € [4,27]) = {w € V4 < Sy < 27} = Afp.
Thecompletdist of subset®f Q2 we cangetaspreimage®f setsin IR is:
0,Q Apgg, Agr U Ary, Arr,

andsetswhich canbebuilt by taking unionsof these.This collectionof setsis a o-algebragcalled
the o-algebra geneatedby the randomvariable S;, andis denotedby o(.S;). Theinformation
contentof this o-algebrais exactly the informationlearnedby observingS,. More specifically
supposehecoinis tossedhreetimesandyou do not know the outcomew, but someonas willing
to tell you, for eachsetin o(5;), whetherw is in theset. You mightbetold, for example,thatw is
notin Agg,isin Agr U Argr, andis notin Arr. Thenyou know thatin thefirst two tossesthere
wasa headanda tail, andyou know nothingmore. This informationis the sameyou would have
gottenby beingtold thatthevalueof S;(w) is 4.

Notethat 7, definedearliercontainsall the setswhich arein ¢(5;), andeven more. This means
thattheinformationin thefirst two tossess greaterthantheinformationin S;. In particulay if you

seethe first two tossesyou candistinguishA g from Ay, but you cannotmakethis distinction

from knowing thevalueof S; alone.
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Definition 1.5 Let Q2 beanonemtpyinite setandlet 7 bethes-algebraof all subset®f 2. Let X
bearandomvariableon (€2, 7). Theo-algebra o (X' ) geneatedby X is definedio bethecollection
of all setsof theform {w € Q; X (w) € A}, whereA is asubsebf IR. Let G beasubv-algebraof
F. Wesaythat X is G-measuableif every setin (X ) isalsoin G.

Note: We normallywrite simply { X € A} ratherthan{w € Q; X (w) € A}.

Definition 1.6 Let 2 beanonemptyfinite set,let 7 bethes-algebraof all subsetof €2, let IP be
aprobabiltymeasuren (€2, F), andlet X bearandomvariableon 2. Givenary setA C IR, we
definetheinducedmeasue of A to be

Lx(A) 2 P{X € A}.

In otherwords,theinducedmeasuref asetA tells usthe probabilitythat X takesavaluein A. In
thecaseof S, abore with the probabilitymeasur®f Examplel.2,somesetsin IR andtheirinduced
measuresre:

£6,[0,3] = P{S, = 1} = P(Agq) = (;)2

2
In fact,theinducedmeasuref S; placesa massof size(%) = % atthenumberl6, amassof size

2
2 atthe number4, anda massof size (%) = £ atthenumberl. A commonway to recordthis
informationis to give the cumulativedistribution functionFs, (z) of S;, definedby

if z <1,
if 1 <az<d4,
if 4 < < 16,
if 16 < z.

g

Fs,(2) & P(Sy < @) = (2.3)

— O|wo|lx D

By the distribution of a randomvariable X, we meanary of the several waysof characterizing
Lx. If X isdiscreteasin the caseof S, abore, we caneithertell wherethe massesreandhow

large they are,or tell whatthe cumulatve distribution functionis. (Laterwe will considerrandom
variablesX which have densitiesin which caseheinducedmeasuref asetA C IR istheintegral

of thedensityoverthesetA.)

Important Note. In orderto work throughthe conceptof a risk-neutralmeasurewe setup the
definitionsto makea cleardistinctionbetweerrandomvariablesandtheir distributions

A randomvariableis a mappingfrom 2 to IR, nothingmore. It hasan existencequite apartfrom
discussiorof probabilities. For example,in the discussiorabore, S;(11TH) = So(1T17T) = 1,
regardlesof whetherthe probabilityfor H is 3 or 1.
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Thedistribution of arandomvariableis ameasureC x on IR, i.e.,away of assigningprobabilities
tosetsin IR. It depend®ntherandonvariableX andtheprobabilitymeasurdP we usein 2. If we
setthe probabilityof H to be%, thenls, assignsnass% to thenumberl6. If we setthe probability
of H to be%, thenLsg, assignsmassi to the number16. Thedistribution of S, haschangedput
therandomvariablehasnot. It is still definedby

Sy(HHH) = Sy(HHT) = 16,
So(HTH) = Sy(HTT) = So(THH) = Sy (THT) = 4,
So(TTH) = Sy(TTT) = 1.

Thus,arandomvariablecanhave morethanonedistribution (a“market” or “objective” distribution,
anda “risk-neutral” distribution).

In a similar vein, two differentrandomvariablescanhave the samedistribution. Supposén the
binomial modelof Examplel.1, the probability of H andthe probability of T is % Considera
Europearcall with strike price 14 expiring attime 2. The payof of the call attime 2 is therandom
variable(S; — 14)*, whichtakesthevalue2 if w = HH H orw = H HT, andtakesthevalue( in
everyothercase.Theprobabilitythepayof is 2 is % andtheprobabilityit is zerois % Considerlso
a Europearput with strike price 3 expiring attime 2. The payof of theputattime 2 is (3 — S3) ¥,
whichtakesthevalue2 if w = TTH orw = TTT. Like the payof of the call, the payof of the
putis 2 with probabilityi ando with probability%. Thepayofs of thecall andthe putaredifferent
randomvariableshaving the samedistribution.

Definition 1.7 Let Q2 beanonemptyfinite set,let 7 bethes-algebraof all subsetof €2, let IP be
aprobabiltymeasuren (2, F), andlet X bearandomvariableon 2. The expectedvalueof X is
definedto be

EX2 Y X(w)P{w). (2.4)
wed

Noticethattheexpectedvaluein (2.4)is definedto bea sumoverthesamplespacef. Sincef? is a
finite set, X cantakeonly finitely mary valueswhichwelabelz,, ..., z,. We canpartition{2 into
thesubsetd Xy = z1},...,{X, = z,}, andthenrewrite (2.4)as
EX 2 Y X(w)P{w)
weR

- Y Y X()PW)

k=1 We{Xk:l'k}

= zn:ack Z P{w}

k=1 WE{Xk:l‘k}

e P{ Xy = 21}

zplx{zr}.

n
>
k=1
n
)
k=1
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Thus,althoughtheexpectedvalueis definedasa sumoverthe samplespace2, we canalsowrite it
asasumover IR.

To makethe above setof equationsabsolutelyclear we considerS; with the distribution given by
(2.3). Thedefinitionof IFS; is

ES; = So(HHH)P{HHH}+ So(HHT)IP{HHT}
+Sy(HTH)YIP{HTH} + So(HTT)IP{HTT}
+So(THH)IP{THH} + So(THT)IP{THT}
+So(TTHYIP{TTH}+ Sy(TTT)IP{TTT}

= 16-P(Agp) +4-P(Agr U Are) + 1- IP(Arr)
= 16-P{S; =16} +4-IP{S; =4} +1-IP{S, =1}
= 16-Lg, {16} +4-Ls,{4}+1-Ls,{1}

— 16 1+4 4+4 4
- 9 9 9
48
= 5

Definition 1.8 Let2 beanonemptyfinite set,let 7 betheo-algebraof all subset®f €2, let IP bea
probabiltymeasuren (€2, ), andlet X bearandomvariableon 2. Thevarianceof X is defined
to betheexpectedvalueof (X — IEX)?,i.e

var(X) 2 3 (X (w) - EX)*P{w). (2.5)
weR

Oneagain,we canrewrite (2.5) asa sumover IR ratherthanover €2. Indeed,f X takesthevalues
x1,...,2I,, then

n

Var(X) = > (2 — EX)*IP{X = a1} =) (vx — EX)*Lx ().
k=1 k=1

1.3 LebesgueMeasure and the Lebesguentegral

In this sectionwe considetthe setof realnumbersiR, which is uncountablyinfinite. We definethe
Lebesgueneasue of intenalsin IR to betheirlength. This definitionandthe propertieof measure
determinethe Lebesguameasureof mary, but not all, subsetof R. The collectionof subsetof
IR we considerandfor which Lebesgueneasuras defined,is the collectionof Borel setsdefined
below.

We uselLebesguemeasurdo constructthe Lebesguéntegral, a generalizatiorof the Riemann
integral. We needthis integral becauseunlike the Riemannintegral, it canbe definedon abstract
spacessuchasthe spaceof infinite sequencesf coin tossesor the spaceof pathsof Brownian

motion. This sectionconcernghe Lebesguedntegral on the spacelR only; the generalizatiorto

otherspacewill begivenlater.
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Definition 1.9 The Borel s-algebma, denoted5(IR), is the smallestr-algebracontainingall open
intervalsin IR. Thesetsin B(IR) arecalledBorel sets

Every setwhich canbewritten down andjustaboutevery setimaginablds in 5(IR). Thefollowing
discussiorof this factusesthe o-algebrgpropertiesdevelopedin Problem1.3.

By definition,every openinterval (a, b) is in B(IR), wherea andb arerealnumbersSinceB(IR) is
ac-algebragvery union of openintervalsis alsoin B(IR). For example,for every realnumbera,
theopenhalf-line

s

(a,a+n)

(av OO) =

Il
—

n

is aBorel set,asis

(@

(—o0,a)= | J(a—n,a).

n=1

For realnumbers: andb, theunion
(_007 a) U (bv OO)

is Borel. SinceB(IR) is a o-algebragvery complemenbf a Borel setis Borel, so 5(/R) contains

[0, 6] = ((=00,a) U (b,)) .

This shavsthatevery closedinterval is Borel. In addition,the closedhalf-lines

[a,00) = Ej[a,a—i— n]

n=1

and

(o)

(—o0,a] = U [a —n,da]

n=1
areBorel. Half-openandhalf-closedntervalsarealsoBorel, sincethey canbewritten asintersec-
tionsof openhalf-linesandclosednhalf-lines.For example,

(a,b] = (—o0,b] N (a,0).

Every setwhich containsonly onerealnumberis Borel. Indeed,if « is arealnumbeythen
= 1 1
{a} = nol <a— ;,a—l— ;) .

This meanghatevery setcontainingfinitely mary realnumberds Borel;if A = {ay,az,...,a,},
then

A= O {ar}.
k=1
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In fact, every setcontainingcountablyinfinitely mary numberss Borel;if A = {ay, as, ...}, then
A= U {ar}.
k=1

This meansthat the set of rational numbersis Borel, asis its complementthe setof irrational
numbers.

Thereare, however, setswhich arenot Borel. We have just seenthatarny non-Borelsetmusthave
uncountablymary points.

Example 1.4 (The Cantorset.) Thisexamplegivesa hint of how complicateda Borel setcanbe
We useit later whenwe discusghe samplespacefor aninfinite sequencef cointosses.
Considertheunitinterval [0, 1], andremovehe middlehalf, i.e., removeheopeninterval

M2 (19)
44

=Pl

hastwo piecesFromead of thesepiecesremovehe middlehalf, i.e., removeheopenset
A/l 3 13 15
Ay = | — — = 2.
2 <16’16>U<16’16)

2= [16]U[164] [ii] [ 1]'

hasfour pieces.Continuethis processsoat stagek, the setC, has2* piecesandead piecehas
length . TheCantorset

Theremainingset

Theremainingset

ca2Nay
k=1
is definedo bethe setof pointsnot removedt any stageof this nonterminatingorocess.

Notethatthelengthof A, thefirst setremovedis % The“length” of A,, the secondsetremoved,
is § + § = 1. The“length” of thenext setremoveds 4 - 5; = £, andin geneal, thelengthof the
k-th setremoveds 2~ *. Thus,thetotal lengthremoveds

<1

— =1,

andsothe Cantorset,the setof pointsnotremovedhaszeo “length.”

Despitethefactthatthe Cantorsethasno“length;” there are lots of pointsin this set.In particular,
noneof theendpointf the piecesof thesetsC'y, Cy, . . . is everremovedThus,thepoints

13 1 3 1315 1
07171717E7E7E7E76_47"'
areall in C'. Thisis a countablyinfinite setof points. We shall seeeventuallythat the Cantor set
hasuncountablymanypoints. o
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Definition 1.10 Let B(IR) bethe o-algebraof Borel subsetof k. A measueon (IR, B(IR)) is a
functionu mappings into [0, oo] with thefollowing properties:

() () =0,

(i) If Ay, A,, ... isasequencef disjointsetsin B(IR), then
1 (U Ak) = u(Ap).
k=1 k=1
Lebesgueneasue is definedto be the measureon (IR, B(IR)) which assignghe measureof each

intenval to beits length. Following Williams’sbook, we denotel ebesgueneasurdy pg.

A measurdasall thepropertiesof a probabilitymeasurgivenin Probleml.4, exceptthatthetotal
measuref thespacds notnecessarilyl (in fact, uo (/) = oo), onenolongerhasthe equation

p(A%) =1 - p(A)
in Probleml.4(iii), andproperty(v) in Probleml1.4 needgo be modifiedto say:

(v) If Ay, Ay, ... isasequencef setsin B(IR) with 4; O A; O --- andu(A;) < oo, then
" (ﬂ Ak) = lim p(Ay).
k=1
To seethattheadditionalrequirmeniu(4;) < oo is neededn (v), consider
Al = [1,00),A2 = [2,00),A3 = [3,00), e

ThenngZ, Ax = 0, sope (N5, Ag) = 0, butlim,, o po(4,) = oco.

We specifythattheLebesgueneasuref eachinternvalis its length,andthatdeterminesheLebesgue
measureof all otherBorel sets.For example,the Lebesguaneasuref the Cantorsetin Example
1.4mustbezero,becaus®f the“length” computatiorgivenat the endof thatexample.

The Lebesgueneasuref a setcontainingonly onepoint mustbezero.In fact, since
1 1
C — _
@y (e poa+ )
for every positiveintegern, we musthave
1 1 2
0< pofa) < o (0= Tat 1) =2
n n n

Lettingn — oo, we obtain
pofa} =0.
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The Lebesguemeasureof a setcontainingcountablymary points mustalso be zero. Indeed,if
A= {(117 as, .. .}, then

(o)

po(A) = i pofar} =D 0=0.
=1

k=1
ThelLebesguaneasuref a setcontaininguncountablymary pointscanbeeitherzero,positiveand

finite, or infinite. We may not computethe Lebesguaneasureof an uncountablesetby addingup

the Lebesguaneasureof its individual membershecausehereis no way to add up uncountably
mary numbersTheintegralwasinventedto getaroundthis problem.

In orderto think aboutlLebesguentegrals,we mustfirst consideithe functionsto beintegrated.

Definition 1.11 Let f beafunctionfrom IR to IR. We saythat f is Borel-measuableif the set
{z € R; f(z) € A} isin B(IR) wheneer A € B(IR). In thelanguageof Section2, we wantthe
o-algebragenenatedby f to becontainedn B(R).

Definition 3.4 is purely technicaland hasnothingto do with keepingtrack of information. It is
difficult to conceve of a functionwhich is not Borel-measurablegndwe shall pretendsuchfunc-
tionsdon't exist. Hencefore,'function mapping/k to IR” will mean“Borel-measurabléunction
mappinglk to [R” and“subsetof IR” will mean‘Borel subsebf IR”".

Definition 1.12 An indicator functiong from IR to IR is afunctionwhich takesonly the valueso
and1. We call
AZ {2 e Rig(x) =1}

thesetindicatedby ¢g. We definethe Lebesguéntegral of g to be
/ gdpo = po(A).
R
A simplefunction from IR to IR is alinearcombinatiorof indicators,.e.,afunctionof theform
h(z) = Z ckgr(),
k=1
whereeachygy, is of theform
(x)_ 1, ifz € Ay,
IREI=N 0, ifx ¢ Ay,
andeache;, is arealnumber We definethe Lebesguéntegral of & to be

A n n
/ hdpo = Z Ck/ grdpo = Z crpo(Ag)-
R k=1 R k=1

Let f be a nonn@ative function definedon IR, possiblytaking the value co at somepoints. We
definethe Lebesguéntegral of f to be

/ fdupo 2 sup {/ h dug; his simpleandh(z) < f(z) for everyz € B}.
R R
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It is possiblethatthis integralis infinite. If it is finite, we saythat f is integrable.

Finally, let f beafunctiondefinedon IR, possiblytakingthe valuecc atsomepointsandthevalue
—oo atotherpoints. We definethe positiveandnegativepartsof f to be

ft(2) 2 max{f(z),0}, f~(z) 2 max{-f(z),0},

respectiely, andwe definethe Lebesguéntegral of f to be

[ Fduo2 [ 1t duo =~ [ 5 duo

providedtheright-handsideis notof theform co — co. If both [, f* dug and [y, f~ duo arefinite
(orequivalently, [ | f| duo < oo, since|f| = f* + f~), wesaythat f is integrable

Let f beafunctiondefinedon IR, possiblytakingthevalueco atsomepointsandthevalue—oco at
otherpoints.Let A beasubseof k. We define

[ rdn® [ 14 dpo
A R

IA(x)é{ 1, ifz € A,

where

0, ifadA,

is theindicator functionof A.

The Lebesguéntegral just definedis relatedto the Riemannintegral in onevery importantway: if
the Riemannintegral f(f f(z)dz is definedthenthe Lebesguentegral f[mb] [ duo agreeswith the
Riemannintegral. The Lebesgueéntegral hastwo importantadvantage®ver the Riemannintegral.
Thefirst is thatthe Lebesguentegral is definedfor morefunctions,aswe shaw in the following
examples.

Example 1.5 Let() bethesetof rationalnumbersn [0, 1], andconsiderf 2 I4. Beingacountable
set,@ hasLebesgueneasureero,andsothelLebesguéntegral of f over|0, 1] is

[ fdu=o.

[0,1]

To computethe Riemannintegral fol f(z)dz, we choosepartitionpoints0 = zg < 21 < --+ <
z, = 1 anddivide theinterval [0, 1] into subinterals [zg, z1], [z1, z2], .. ., [zn-1, Z,]. In each

subintenal [z;_1, z;] thereis arationalpoint ¢;, where f(¢x) = 1, andthereis alsoanirrational
pointry, wheref(r;) = 0. We approximatehe Riemannintegral from above by theuppersum

n

S P () ek — ) = S0 (4 — ) = 1,
k=1

=1

o

andwe alsoapproximatet from belov by thelowersum

NE

Jre)(@e —zp—1) = )0 (zk — 2p—1) = 0.

NE

o
Il
—
o
Il
—
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No matterhow fine we takethe partition of [0, 1], the uppersumis always1 andthe lower sumis
always0. Sincethesetwo do not corverge to a commonvalueasthe partition becomediner, the
Riemannintegral is notdefined. o

Example 1.6 Considetthefunction

A | oo, ifax=0,
f(w):{ 0, ifax0.

This is not a simple function becausesimple function cannottake the value co. Every simple
functionwhichlies betweerd and f is of theform

Ay, ifz=0,
h(x)—{ 0, ifz#£0,

for somey € [0, o), andthushasLebesguéntegral
/ hdpo = ypo{0} = 0.
R

It followsthat
/ fdpo = Sup{/ h dpo; his simpleandh(z) < f(z) for everyz € ]R} =0.
R R

Now considerthe Riemannintegral [*_ f(z) dz, which for this function f is the sameasthe
Riemanrintegral [, f(z) dz. Whenwe partition[—1, 1] into subintenals,oneof thesewill contain

the point 0, and whenwe computethe upperapproximatingsumfor f_ll f(z) dz, this point will
contributecc timesthelengthof thesubintenal containingit. Thustheupperapproximatingsumis
co. Ontheotherhand,thelowerapproximatingsumis 0, andagainthe Riemannintegral doesnot
exist. o

The Lebesguéntegral hasall linearity andcomparisompropertiesonewould expectof anintegral.
In particular for ary two functionsf andg andary realconstant.,

/B(f-l-g) dpo /deuo + /Bgduo,
Joefdm = e[ rdu

andwhenever f(z) < g(z) for all z € IR, we have

[ fduo< [ gdduo.
R R

Finally, if A andB aredisjointsetsthen

| ramo= [ rduo+ [ fdu.
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Therearethreeconvergencetheoemssatisfiedby the Lebesguentegral. In eachof thesethe sit-
uationis thatthereis a sequencef functionsf,,n = 1,2, ... converging pointwiseto a limiting
function f. Pointwisecorvergencegust meanghat

li_)m fulz) = f(z) foreveryz € IR.
Thereareno suchtheoremdor the Riemannintegral, becausehe Riemannintegral of the limit-
ing function f is too oftennot defined. Beforewe statethe theoremswe giventwo examplesof
pointwisecornvergencewhich arisein probabilitytheory

Example 1.7 Considera sequenc®f normaldensities eachwith variancel andthe n-th having

meann: 1 )
A _ T—n
n Tr) == —€ 2
Julw) = ==

Thesecornverge pointwiseto thefunction

f(z) =0foreveryz € RR.
We have [, fnduo = 1 for every n, solim,, oo [ fadpo =1, but [ fdpg = 0. o
Example 1.8 Considerasequencef normaldensitiesgachwith mean0 andthe n-th having vari-

ancel:
n
2

fulz) = By e .,

Thesecornverge pointwiseto thefunction
A ) oo, ifz=0,
f(@_{o, if 2 £ 0.

We have again [, f.duo = 1 for every n, solim, o, [ fudpo = 1, but [ fduy = 0. The
function f is notthe Diracdelta;the Lebesguéntegral of thisfunctionwasalreadyseernin Example
1.6to bezero. o

Theorem 3.1 (FatousLemma)Let f,,,» = 1,2, ... bea sequenc®f nonngativefunctionscon-
vemging pointwiseto a functionf. Then

/ [ dup < lim inf/ Snduo.
R n— 00 R

If im0 [ fn dio is defined thenFatou's Lemmahasthesimplerconclusion

/fduo§ lim / Jn dpo.
R n— 00 R

Thisis thecasean Examplesl.7and1.8,where

tim [ dpo =1,
R

n—00
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while [, f dpo = 0. We couldmodify eitherExamplel.7 or 1.8 by settingg,, = f, if = is even,
but g, = 2f, if n isodd. Now [}, g, duo = 1if n is even,but [, g, duo = 2 if n is odd. The
sequence{fR Gn duo}ff’:l hastwo clusterpoints, 1 and2. By definition, the smallerone, 1, is
liminf, o [R gn dpo andthelargerone,2, islim sup,,_, . [ g» dpo. Fatou’sLemmaguarantees
thateventhesmallerclusterpointwill begreatethanor equalto theintegral of thelimiting function.

Thekey assumptioiin Fatou'sLemmais thatall thefunctionstakeonly nonngative values.Fatou's
Lemmadoesnotassumanuchbut it is is not very satisfyingbecausét doesnot concludethat

[ fduo =t [ dpo
R n—00 R

Therearetwo setsof assumptionsvhich permitthis strongerconclusion.

Theorem 3.2 (MonotoneCorvergenceTheorem)Let f,,,n = 1,2, ... bea sequencef functions
cornverging pointwiseto a function f. Assumehat

0< fi(z) < fa(z) < fo(z) < - foreveryz € IR.

Then
[ fduo =t [ dpo
R n—00 R

whee bothsidesare allowedto be co.

Theorem 3.3 (DominatedCorvergencelTheorem)Let f,,,n = 1,2, ... bea sequencef functions,
which maytakeeither positiveor neggative values,corvemging pointwiseto a function f. Assume
thatthere is a nonngativeintegrablefunctionyg (i.e., [ g duo < o) sud that

| fn(z)] < g(z) for everyz € IR for everyn.

Then
[ fduo =t [ dpo
R n—00 R

andbothsideswill befinite.

1.4 General Probability Spaces

Definition 1.13 A probability space(2, F, IP) consistf threeobjects:

() 2, a nonemptyset, called the samplespace which containsall possibleoutcomesof some
randomexperiment;

(i) F,aoc-algebraof subset®f €2;

(iii) IP, aprobabilitymeasuren (€2, F),i.e.,afunctionwhichassigngo eachsetA € F anumber
IP(A) € [0, 1], which representshe probability thatthe outcomeof the randomexperiment
liesin thesetA.
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Remark 1.1 Werecallfrom Homevork Probleml.4thata probabilitymeasurdP hasthefollowing
properties:

(@ P®) =o.

(b) (Countableadditvity) If A;, A,, ... isasequencef disjointsetsin F, then
k=1 k=1

(c) (Finite additivity) If » is apositiveintegerandAy, ..., A,, aredisjointsetsin F, then

P(AjU---UA,) =P(A)+ -+ IP(A,).

(d) If AandB aresetsin F andA C B, then
IP(B)=IP(A)+ IP(B\ A).

In particular
IP(B) > IP(A).

(d) (Continuityfrom belown.) If Ay, A,, ... isasequencef setsin F with A; C A4, C ---, then

P (fj Ak) = lim IP(A,).

k=1

(d) (Continuityfrom above.)If Ay, A, ... isasequencef setsin F with A; O A, DO ---, then

P (ﬁ Ak) = lim IP(A,).

k=1

We have alreadyseensomeexamplesof finite probability spaces We repeattheseandgive some
examplesof infinite probability spacesswell.

Example 1.9 Finite cointossspace.

Tossa coin n times,sothat 2 is the setof all sequencesf H andT which have n components.
We will usethis spacequitea bit, andsogiveit aname:€2,,. Let F bethe collectionof all subsets
of 2,,. Supposehe probabilityof H on eachtossis p, a numberbetweerzeroandone. Thenthe

probabilityof 1" is ¢ 29 p. Foreachw = (wy,wy, . ..,w,) in Q,, wedefine

P{W} é pNumber of Hin w | qNumber of T in w.
For eachA € F, wedefine

P(A) 2 Y P{w). (4.1)

w€eA

We candefinelP(A) thiswaybecaused hasonly finitely mary elementsandsoonly finitely mary
termsappeaiin thesumontheright-handsideof (4.1). o
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Example 1.10 Infinite cointossspace.

Tossa coin repeatedlywithout stopping,sothat(? is the setof all nonterminatingsequencesf H
and?’. We call this space),. Thisis anuncountablyinfinite spaceandwe needto exercisesome
carein the constructiorof the o-algebrawve will usehere.

For eachpositive integern, we defineF,, to bethe o-algebradeterminedy thefirst n tosses.For
example,F, containdfour basicsets,

A
Apg = {w=(wi,wo,ws,...) ;w1 = H,wy=H}
= Thesetof all sequencewhich begin with H H,
A
Agr = {w=(wn,wy,ws,...);jw1=H,wy =T}
= Thesetof all sequencewhich begin with HT,
A
Argp = {w=(w,wy,ws,... ;w1 =T, wy=H}
= Thesetof all sequencewhich begin with T'H,
A
Arr = {w=(wi,w2,ws,...)jw1 =T, w, =T}

Thesetof all sequencewhich begin with 77

Becauser, is a o-algebrawe mustalsoputinto it the sets(, 2, andall unionsof the four basic
sets.

In the o-algebraF, we put every setin every o-algebra’,,, wheren rangesover the positive
integers.We alsoputin every othersetwhichis requiredto makeF bea o-algebra.For example,
thesetcontainingthe singlesequence

{HHHHH ---} = {H oneverytosg

is notin ary of the 7,, o-algebraspecausét dependsn all the component®f the sequencand
notjustthefirst n componentsHowever, for eachpositiveintegern, the set

{H onthefirst n tosse$

isin F,, andhencen F. Therefore,

{H oneverytoss = ﬂ {H onthefirst n tosse$

n=1
is alsoin F.

We next constructthe probability measurelP on (2., F) which correspondso probability p €
[0, 1] for H andprobabilityg = 1 — p for 7. Let A € F begiven. If thereis a positiveintegern
suchthat A € F,,, thenthedescriptiorof A depend®n only thefirstn tossesandit is clearhow to
definelP(A). For example,supposed = Agm U Arp, wherethesesetsweredefinedearlier Then
Aisin Fy. WesetlP(Apy) = p? andIP(Ary) = gp, andthenwe have

P(A) :P(AHHUATH) :p2+qp: (p—}— q)p:p,

In otherwords,the probabilityof a H onthesecondossis p.
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Let usnow considerasetA € F for whichthereis no positive integer n suchthatA € F. Such
is the casefor the set{ H oneverytoss. To determinethe probability of thesesets,we write them
in termsof setswhich arein F,, for positive integersn, andthenusethe propertiesof probability
measuretistedin Remarkl.1. For example,

{H onthefirsttosg {H onthefirst two tosse$

2
D {H onthefirst threetosse$
2

]
and

ﬂ {H onthefirstn tosse$ = { H oneverytossg.

n=1

Accordingto Remarkl.1(d)(continuityfrom above),
IP{H oneverytossg = li_)m IP{H onthefirstn tosse$ = li_)m p".

If p=1, then/P{H oneverytoss = 1; otherwise J°P{H oneverytoss = 0.

A similaramgumentshowvsthatif 0 < p < 1 sothat0 < ¢ < 1, thenevery setin €2, which contains
only oneelement(nonterminatingsequencef H and7’) hasprobability zero,andhencevery set
which containscountablymary elementsalsohasprobabiliyzero. We arein a casevery similar to
Lebesguameasureevery point hasmeasurezero, but setscanhave positive measure.Of course,
the only setswhich canhave positive probabiltyin 2, arethosewhich containuncountablymary
elements.

In theinfinite cointossspacewe definea sequencef randomvariablesyy, Ys, . .. by

. A1 ifwp,=H,
YW”_{Oim%zﬂ

andwe alsodefinetherandomvariable

‘ﬂwzﬁsﬁyl
k=1

Sinceeachy is eitherzeroor one, X takesvaluesin theinterval [0, 1]. Indeed X (T'TTT ---) = 0,
X(HHHH---) = 1 andthe othervaluesof X lie in between. We definea “dyadic rational
number”to be a numberof the form 7, wherek andm areintegers. For aample,% is a dyadic
rational.Every dyadicrationalin (0,1) correspond$o two sequences € 2.,. For example,

3
X(HHTTTTT---) = X(HTHHHHH---) = |

Thenumbersn (0,1) which arenotdyadicrationalscorrespondo asinglew € Q. ; thesenumbers
have a uniquebinary expansion.
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Wheneerwe placea probabilitymeasurdP on (€2, F), we have acorrespondingnducedmeasure
Lx on|0, 1]. For example,if wesetp = ¢ = % in the constructiorof this example thenwe have

[ 1] . . 1
Lx |0, 3| = IP{Firsttossis T} = >
L | | :
Lx 3" 1| = IP{Firsttossis H} = >
" | )
Lx |0, 1l = IP{Firsttwo tossesareTT} = n
11 _ .
Lx T 5] = IP{Firsttwo tossesareT H} = T
13 _ )
Lx 31l = IP{Firsttwo tossesare HT} = T
Lx 7 1| = IP{Firsttwotossesare H H } = T

Continuingthis processwe canverify thatfor ary positive integersk andm satisfying

m—1 m

we have
m—1 m 1
Lx [—Qk 27] = ok

In otherwords,the £ x -measuref all intervalsin [0, 1] whoseendpointsaaredyadicrationalsis the
sameasthelLebesgueneasuref thesanternvals. Theonly waythiscanbeis for £ x to belLebesgue
measure.

It is interesingto considemnwhat £ x would look like if we takea valueof p otherthan% whenwe
constructhe probabilitymeasurdP on (2.

We concludethis examplewith anotherlook at the Cantorsetof Example3.2. Let €2,,;,; bethe
subsebf 2 in which every even-numberedossis the sameasthe odd-numberedossimmediately
precedingt. Forexample, H HTTT'T H H is thebeginningof asequenceén 2,,,;,5, but H7' is not.
Considemow the setof realnumbers
C' 2 {X (w);w € Dpairs ).

The numbersbetween(1, 1) canbewritten as X (w), but the sequences mustbegin with either
TH or HT. Thereforenoneof thesenumberss in C’. Similarly, the numbersbetween(ll—G, %)

canbewritten as X (w), but the sequences mustbegin with 77T"H or TT'HT', sononeof these
numberdsin C’. Continuingthis processwe seethatC” will notcontainary of thenumberswvhich
wereremoved in the constructionof the CantorsetC' in Example3.2. In otherwords,C’ C C.

With a bit morework, onecancorvince onselfthatin factC’ = (), i.e., by requiringconsecutie
coin tossedo be paired,we areremoring exactly thosepointsin [0, 1] which wereremavedin the
Cantorsetconstructiorof Example3.2. o
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In additionto tossinga coin, anothercommonrandomexperimentis to pick a numbey perhaps
usingarandomnumbergeneratarHerearesomeprobability spacesvhich correspondo different
waysof pickinganumberatrandom.

Example1.11

Supposewe choosea numberfrom IR in sucha way that we are sureto geteither1, 4 or 16.
Furthermorewe constructhe experimentsothatthe probabilityof getting1 is g theprobability of
getting4 is g andthe probabilityof getting16 is % We describethis randomexperimentby taking
QtobelR, F tobeB(IR), andsettingup the probabilitymeasuresothat

4 4 1

P{1} = -, IP{4} = -, P{16} = —.

{1} = 5, P{4} = 5, P{16} =

This determinesP(A) for every setA € B(IR). For example,the probability of theinterval (0, 5]
is % becaus¢his interval containghenumbersl and4, but notthe numberl6.

The probabilitymeasuredescribedn this exampleis Ls,, the measurenducedby the stockprice
S3, whentheinitial stockprice Sy = 4 andtheprobabilityof H is % Thisdistributionwasdiscussed
immediatelyfollowing Definition 2.8. o

Example 1.12 Uniform distributionon [0, 1].

Let 2 = [0, 1] andlet F = B([0, 1]), the collectionof all Borel subsetxontaininedn [0, 1]. For
eachBorelsetA C [0, 1], wedefinelP(A) = uo(A) tobetheLebesgueneasuref theset.Because
wol0, 1] = 1, this givesusa probabilitymeasure.

This probability spacecorrespondso the randomexperimentof choosinga numberfrom [0, 1] so
thatevery numbeiis “equallylikely” to bechosen Sincethereareinfinitely meannumbersn [0, 1],
thisrequireghatevery numberhave probabiltyzeroof beingchosenNonethelessye canspealof
the probabilitythatthe numberchoserlies in a particularset,andif the sethasuncountablymary
points,thenthis probabilitycanbe positive. o

I know of no way to designa physicalexperimentwhich correspond¢o choosinga numberat
randomfrom [0, 1] sothateachnumberis equallylikely to be chosenjustasl know of no way to
tossa coin infinitely mary times. Nonethelesshoth Examplesl.10and1.12 provide probability
spacesvhich areoftenusefulapproximationso reality.

Example 1.13 Standarchormaldistribution.
Definethe standarchormaldensity

$2

a 1 -5

LetQ = IR, 7 = B(IR) andfor everyBorelsetA C IR, define

PA) 2 [ ¢duo. (4.2)
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If Ain (4.2)isanintenal [a, b], thenwe canwrite (4.2) asthelessmysteriousRiemannintegral:
:L‘2

b1 _—
]P[a,b]é/ \/ﬂe 2 dx.

This correspond$o choosinga pointatrandomon therealline, andevery singlepointhasprobabil-
ity zeroof beingchosenput if asetA is given,thenthe probabilitythe pointis in thatsetis given
by (4.2). o

The constructionof the integral in a generalprobability spacefollows the samestepsasthe con-
structionof Lebesguéntegral. We repeathis constructiorbelow.

Definition 1.14 Let (€2, F, IP) beaprobabilityspaceandlet X bearandomvariableonthisspace,
i.e.,amappingfrom Q2 to IR, possiblyalsotakingthevaluestoco.

e If X isanindicator,i.e,

1 ifwe A,
0 ifwe A°,

for somesetA ¢ F, wedefine
/ X dP 2 P(A).
Q

e If X isasimplefunction i.e,
X(w) = Z crla, (W),
k=1

whereeache,, is arealnumberandeachA;, is asetin F, we define
/ Xdp2 ch/ Ly, dIP =" cpP(Ay).
Q k=1 Q k=1
e If X is nonngativebut otherwisegeneralwe define

/ X dP

Q
= sup {/ Y dIP;Y issimpleandY (w) < X (w) for everyw € Q} .

Q

In fact, we canalwaysconstructa sequencef simplefunctionsY,,, » = 1, 2, ... suchthat
0 <Yi(w) <Yy(w) <Ys(w) <...foreveryw € €,

andY (w) = lim,, Y, (w) for everyw € Q. With this sequencewe candefine

/depé lim /YndP.
Q Q

n—00
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e If X isintegrable i.e,
/X+d1P<oo, /X—dJP<oo,
Q Q

where
X+ (w) 2 max{X (w),0}, X (w)2 max{—X(w),0},

/Xcupé/xwfp——/x—dfp
Q Q Q

If Aisasetin F and.X is arandomvariable,we define

thenwe define

/ XcuPé/ Iy X dIP.
A Q
The expectationof arandomvariable X is definedto be

EX 2 / X dIP.
Q

The above integral hasall thelinearity and comparisorpropertiesonewould expect. In particular
if X andY arerandomvariablesandc is arealconstantthen

/(X—|—Y)le /Xd]P+/Yd]P,
Q Q Q

/chP = c/XdP,
Q Q

If X(w)<Y(w)foreveryw € Q, then

/XdPg/YdP.
Q Q

In fact,we don't needto have X (w) < Y (w) for everyw € €2 in orderto reachthis conclusionit is
enoughif the setof w for which X (w) < Y (w) hasprobabilityone. Whena conditionholdswith
probabilityone,we sayit holdsalmostsurely. Finally, if A and B aredisjoint subsetof 2 and X
is arandomvariable then

/ Xle:/Xd]P—k/Xd]P.
AUB A B

We restatethe Lebesguentegral convergencetheoremin this moregeneralcontet. We acknawl-
edgein thesestatementshatconditionsdon’t needto hold for every w; almostsurelyis enough.

Theorem4.4 (FatousLemma)Let X,,,n = 1,2, ... bea sequencef almostsurely nonngative
randomvariablescorverging almostsurely to a randomvariable X . Then

/ X dP < liminf [ X, dP,
Q n— 00 Q
or equivalently

FX <liminf IFX,,.

n—0o0
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Theorem4.5 (MonotoneCorvergenceTheorem)Let X,,,n = 1,2, ... bea sequencef random
variablescorverging almostsurely to a randomvariable X . Assumehat

0< Xy <Xy < X3 <--- almostsurely.
Then
/ X dIP = lim / X, dIP,
Q n— 00 Q

FX = lim FX,.
n—00

or equivalently

Theorem4.6 (DominatedCorvergenceTheorem)Let X,,,» = 1,2, ... bea sequencef random
variables,corvemging almostsurely to a randomvariable X. Assumehat there existsa random
variableY sud that

|X,| <Y almostsurelyfor everyn.

Then
/Xle: lim /XndP,
Q Q

n—0o0

or equivalently
FX = lim FX,.

n—0o0

In Examplel.13,we constructedh probability measuren (IR, B(IR)) by integratingthe standard
normaldensity In fact,wheneer ¢ is anonn@ativefunctiondefinedon R satisfying[, ¢ duo = 1,
we call ¢ adensityandwe candefineanassociategrobabilitymeasurdy

P(A) 2 /Agod,uo forevery A € B(IR). (4.3)

We shalloften have a situationin which two measurererelatedby anequationlike (4.3). In fact,
the marketmeasureandtherisk-neutralmeasure financialmarketsarerelatedthis way. We say
thaty in (4.3)is theRadon-Nikodynderivativeof d IP with respecto pg, andwe write

dP

®

The probabilitymeasurdP weightsdifferentpartsof therealline accordingo thedensity,. Now
supposef is afunctionon (R, B(IR), IP). Definition 1.14givesusavaluefor theabstracintegral

/R FdP,

/ f“Pd,u07
R

whichis anintegral with respedo Lebesgueneasurevertherealline. We wantto show that

We canalsoevaluate

| rap= [ redu. (4.5)
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anequationvhichis suggestetby the notationintroducedn (4.4) (substitutej% for ¢ in (4.5)and
“cancel” the dyug). We includea proof of this becausat allows usto illustratethe conceptof the
standad madineexplainedin Williams’sbookin Section5.12,page5.

The standardnachineargumentproceedsn four steps.

Stepl. Assumethat f is anindicator function i.e., f(z) = I4(z) for someBorelsetA C IR. In
thatcase(4.5)becomes

P(A) :/Agod,uo.
Thisis truebecausét is thedefinitionof IP(A).

Step2. Now thatwe know that (4.5) holdswhen f is an indicator function, assumehat f is a
simplefunction i.e., alinearcombinationof indicatorfunctions.In otherwords,

f(z) = Xn: crhi(z),
k=1

whereeachey, is arealnumberandeacht,, is anindicatorfunction. Then

AP :/ el dip
frw = [ [Zon
= ch/ by, dIP
k=1 R
= chc/ Ry dpo
k=1 R

_ /B Lz: erh

= /]Rf@d,uo-

Step3. Now thatwe know that (4.5) holdswhen f is a simple function, we considera general
nonngativefunction f. We canalwaysconstructasequencef nonngative simplefunctions
fn,mn=1,2,... suchthat

e duo

0< fi(z) < falz) < fa(z) < ... foreveryz € IR,

andf(z) = lim,_, fy(z) for everyz € IR. We have alreadyprovedthat

/fndJP:/ fni dug for every n.
R R

Weletn — oo andusetheMonotoneCorvergencel heoremon bothsidesof this equalityto

get
[ rap= [ redu.
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Step4. In the last step,we consideran integrable function f, which cantake both positive and
negative values.By integrable, we meanthat

/f+d]P<oo, /f—dJP<oo.
R R

¢ FromStep3, we have

[orrar = [ rredu,
[orar = [ redu.

Subtractinghesewo equationsye obtainthe desiredresult:

o = fyra-f o
= /waduo—/ﬂf‘soduo
= /Rfiﬁd,uo-

1.5 Independence

In this section,we defineand discussthe notion of independencé a generalprobability space
(2, F, IP), althoughmostof the exampleswe give will befor cointossspace.

1.5.1 Independenceof sets

Definition 1.15 We saythattwo setsA € F andB € F areindependenif
P(AN B) = IP(A)IP(B).

Suppose randomexperimentis conductedandw is the outcome.The probabilitythatw € A is
IP(A). Supposeyou arenottold w, but you aretold thatw € B. Conditionalon this information,
theprobabilitythatw € A is ( )

A IP(ANB

IP(A|B) = “PB)

ThesetsA and B areindependenif andonly if this conditionalprobabilityis the uncondidtional
probability IP(A), i.e.,knowing thatw € B doesnot changethe probabilityyou assignto A. This
discussioris symmetricwith respecto A and B; if A and B areindependenandyou know that
w € A, theconditionalprobabilityyou assigrnto B is still theunconditionalprobability IP(B).

Whethentwo setsareindependendepend®ntheprobabilitymeasurdP. For example supposave
tossa cointwice, with probabilityp for H andprobabilityq = 1 — p for T' on eachtoss. To avoid
trivialities,we assumehat() < p < 1. Then

P{HHY} = p*, P{HT} = P{TH} = pq, P{TT} = ¢". (5.1)
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LetA={HH,HT}andB = {HT,TH}.Inwords,A istheset* H onthefirsttoss”andB is the
setone H andone?” ThenAn B = {HT'}. We compute

Thesesetsareindependenif andonly if 2p?q = pq, whichis thecasef andonly if p = %

If p = % then IP(B), the probability of oneheadandonetail, is % If you aretold thatthe coin
tossegesultedn a headon thefirst toss,the probabilityof B, which is now the probabilityof aT
onthesecondoss,is still %

Supposéoweverthatp = 0.01. By far themostlikely outcomeof thetwo cointossess 7T, and
the probability of oneheadandonetail is quite small; in fact, IP(B) = 0.0198. However, if you
aretold thatthefirst tossresultedn H, it becomewery likely thatthetwo tossegesultin onehead
andonetail. In fact, conditionedon gettinga H on thefirst toss,the probabilityof one H andone
T is the probabilityof a7’ onthesecondoss,whichis 0.99.

1.5.2 Independenceof o-algebras

Definition 1.16 LetG and# besubo-algebra®f 7. We saythatG and# areindependenif every
setin G isindependentf every setin 74, i.e,

IP(ANB)=IP(A)IP(B) foreveryA € H, B € G.

Example 1.14 Tossa coin twice, andlet /P be givenby (5.1). LetG = F; bethe o-algebra
determinedy thefirst toss:G containghesets

0,Q{HH,HT},{TH,TT}.
Let # bethes-albggradeterminedy thesecondoss:H containghesets
0,Q{HH,TH},{HT,TT}.

Thesetwo o-algebrasareindependentFor example,if we choosetheset{H H, HT'} from G and
theset{ H H,T H } from H, thenwe have

P{HH,HT}YIP{HH,TH} = (p* + pg) (»* + pg) = p*,
P({HH HT}N{HH,TH}) = P{HH} = p*.

No matterwhich setwe choosdn G andwhich setwe choosdan H, we will find thatthe productof
the probabiltieds the probability of theintersection.
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Examplel.14illustratesthe generalprinciple thatwhenthe probability for a sequencef tosseds
definedto be the productof the probabilitiesfor the individual tossef the sequencethenevery
setdependingon a particulartosswill be independenbf every setdependingon a differenttoss.
We saythatthedifferenttossesareindependenivhenwe construciprobabilitiesthisway. It is also
possibleto constructprobabilitiessuchthatthe differenttossesare not independentas shovn by
thefollowing example.

Example 1.15 Define IP for theindividual elementof Q = {HH HT,TH, TT}tobe

P{HH) = 5, P{HT) = IP{TH} =5, PIT) = L
andfor everysetA C €, deflneP(A) to bethe sumof theprobabllltlesof theelementsn A. Then
IP(Q2) = 1, so [P is a probabilitymeasureNote thatthe sets{ H onfirsttoss = {H H, H1'} and
{H onsecondoss = {HH,TH} have probabilitesP{HH,HT} = 1 andIP{HH,TH} =
g, so the productof the probabilitiesis 24—7 On the other hand, the intersectionof {H H, HT'}
and{H H, T H} containsthe singleelement{ H H }, which hasprobability . Thesesetsarenot
independent.

1.5.3 Independenceof random variables

Definition 1.17 We saythattwo randomvariablesX andY areindependenif the o-algebraghey
generater(X) ando(Y') areindependent.

In the probability spaceof threeindependentoin tossesthe price S, of the stockat time 2 is
independentf 2 JL This is becauseb; dependson only the first two coin tosseswhereasi is
eitherwu or d, dependlnganwhethelthethlrd cointossis H or 7.

Definition 1.17 saysthatfor independentandomvariablesX andY’, everysetdefinedin termsof
X isindependentf every setdefinedin termsof Y. In thecaseof S, and Justcon5|deredfor@<-

amplethesets{S; = udSo} = {HTH,HTT} and{g3 = u} = {HHH, HTH,THH,TTH}
areindepedensets.

SupposeX andY areindependentandomvariables We definedearlierthe measurénducedby X
on IR to be
Lx(A)2 P{X € A}, ACR.

Similarly, themeasurénducedby Y is
Ly(B)2 P{Y € B}, BC R.

Now the pair (X, Y) takesvaluesin the plane /R?%, andwe candefinethe measurénducedby the
pair

Lxy(C)=P{(X,Y)€C}, CC R
ThesetC' in this lastequationis a subsebf the planek?. In particular C' could bea “rectangle”,
i.e,asetof theform A x B, whereA C IR andB C IR. In thiscase,

{(X,Y)e Ax B} = {X € A} n{Y € B},
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and X andY areindependenif andonly if

Lxy(AxB) = P({X €A}n{Y € B})
= IP{X € A}IP{Y € B} (5.2)
= Lx(A)Ly(B).
In otherwords,for independentandomvariablesX andY’, thejoint distributionrepresentedy the

measureL x y factorsinto the productof the maminal distributionsrepresentedy the measures
Lx andLy.

A joint densityfor (X, Y') is anonngative function fx y (z, y) suchthat

Lxy(AxB)= A/JBfX,Y($79) dx dy.

Not every pair of randomvariables(.X, Y') hasa joint density but if a pair does,thentherandom
variablesX andY have mamginal densitiedefinedby

fx(z) = /_Oo Sxy (@,n)dn,  fy(y) /_oo Ixy (& y)dE.
Thesehave the properties
Lx(A) = /AfX(ac)dac, ACR,

Ly(B) = /ny(y) dy, B C IR.

SupposeX andY have ajoint density Then X andY areindependenvariablesif and only if
the joint densityis the productof the maiginal densities. This follows from the fact that (5.2) is
equivalentto independencef X andY . TakeA = (—oo, z] andB = (—o0, y], write (5.1)in terms
of densitiesanddifferentiatewith respecto bothz andy.

Theorem 5.7 SupposeX andY areindependentandomvariables.Letg andh befunctionsfrom
IR to IR. Theng(X) andh(Y) arealsoindependentandomvariables.

PrROOF: LetusdenotelW = ¢g(X) andZ = h(Y). We mustconsidersetsin ¢ (/) ando(Z). But
atypicalsetin o(W) is of theform

{w;iW(w) e A} = {w:g(X(v)) € A},

which is definedin termsof the randomvariable X. Therefore this setis in o(.X). (In general,
we have that every setin (W) is alsoin o(X), which meansthat X containsat leastas much
informationasW . In fact, X cancontainstrictly moreinformationthani’, whichmeanghato (X)

will containall thesetsin o (1¥') andothersbesidesthisis the casefor example,if W = X2)

In the sameway that we just aguedthat every setin o (1) is alsoin ¢(X), we canshawv that
every setin o(Z) is alsoin o(Y'). Sinceevery setin o(X) is independentf every setin o(Y'), we
concludethatevery setin o (W) is independentf every setin o (Z). o
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Definition 1.18 Let X, X5, ... be a sequencef randomvariables. We say that theserandom
variablesareindependenif for every sequencef setsA; € o(X;), A; € o(X3), ... andfor every
positiveintegern,

P(A1nAyNn---A,) = IP(A)IP(Ay) -+ - IP(Ay).

1.5.4 Correlation and independence

Theorem 5.8 If tworandomvariablesX andY areindependentandif g andh are functionsfrom
IR to IR, then
Elg(X)WY)] = Eg(X)- ER(Y),

providedall the expectationsre defined.

PROOF: Letg(z) = I4(z) andh(y) = Ir(y) beindicatorfunctions. Thenthe equationwe are
trying to prove becomes

P({X € A}n{Y € B}) = IP{X € A}P{Y € B},

whichis truebecauseX andY areindependentNow usethe standardnachineto gettheresultfor
generafunctionsg andh. o

Thevarianceof arandomvariableX is definedto be
Var(X) 2 E[X — EX]%
Thecovarianceof two randomvariablesX andY is definedto be
Cov(X,Y) £ B[(X - EX)(Y - EY)]
= F[XY]- EX-EY.

Accordingto Theoremb5.8, for independentandomvariablesthe covarianceis zero. If X andY
bothhave positive variancesye definetheir correlationcoeficient

Cov(X,Y)
Var(X)VarY)’

For independentandomvariablesthe correlationcoeficientis zero.

12

p(X,Y)

Unfortunately two randomvariablescan have zerocorrelationandstill not be independentCon-
siderthefollowing example.

Example1.16 Let X be a standarchormalrandomvariable,let Z beindependenof X andhave
thedistribution P{Z = 1} = IP{Z = —1} = 0. DefineY = XZ. We shav thatY is alsoa
standarchormalrandomvariable, X andY areuncorrelatedbut X andY arenotindependent.

Thelastclaimis easyto see.If X andY wereindependentsowould be X% andY?, but in fact,
X? =Y? almostsurely
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We next checkthatY is standarchormal.For y € IR, we have
P{Y <y} = P{Y <yandZ =1}+P{Y <yandZ = -1}

P{X <yandZ =1}+ P{-X <yandZ = -1}
= P{X <y}P{Z=1}+ P{-X < y}P{Z = -1}

1 1
= PIX <yi+ o Pi-X <y}

SinceX is standarchormal, P{X < y} = IP{X < —y}, andwehave P{Y <y} = IP{X <y},
whichshowvsthatY is alsostandarchormal.

Beingstandardhormal,both X andY have expectedvaluezero. Therefore,
Cw(X,Y)=E[XY]=FE[X*Z]|=EX* FZ=1-0=0.
Wherein IR? doesthe measurel x y putits massj.e., whatis thedistribution of (X, Y)?

We concludethis sectionwith the obsenationthatfor independentandomvariables the variance
of their sumis the sumof their variances.Indeed,if X andY areindependenand”Z = X + Y/,
then

var(z) 2 B|(Z - B2)]

= E(X—i—Y — EX - EY)?]
B[(X - EX)? +2(X — EX)(Y = EY) + (Y — BY)?]

= Var(X)+ QE[X — EX]E[Y - EY] + Var(Y)

= Var(X) + Var(Y).

This agumentextendsto ary finite numberof randomvariables. If we are given independent
randomvariablesX, X,, ..., X, then

Var(X; + Xz + -- -+ X,,) = Var(Xy) + Var(Xs3) + - - -+ Var(X,,). (5.3)

1.5.5 Independenceand conditional expectation.

We now returnto property(k) for conditionalexpectationspresentedn thelecturedatedOctober
19,1995. The propertyasstatedthereis takenfrom Williams’s book, page88; we shallneedonly
thesecondassertiorof the property:

(k) If arandomvariableX is independentf as-algebrat{, then

E[X|H] =

The point of this statements thatif X is independenbf #, thenthe bestestimateof X basedon
theinformationin # is I’ X, the sameasthebestestimateof X basedn no information.
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To shaw this equality we obserefirst that I X is #-measurablesinceit is notrandom.We must
alsocheckthe partialaveragingproperty

/]EXle:/Xd]PforeveryAe%.
A A

If X isanindicatorof somesetB, whichby assumptiomustbeindependentf 7, thenthe partial
averagingequationve mustcheckis

/ P(B)dP = / Iy dIP.
A A
Theleft-handsideof this equations IP(A) IP(B), andtheright handsideis

/ IAIBdP:/ IAanP:P(AﬂB).

Q Q

The partial averagingequationholds becaused and B are independent. The partial averaging
equatiorfor generalX independenof # follows by the standardnachine.
1.5.6 Law of Large Numbers

Therearetwo fundamentatheoremsboutsequencesf independentandomvariables Hereis the
firstone.

Theorem5.9 (Law of Large Numbers)Let Xy, X, ... beasequencefindependenidentically
distributedrandomvariables,ead with expectedvalue . andvariances?. Definethe sequencef
averges

y, At Xed-H X
n

ThenY,, corvemgesto i almostsurelyasn — oco.

We arenotgoingto givethe proofof thistheorembput hereis anagumentwhichmakest plausible.
We will usethisagumentiaterwhendevelopingstochasticalculus.Theargumentproceedsn two
steps.We first checkthat IE'Y,, = u for every n. We next checkthatVar(Y,) — 0 asn — 0. In
otherwords,therandomvariablesy,, areincreasinglytightly distributedaroundu asn — oc.

For thefirst step,we simply compute

1 1
BY, = —[EXi+ EXo+ -+ EX,] = —[utp+--+p=p

n

n times

For the secondstep,we first recall from (5.3) thatthe varianceof the sumof independentandom
variableds thesumof their variancesTherefore,

n X n 2 2
Var(y,) = Y Var(#“) -z -7

Asn — oo, wehave Var(y, ) — 0.
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1.5.7 Central Limit Theorem

The Law of Large Numbersis a bit boring becausehe limit is nonrandom.This is becausehe
denominatoin thedefinitionof Y,, is solargethatthevarianceof Y,, corvergesto zero.If we want
to preventthis, we shoulddivide by /n ratherthann. In particular if we againhave a sequencef
independentidentically distributedrandomvariables gachwith expectedvalueu: andvariances?,

but now we set i
A K-+ Xo—p)+- -+ (X —p)

\/ﬁ ?

Zn

theneachz, hasexpectedvaluezeroand

Var(Z,) = kzi:lVar(X’i/%“) = zn: % =

k=1

As n — oo, thedistributionsof all therandomvariablesZ,, have the samedegreeof tightnessas
measuredby their variance aroundtheir expectedvalue0. The CentralLimit Theoremassertshat
asn — oo, thedistributionof Z,, approachethatof anormalrandomvariablewith mean(expected
value)zeroandvariances?. In otherwords,for every setA C IR,

1 _ 2%
e 202dx.

lim P{Z, € A} =
n—co o\2m JA
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Chapter 2

Conditional Expectation

PleaseseeHull’ sbook (Section9.6.)

2.1 A Binomial Model for Stock Price Dynamics

Stockpricesare assumedo follow this simplebinomial model: Theinitial stockprice duringthe
periodunderstudyis denotedS,. At eachtime step,the stockpriceeithergoesup by a factorof «
or down by afactorof d. It will be usefulto visualizetossinga coin ateachtime step,andsaythat

e thestockpricemavesup by afactorof « if the coincomesoutheadq H), and

e down by afactorof d if it comesouttails (7).

Notethatwe arenot specifyingthe probabilityof headsere.

Considera sequencef 3 tossesf the coin (SeeFig. 2.1) The collectionof all possibleoutcomes
(i.e. sequencesf tossef length3) is

Q={HHH,HHT,HTH,HTT,THH,THH, THT, TTH, TTT}.

A typical sequencef Q will bedenotedv, andw; will denotethe kth elementin the sequence.
We write S (w) to denotethestockpriceat“time” k (i.e. afterk tossesyndertheoutcomev. Note
thatS;(w) depend®nly onwy, wy, . .. ,wk. Thusin the3-coin-tossexamplewe write for instance,

S1(w) £ Sy (w1, wa,ws) 2 S1(wr),

S3(w) £ Sy(wr,wa,ws) £ Sawr, ws).

EachsS;, is arandomvariable definedon the set2. More preciselylet 7 = P(2). ThenF is a
o-algebraand (€2, F) is ameasurablepace EachS;, is an F-measurabléunction Q— IR, thatis,
S ! is afunction B—F whereB is the Borel o-algebraon R. We will seelaterthat .Sy is in fact

49
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- 4~ S(HHH) =5,
o

S, (HH) =u s,
w=H = SHHD =#d S
S ) = ug SHTH = Pd S
- S(THH) = #d S
o H _
s S(HT)=ud §
S (TH) =ud §
=T

i &=H SHT)=d?u $

§ M= ds S3(THT) = du Sy

oot S (TTH) = d?u o
- o=

2

2
o

Figure2.1: A threecoin periodbinomialmodel.

S (TTT) =ds,

measurablenderasubv-algebraof F. RecallthattheBorelo-algebras isthes-algebragenerated
by the openintervalsof R. In this coursewe will alwaysdealwith subset®f R thatbelongto 5.

For ary randomvariable X definedonasamplespace2 andary y € IR, we will usethe notation:
(X <y} E{w e X (w) < y).

Thesets{ X < y},{X >y}, {X = y}, etc,aredefinedsimilarly. Similarly for ary subsetB of IR,
we define A
{X eB}={weQ X(w) € B}.

Assumption2.1 u > d > 0.

2.2 Information

Definition 2.1 (Setsdetermined by the first k£ tosses.)We saythatasetA C €2 is determinedy
thefirst £ cointossesf, knowing only the outcomeof thefirst & tosseswe candecidewhetherthe
outcomeof all tosseds in A. In generalwe denotethe collectionof setsdeterminedoy thefirst k&
tossedy Fy. It is easyto checkthat Fj, is ac-algebra.

NotethattherandomvariableS;, is 7,-measurabldor eachk = 1,2,... ,n.

Example 2.1 In the3 coin-tossexample,thecollectionF; of setsdeterminedy thefirst tossconsistof:
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1. Ay 2 {HHH, HHT,HTH, HTT},
2. Ap 2 {THH,THT, TTH,TTT},
3. ¢,

4. Q.

ThecollectionF, of setsdeterminedy thefirst two tossesonsistof:

Apg 2 {HHH, HHTY,
Ay 2 {HTH, HTTY,
Ary 2 {THH, THTY,

Ay 2 {TTH, TTT},

. Thecomplementsf theabove sets,

. Any unionof theabore sets(includingthecomplements),
. ¢ andQ2.

Noopr w N op

Definition 2.2 (Information carried by arandom variable.) Let X bearandomvariableQ2— IR.
We saythatasetA C €2 is determinedy therandomvariable X if, knowing only thevalue X (w)
of therandomvariable we candecidewhetheror notw € A. Anotherway of sayingthis is thatfor
everyy € IR, eitherX~!(y) C A or X~1(y) N A = ¢. Thecollectionof susbetof 2 determined
by X is ac-algebrawhichwe call the o-algebrageneratedby X', anddenoteby o (X).

If therandomvariableX takedfinitely mary differentvaluesthens (X)) is generatedby thecollec-
tion of sets
X (X (@) € Q)

thesesetsarecalledthe atomsof the o-algebras (X).
In generaljf X is arandomvariableQ2— IR, theno (X) is givenby

o(X)={X"Y(B);B ¢ B}.
Example 2.2 (Setsdeterminedby S;) Thecs-algebrageneratedby S» consistf thefollowing sets:

. Agg ={HHH,HHT} = {w € Q; S2(w) = u?Sp},
App = {TTH, TTT} = {S> = d*So},

Apgr UApg = {S2 = udSp},

Complementsf theabove sets,

. Any unionof theabove sets,

.0 ={5(w) € 8},

. Q={5(w) € R}.

N o oA wN R
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2.3 Conditional Expectation

In orderto talk aboutconditionalexpectation,we needto introducea probability measureon our
coin-tosssamplespace2. Let usdefine

e p € (0,1)istheprobabilityof H,
e ¢ 2 (1 - p) istheprobabilityof 7,
e thecointossesareindependentsothat,e.g.,lIP(H HT) = p?q, etc.
o P(A) LY ey P(w), VA C Q.
Definition 2.3 (Expectation.)

A

FEX =) X(w)Pw).
wef?
If A C Qthen
Al ifweA
IA(“)—{ 0 fwgA
and

E(I4X) = /AXd.P = Y X(w)Pw).
WeA

We canthink of /(14X ) asapartial averageof X overthesetA.

2.3.1 An example

Let us estimateS;, given S,. Denotethe estimateby F'(.5|S2). From elementaryprobability;
I (5:]5;) is arandomvariableY whosevalueatw is definedby

Y(w) = E(51]52 = y),
wherey = S, (w). Propertieof IF(5;]S5;):
e [F(51|52) shoulddependnw, i.e.,it is arandomvariable.
e If thevalueof S; is known, thenthevalueof I£'(S;|Sz) shouldalsobeknown. In particular

— fw=HHHorw= HHT,thenS;(w) = u*S,. If weknow thatS;(w) = u%Sg, then
evenwithoutknowing w, we know thatS; (w) = uS,. We define

— fw=TTTorw=TTH,thenS;(w) = d*S,. If we know thatS;(w) = d*Sy, then
evenwithoutknowing w, we know that5; (w) = dSy. We define

E(S1]S2)(TTT) = IE(S1|S)(TTH) = dS.
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—fwe A={HTH,HTT,THH,THT},thenS;(w) = udSp. If weknow S;(w) =
udSy, thenwe do notknow whetherS; = u.Sy or S; = dSy. We thentakea weighted
average:

P(A) = p*q+ pg* + p’q + pg* = 2pq.

Furthermore,

/A SidIP = pzquSo + pq2u50 + p2qd50 + pq2d50

= pq(u+d)So
Forw € A wedefine
[4 S1dIP
E(5:1]52)(w) = f}PT) = 3(u+ d)So.

Then
/E(51|52)d1P:/ SydIP.
A A

In conclusionwe canwrite
IE(51]52) (w) = g(S2(w)),

where
uSg if 2 = 4?5
g(z) =% F(u+d)So if 2 = udSo
dSy if 2 =d%Sy

In otherwords, IF(51]S2) is randomonly throughdependencen S,. We alsowrite
(51|95 =z) = ¢g(z),

whereyg is thefunctiondefinedabore.
Therandomvariablel=(5;]S2) hastwo fundamentaproperties:

o IF(51]5;) isa(S;)-measurable.

e ForeverysetA € o(53),
/IE(51|52)dIP = /Slle.
A A

2.3.2 Definition of Conditional Expectation

PleaseseeWilliams, p.83.

Let (2, F, IP) beaprobabilityspaceandlet G beasubo-algebraof 7. Let X bearandomvariable
on (2, F,IP). ThenIE(X|G) is definedto beary randomvariableY thatsatisfies:

(a) Y is G-measurable,
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(b) ForeverysetA € G, we have the“partial averagingproperty”

/ YdP = / XdP.
A A

Existence. Thereis alwaysa randomvariableY satisfyingthe above properties(provided that
F|X| < o0), i.e.,conditionalexpectationsalwaysexist.

Unigueness.Therecanbe morethanonerandomvariableY satisfyingthe above propertiesput if
Y’ is anotherone,thenY = Y’ almostsurelyi.e., P{w € ;Y (w) = Y'(w)} = 1.

Notation 2.1 For randomvariablesX, Y, it is standardhotationto write
N A ,
EX|Y)=FEX|oY)).
Herearesomeusefulwaysto think about/Z' (X |G):

e A randomexperimentis performed,i.e., an elementw of 2 is selected.The valueof w is
partially but not fully revealedto us, andthuswe cannotcomputethe exactvalueof X (w).
Basedon whatwe know aboutw, we computean estimateof X (w). Becausehis estimate
dependson the partialinformationwe have aboutw, it depend®on w, i.e., F[X|Y](w) isa
functionof w, althoughthedependencenw is oftennot shovn explicitly .

e If theos-algebra; containdinitely mary setstherewill bea“smallest’setA in G containing
w, whichis theintersectiorof all setsin G containingv. Thewayw is partially revealedto us
isthatwearetoldit isin A, butnottold which elemenbf A it is. We thendefine E[ X |Y](w)
to betheaverage(with respecto IP) valueof X overthissetA. Thus,for all w in thissetA,
F[X|Y](w) will bethesame.

2.3.3 Further discussionof Partial Averaging
The partialaveragingpropertyis
/AJE(X|g)d1P: /AXdJRVA €g. (3.1)
We canrewrite thisas
E[14.E(X|6)] = E[14.X]. (3.2)
Notethat/ 4 is aG-measurableandomvariable.In factthefollowing holds:

Lemma3.10 If V is anyG-measuablerandomvariable,thenprovidedE|V.IE'(X|G)| < oo,

E[V.E(X|G)] = E[V.X]. (3.3)
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Proof: To seethis, first use(3.2) andlinearity of expectationgo prove (3.3) whenV is a simple
G-measurableandomvariable,i.e.,V is of theform V = >"7'_, ¢, 14, , whereeachA isin G and
eache;, is constant.Next considetthe casethat V' is a nonn@ative G-measurableandomvariable,
but is not necessarilysimple. Sucha V' can be written as the limit of an increasingsequence
of simplerandomvariablesV,,; we write (3.3) for eachV,, andthenpassto the limit, usingthe
MonotoneCorvergenceTheorem(SeeWilliams), to obtain (3.3) for V. Finally, the generalG-
measurableandomvariableV’ canbewrittenasthedifferenceof two nonngatverandom-wariables
V = V* — V~, andsince(3.3) holdsfor V*+ andV ~ it musthold for V" aswell. Williams calls
this algumentthe “standardmachine”(p. 56). [

Basedon thislemma,we canreplacethe secondconditionin the definition of a conditionalexpec-
tation(Section2.3.2)by:

(b’) For every G-measurableandom-ariableV’, we have

E[V.E(X|G)] = E[V.X]. (3.4)

2.3.4 Propertiesof Conditional Expectation

PleaseseeWillams p. 88. Proofsketche®f someof the propertiesaareprovidedbelow.

(@) E(E(X|9) = E(X).
Proof: Justtake A in the partialaveragingpropertyto be2.

The conditionalexpectationof X is thusanunbiasedstimatorof therandomvariableX .
(b) If X is G-measurablehen
F(X|G) = X.
Proof: The partialaveragingpropertyholdstrivially whenY is replacedby X . And since X
is G-measurableX satisfiegherequirementa) of a conditionalexpectationaswell.
If theinformationcontentof G is sufficientto determineX , thenthebestestimateof X based
ong is X itself.

(c) (Linearity)
F(a1 X1+ a2 X2|G) = a1 IE(X1|G) + a2lE(X4|G).

(d) (Positwvity) If X > 0 almostsurely then
FE(X|G) > 0.
Proof:TakeA = {w € Q; IF(X|G)(w) < 0}. Thissetisin G sincel' (X |G) is G-measurable.
Partial averagingimplies [, IF(X|G)dIP = [, XdIP. Theright-handsideis greaterthan

or equalto zero,andthe left-handsideis strictly negative, unlessiP’(A) = 0. Therefore,
P(A) =0.
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(h) (Jensersinequality)lf ¢ : R— R is corvex andE|¢(X )| < oo, then
E(6(X)|G) > ¢(IE(X]G)).
RecalltheusualJensers Inequality: E¢( X ) > ¢(IE(X)).
() (TowerProperty)lif H is asubv-algebraof G, then
E(E(X[G)|H) = E(X[H).

H is asubv-algebraof G meanghatG containamoreinformationthan?{. If we estimateX

basedn theinformationin G, andthenestimatethe estimatorbasedon the smalleramount
of informationin 7, thenwe getthe sameresultasif we hadestimatedX directly basedon

theinformationin 7.

() (Takingoutwhatis known) If Z is G-measurablethen
FE(ZX|G)=Z.IE(X|G).

Whenconditioningon G, the G-measurableandomvariableZ actslike aconstant.

Proof: Let Z beaG-measurableandomvariable.A randomvariableY is IF(Z X |G) if and
only if

(a) Y is G-measurable;
(b) [4YdIP= [, ZXdIP,YA € G.

TakeY = Z.IF(X|G). ThenY satisfieqa) (a productof G-measurableandomvariablesis
G-measurable)Y” alsosatisfiegroperty(b), aswe cancheckbelow:

/AYdP = E(14.Y)

= E[4ZE(X|G)]
= E[I4Z.X] (b)wWithV = I,Z

= / ZXdIP.
A

(k) (Roleof Independencdj H isindependentf o(o(X),G), then
E(X|o(G, 1)) = E(X|0).
In particularif X isindependenotf 7, then
FE(X|H) = E(X).

If H isindependendf X and@, thennothingis gainedby includingtheinformationcontent
of H in theestimatiorof X.
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2.3.5 Examplesfrom the Binomial Model

RecallthatF, = {¢, Au, Ar, Q}. Noticethat I (Sz|F1) mustbeconstanbn Ay and Ay
Now sincell (S| F1) mustsatisfythe partial averagingproperty

/ E(Sy|Fr)dIP = SodIP,
AH AH
/ (S| Fr)dIP = SodIP.
AT AT
We compute
/A E(Sy|F1)dIP = IP(Ap).JE(Sy|F1)(w)
H
= plE(S:|F1)(w),Vw € Ag.
Ontheotherhand,
SodIP = p*u®Sy + pqudSp.
Ag
Therefore,
E(SQL}-I)(W) = pUQSo + qudSo,‘v’w € AH
We canalsowrite
E(Sy|F1)(w) = pu’So+ qudSy
= (pu+ gd)uSy
= (pu+qd)S;(w),Yw € Ay
Similarly,

E(S:|F1)(w) = (pu+ qd)S1(w),Yw € Ar.
Thusin bothcasesve have
E(S2|F1)(w) = (pu+ qd) S (w), Vw € €.
A similar agumentonetime steplatershovsthat
(S5 F2) (w) = (pu + qd) S2(w).

We leave the verificationof this equality as an exercise. We can verify the Tower Property for
instancefrom the previousequationsve have

E[E(S5|1F2)|F1] = E[(pu+ qd)S2|F2]
= (pu+ qd)IE(S;|F1) (linearity)
= (pu+ qd)*S;.

Thisfinal expressionis I£(S3|F1).
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2.4 Martingales

Theingredientsare:

e A probabilityspaceQ2, F, IP).

e A sequencef o-algebrasFy, F1, ..., F,, with thepropertythat 7o C 7y C ... C F,, C
F. Suchasequencef o-algebrass calledafiltration.

e A sequencefrandomvariablesMy, M, ... , M,. Thisis calleda stodasticprocess
Conditionsfor amartingale:

1. EachMy is F-measurablelf you know theinformationin 7, thenyou know the valueof
M} We saythatthe procesd My } is adaptedto thefiltration { F}.

2. Foreachk, IE(My4+1|Fi) = M. Martingalegendto go neitherup nor down.

A supermartingaléendso godown i.e. thesecondconditionaboveis replacedy I (M1 | Fr) <
My; asubmartingagétendsto goup, i.e. IE(Mj41|Fr) > M.

Example 2.3 (Example from the binomial model.) For k = 1, 2 we alreadyshovedthat
E(Sk411Fx) = (pu + qd) Sk

Fork = 0, wesetF, = {¢,Q}, the“trivial c-algebra”. This s-algebracontainsno information,andary
Fo-measurableandomvariablemustbe constani{nonrandom) Therefore by definition, I£(S;|Fy) is that
constantvhich satisfiedhe averagingproperty

/E(51|T0)le:/ S1dPP.
Q Q

Theright handsideis IES; = (pu + ¢d)So, andsowe have
FE(S1|Fo) = (pu+ qd)So.
In conclusion,

o If (pu+ qd) = 1 then{Sk, Fr; k =0, 1,2,3} isamartingale.
o If (pu+ qd) > 1 then{Sk, Fr; k =0, 1,2,3}isasubmartingale.
o If (pu+ qd) < 1then{Sy, Fi;k =0,1,2,3}isasupermartingale.
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Arbitrage Pricing

3.1 Binomial Pricing

Returnto thebinomialpricing model
Pleasesee:

e Cox,RossandRubinstein,. Financial Economics7(1979),229—-263and
e CoxandRubinstein(1985),0ptions Markets, Prentice-Hall.
Example 3.1 (Pricing a Call Option) Suppose: = 2,d = 0.5, = 25%(interestrate),So = 50. (In this

andall examplestheinterestratequotedis perunit time, andthe stockpricesSy, S1, . . . areindexedby the
sametime periods).We know that

Silw) = { 25 fur=T

Find thevalueat timezewo of acall optionto buy oneshareof stockattime 1 for $50(i.e. the strikeprice is
$50).

Thevalueof thecall attime 1 is

50 ifwi=H
H) = (s -0t = 00 e =]

Supposeheoptionsellsfor $20attime 0. Let us construct portfolio:

1. Sell3 optionsfor $20each.Cashoutlayis —$60.
2. Buy 2 sharesf stockfor $50each.Cashoutlayis $100.
3. Borrow $40.Cashoutlayis —$40.
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This portfolio thusrequiresnoinitial investmentFor this portfolio, the cashoutlayattime 1 is:

wle wlzT

Pay off option $150 $0
Sellstock —$200 —$50
Pay off debt $50 $50
$0 $0
Thearbitragepricing theory(APT)valueof the optionattime 0 is V4 = 20. ]
AssumptiongunderlyingAPT:

e Unlimited shortsellingof stock.

Unlimited borrawing.
No transactiorcosts.

Agentis a*“small investor”,i.e., his/hertradingdoesnot mave the market.

Important Observation: The APT valueof the option doesnot dependon the probabilitiesof H
andT.

3.2 Generalone-stepAPT

Supposea derivative security paysoff the amountV; at time 1, whereV; is an F;-measurable
randomvariable. (This measurabilityconditionis important;this is why it doesnot makesense
to usesomestockunrelatedto the derivative securityin valuingit, at leastin the straightforward
methoddescribedelow).

e Sellthesecurityfor V, attime 0. (Vj is to bedeterminedater).
e Buy A shareof stockattime 0. (A, is alsoto be determinedater)

e InvestVy — AgSp in the mongs market,at risk-freeinterestrater. (Vo — AgSy might be
negative).

e Thenwealthattimelis

>

X, = A051—|—(1—|—T‘)(V—A050)
= (1—|—T‘)V0+A0(Sl—(1—|—7’)50)

¢ Wewantto choosél, andA sothat
X1 =W

regardlessof whetherthe stodk goesup or down.
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Thelastconditionabore canbeexpressedy two equationgwhich is fortunatesincetherearetwo
unknawns):

(1—}—7’)V0—|—A0(51(H)— (1—|—T’)So) I‘/l(H) (21)

(1 —|—T‘)V0 + Ao(Sl(T) — (1 + T')So) = ‘/1(T) (22)

Note that this is wherewe usethe fact that the derivative securityvalue V;, is a function of Sy,
i.e., whenSj is known for a givenw, Vj is known (andthereforenon-randomhpt thatw aswell.
Subtractinghe seconcequatiorabore from thefirst gives

_WH) -wn(@)

Ao = Sy(H) — S(T)

(2.3)

Plugtheformula(2.3)for Ag into (2.1):

(1+T)V0 = ‘/1(H) Ao(sl(H)—(l—}—T)So)

: Vi(H) — Vi(T)

= Vi(H) (a—d)5% (u—1-1)So
= - i d[(u —d)Vi(H) — (Vi(H) = Vi (T))(u—1—7)]

We have alreadyassumed. > d > 0. We now alsoassumel < 1 + r < u (otherwisetherewould
beanarbitrageopportunity).Define

Al+r— d Au—1-—r

 u—d  u—d

Thenp > 0andg > 0. Sincep+ ¢ = 1, wehae0 < p < 1 andg = 1 — p. Thus,p, ¢ arelike
probabilities.We will returnto thislater Thusthe priceof thecall attime O is givenby

p q

Vo = Vi) + (7)) (2.4)

3.3 Risk-Neutral Probability Measure

Let Q2 bethe setof possibleoutcomedrom n cointossesConstructa probabilitymeasur@ on<
by theformula
P(wr,ws, ... ,wy) 2 prlws=H) g#{iw,=T)

P is calledtherisk-neutal probability measue. We denoteby I the expectationunderP. Equa-

tion 2.4 says
— 1
VAR .
Vo (1 + rvl)
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Theorem 3.11 Under /P, thediscountedstod price process{ (147r)7% S, Fi}7_, isamartingale

Proof:

E(1+ )~ S| 7]
= (1+7) " (u + §d)S;
= (14r)" (D <u(1—|— r—d) N d(u—1- r)) 5

u—d U—d
_ (1 4ptputurmudtduzd=drg
u—d
- —d)(1+r)
- iy (e —d) (1 +7)
= (1+r)7FS,.

3.3.1 Portfolio Process

Theportfolio processs A = (Ag, Ay, ... ,A,_1), Where

e A} isthenumberof shareof stockheldbetweertimesk andk + 1.

e EachAj is Fi-measurable(No insidertrading).

3.3.2 Self-financingValue of a Portf olio ProcessA

e Startwith nonrandomnitial wealth Xy, whichneednot beO.

e Definerecursvely

Xpy1 = ApSpr + (14 7) (X — ApSk) (3.1)
= (1+T)Xk+Ak(Sk+1 — (1—|—T‘)Sk). (3.2)

e TheneachX} is F-measurable.

Theorem 3.12 Under P, thediscountedself-financingportfolio proceswalue{ (14 r)~* Xy, Fr}7_,
is amartingale

Proof: We have

(L4 m) DX = (14 1) " X+ Ay ((1 +r) G L — (1 r)_kSk) .
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Therefore,

E[(14r)~ 0+ Xy 4| Fy]

= E[147r) "X F)
FE[(14 ) FFIALS, | Fi]
—%[(1 + T‘)_kAkSklfk]

= (1+r)7FX; (requirementb) of conditionalexp.)
+ALE[(14 r)~ DS, |FL]  (takingoutwhatis known)
—(L+r)7*AxS),  (property(b))

= (14+7)7*X, (TheorenB.11)

3.4 Simple EuropeanDerivative Securities

Definition 3.1() A simpleEuropearderivativesecuritywith expirationtimem isanF ,,-measurable
randomvariableV,,,. (Here,m is lessthanor equalto », the numberof periods/coin-tosses the

model).

Definition 3.2() A simpleEuropearderiative securityV,,, is saidto be hedgeablef thereexists
a constantX, anda portfolio processA = (Ao, ..., A, _1) suchthatthe self-financingvalue
processXy, X1, ..., X,, givenby (3.2) satisfies

Xp(w) =Viy(w), YweQ.

In thiscasefor £ = 0,1, ..., m, we call X; theAPTvalueattimek of V,,.

Theorem4.13(Corollary to Theorem 3.12) If a simpleEuropeansecurityV,,, is hedgeablethen

foreah k =0,1,...,m,theAPTvalueattimek of V,, is
A —
Vi = (14 1) IE[(1+r) "V, | Fil. (4.1)
Proof: We first obsere thatif {My, Fir;k = 0,1,...,m} isamartingale,i.e., satisfiesthe
martingaleproperty .
E[Myyq|Fr] = My,
foreachk =0,1,...,m — 1, thenwe alsohave
E[M,|Fi] = Mg, k=0,1,...,m— 1. (4.2)

Whenk = m — 1, theequation(4.2) followsdirectly from the martingaleproperty For &k = m — 2,
we usethetower propertyto write
BMu|Frz] = E[EMnp|Fpn]|Frs]
E[Mm—l |]:m—2]
= M, _,.
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We cancontinueby inductionto obtain(4.2).

If the simple EuropeansecurityV,,, is hedgeablethenthereis a portfolio processwhoseself-
financingvalueprocessXy, Xy, ..., X,, satisfiesX,, = V,,,. By definition, X}, is the APT value
attime k of V,,,. Theorem3.12saysthat

X07 (1 + r)_l)(lv R (1 + r)_m‘Xm
is amartingaleandsofor eachk,

(145X, = E[(1+ 1) X 0| Fi] = E[(1+ 1)V, | Fil.

Therefore, .
Xy = (14+ ) E[(1+ 7)™V, | Frl-

3.5 The Binomial Model is Complete

CanasimpleEuropearerivative securityalwaysbehedgedt dependenthemodel.If theanswer
is “yes”, themodelis saidto be completelf theanswelis “no”, themodelis calledincomplete

Theorem 5.14 Thebinomialmodelis completeIn particular, let V,,, bea simpleEuropeanderiva-
tive security and set

Vi@, ywp) = (L4 n)PE[(1 4 7)™V,

Frllwiy ..., wi), (5.1)

- Vk+1(w1,... ,wk,H) —Vk+1(w1,... 7Wk7T)

= . 5.2
S]H_l(wl,...,Wk,H)—Sk+1(wl,...,Wk,T) ( )

Ap(wy, ..., wg)

Startingwith initial wealthV, = E[(l + r)~™V,,], theself-financingralueof the portfolio process
Ag, Ay, ..., A,y istheprocess/y, Vi, ..., V.

Proof: LetVp,...,V,,_1 andAg,...,A,,_; bedefinedby (5.1) and(5.2). Set Xy, = V; and
definethe self-financingvalueof the portfolio process\y, . . . , A,,_1 by therecursve formula3.2:

Xit1 = ApSig1 + (1 + 1) (X — ApSk).
We needto shav that
Xp=Vy, Vke{0,1,...,m}. (5.3)

We proceedby induction. For £ = 0, (5.3) holdsby definitionof X,. Assumethat(5.3) holdsfor
somevalueof k, i.e.,for eachfixed (wy, . .. ,wi), we have

Xk(wlv s 7wk) = ‘/k(wlv s 7wk)'



CHAPTERS3. ArbitragePricing 65

We needto shaw that
Xk+1(wl, ey Wy H) = Vk_|_1(w1, ey WE, H),
Xk+1(wl, e ,Wk,T) = V;H_l(wl, e ,Wk,T).

We prove thefirst equality;the seconcdcanbe shown similarly. Notefirst that

E[(1+r)" Ve Fi] = B[+ )" Vol Fra]| Fi]
= FE[(1+47r)""V,|Fi]
= (1+nr)7*y,

In otherwords,{ (1 + r) %V, }7_, is amartingaleunder/P. In particular

Vi@, .. ywp) = E[(1+7) Wi | Fal (@i, ywr)
1 . -
= 175 Ve (@, wn H) @V (01w, 1))
+r
Since(wy, . .. ,wy) Will befixedfor therestof the proof, we simplify notationby suppressinghese

symbols.For example,we write thelastequationas

1 B .
Vi = T (PVig1 (H) + §Vig1 (1)) -
We compute

Xpy1(H)

= ApSkr1(H)+ (14 7)(Xr — ArSk)

= Ap(Sker(H) = (1+7)Sk) + (1 +1)Vi

Ve (H) = Vi (7) (14

= gl ) - 4 S
+pVieg1 (H) + ¢V (T')

= Vkag}j : Zg:l(T) (uSk — (14 7)Sk)
+pVieg1 (H) + ¢V (1)

= (i () = Vi (1) () o Vi () + Vi (1)

= Vipr(H) = Vi1 (1)) G + pViegr (H) + ¢Visr (T)
— ‘/k—l—l(H)-
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Chapter 4

The Mark ov Property

4.1 Binomial Model Pricing and Hedging

RecallthatV,, is the given simple Europearderivative security andthe value and portfolio pro-
cessesiregivenby:

Vi= (14 ) E[(14r)""Vy|Fr], k=0,1,...,m— 1.

_ Vk+1(wl, e ,Wk,H) — Vk_H(wl, e ,Wk,T)
Sk+1(wl,... ,Wk,H) — Sk+1(w1,... ,Wk,T)’

Ag(wy, ..., wg)

Example4.1(Lookback Option) u = 2,d = 0.5, = 0.25,Sp = 4,p = 1+:1d =05,g=1—p=0.5.

Uu

Considera simpleEuropearderivative securitywith expiration2, with payof givenby (SeeFig. 4.1):

Vo = max (Sg —5)F.
0<k<2

Noticethat
Vo(HH) =11, Va(HT) =3 # Va(TH) =0, W(TT)=0.

Thepayof is thus“path dependent”Working backwardn time, we have:

1 4
Vi(H) = 7o [pVa(HH) + qVa(HT)) = (0.5 % 114 0.5 x 3] = 5.60,

W) =

RIS

[0.5x 0+ 0.5 x 0] =0,

4
Vo = 5[0.5 x 5.60+ 0.5 x 0] = 2.24.

Usingthesevalueswe cannow compute:

_ Vi(H) = VA(T)
Bo= Sy(H) — S(T) — 093,
_ Vo(HH) = Vo(HT) _
M) =5 (HH) — So(HT) ~ 067,



68

S, (HH) = 16

s (=8
S, (HT) =4

S,(TH) =4
5 (M =2

VAN

S,(TT) =1

Figure4.1: Stok price underlyingthe lookbad option.

Working forwardin time, we cancheckthat
Xl(H) = AoSl(H) + (1 + T’)(Xo — A()So) = 559, Vl(H) = 560,
Xl(T) = AoSl(T) + (1 + T’)(XQ — AOSO) = 001, Vl(T) = 0,
Xi(HH)Y=A(H)S1(HH)+ (1 4+ r)(X1(H) — A1(H)S1(H)) = 11.01; Vi(HH) =11,
etc.
|

Example4.2(EuropeanCall) Letu =2,d = ,r = ,5 =
with expirationtime 2 andpayof function

S
3

,p = ¢ = %, andconsidera Europearcall

Vo = (S5 — 5)*.

Notethat
Vo(HH) =11, Vo (HT) = Va(TH) =0, V,(ITT) =0,

4
Vi(H) = 3[5” + £.0] = 4.40

Vi(T) = z[3.0+ 3.00=0

IS

4
Vo= ¢y x 440+ 5 x 0] = 1.76.
Definewv (x) to bethevalueof thecall attime £ whenS; = «. Then

va(z) = (2 —5)F
vi(z) = Z[5v2(22) + Sva(2/2)],

vo(z) =

CU Ot

[3v1(22) + Fv1(2/2)].
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In particular
va(16) = 11, va(4) =0, wa(1) =0,

4
v1(8) = g[%.11 + 3.0 = 4.40,

4
vi(2) = 5[%.0 +£.0] =0,

4
vo = -

O[% x 4.40+ % x 0] = 1.76.
Let dy (z) bethenumberof sharesn thehedgingportfolio attime £ whenS; = «. Then

Vi1 (22) = v (2/2)

k=0,1.
2z —x/2 ’ ’

4.2 Computational Issues

For a modelwith » periods(coin tosses)f2 has2” elements. For period k, we mustsolve 2%
equation®f theform

1 .. -
Vielwi, ... wg) = H—r[p‘/k+1(w1’ coy Wiy H) + Vi1 (w1, o0y wi, 1))
For example,a three-monttoption has66 tradingdays.If eachdayis takento be oneperiod,then
n = 66 and2% ~ 7 x 10'°.

Therearethreepossiblewaysto dealwith this problem:

1. Simulation.We have, for example that
Vo= (14r)"EV,,

and so we could computeV; by simulation. More specifically we could simulater coin
tossesv = (wy,...,w,) underthe risk-neutralprobability measure.We could storethe
valueof V,,(w). We couldrepeatthis several timesandtakethe averagevalueof V,, asan
approximatiorto £V,

2. Approximatea mary-periodmodelby a continuous-tne model. Thenwe canusecalculus
andpartialdifferentialequationsWe'll getto that.

3. Look for Markov structure.Example4.2 hasthis. In period2, the optionin Example4.2 has
threepossiblevaluesv; (16), v2(4), vo(1), ratherthanfour possiblevaluesVy(H H ), Vo(HT'), Vo(T H), Vo(1'T).
If therewere66 periodsthenin period66therewouldbe67 possiblestockpricevaluegsince
thefinal pricedepend®nly onthenumberof up-ticksof thestockprice—i.e.,heads- sofar)
andhenceonly 67 possibleoptionvaluesratherthan266 ~ 7 x 101°.
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4.3 Mark ov Processes

Technicalcondition alwayspresent: We consideronly functionson R andsubset®f R which are
Borel-measurablé.e.,we only considersubsetsi of R thatarein 5 andfunctionsg : I/R— IR such
thatg—! is afunction 83— 5.

Definition 4.1() Let (2, 7, P) be a probability space.Let { ¥} };_, beafiltration underF. Let
{X1}}_, beastochastiprocesn (2, 7, P). This processs saidto be Markovif:

e Thestochastiprocess X } is adaptedo thefiltration { .}, and

e (TheMarkovProperty).For eachk = 0,1,...,n — 1, thedistributionof X}, conditioned
on F, is thesameasthedistributionof X, conditionedon Xy.

4.3.1 Differentwaysto write the Mark ov property

a) (Agreemenbf distributions).Forevery A € B = B(IR), wehave
g y

P(Xk_H € A|.7:k) = E[IA(Xk+1)|fk]
IETTA(Xpq1)| Xg]
= P[Xip1 € AlXg]:

(b) (Agreemenbf expectation®f all functions).For every (Borel-measurabldunction’ : R— IR
for which IE'|h(Xj41)| < oo, we have

ETh(Xp41)| Fr] = ETh(Xpy1) [ Xe]-
(c) (Agreemenbf Laplacetransforms.yor everyu € IR for which EetXr+1 < 0o, wehave

y/; [e“Xk‘H

}"k] - [e“Xk‘H

Xk] :

(If wefix » anddefineh(z) = ¢**, thentheequationsn (b) and(c) arethesame.Howeverin
(b) we have a conditionwhich holdsfor everyfunctionk, andin (c) we assumehis condition
onlyfor functionsh of theform i (z) = €"*. A mainresultin thetheoryof Laplacetransforms
is thatif theequationholdsfor every h of this specialform, thenit holdsfor every i, i.e., (c)
implies(b).)

(d) (Agreemenbf characteristidunctions)For every v € IR, we have
B[S < [

wherei = /1. (Since|e’**| = | cosz +sin z| < 1 wedon't needto assumehat IF/|e*| <
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Remark 4.1 In every caseof the Markov propertieswhere IE|. . . | X] appearsye could just as
well write g (X ) for somefunctiong. For example form (a) of theMarkov propertycanberestated
as:

Forevery A € B, wehave
P(Xpt1 € AlFy) = g(Xp),
whereg is afunctionthatdepend®ntheset A.

Conditions(a)-(d) areequivalent. The Markov propertyasstatedin (a)-(d) involvesthe processat
a“current” time k£ andonefuturetime £ + 1. Conditions(a)-(d) arealsoequialentto conditions
involving the processat time £ and multiple future times. We write theseapparentlystrongerbut
actuallyequivalentconditionsbelow.

Consequencesf the Mark ov property. Let j bea positiveinteger.

(A) ForeveryAy1; C IR,... , Axy; C R,

P[Xky1 € Apyr, o Xigj € Apaj|Fr] = P[Xky1 € Ay, Xigj € Ak X

(A") Forevery A € IR/,

P[(X]H—l, e ,Xk_}_]') € Alfk] = P[(Xk_H, . 7Xk+j) € A|Xk]

(B) For everyfunctionh : IR/— IR for which IE|h(Xy1, - - . , Xzt ;)| < oo, we have

E[h()(k+1, e 7Xk+])|.7:k] — E[h(Xk-I-h e ,Xk+])|Xk]

(C) Foreveryu = (upyi, .- -, ugy;) € IR’ for which IE|ets+1Xrt1+Fuet; Xits| < oo, we have

E[euk+1Xk+1+---+Uk+]Xk+] |-7:k] — E[euk+1Xk+1+~~~+uk+]Xk+] |Xk]

(D) Foreveryu = (ugy1,--. ,ur;) € IR wehave

]E[ei(Uk+1Xk+1+~~~+uk+JXk+J)|}'k] - ]E[ei(uk+1Xk+1+~~+uk+;Xk+;)|Xk]'

Onceagain, every expressionof the form /(.. .| X}) canalso be written as g(Xx), wherethe
functiong dependontherandomvariablerepresentedly . . . in this expression.

Remark. All theseMarkov propertieshave analoguesor vectorvaluedprocesses.
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Proof that (b) = (A). (with j = 2 in (A)) Assume(b). Then(a) alsoholds(takeh = 1,).
Consider
P[Xpy1 € Apgr, Xpy2 € Apgo| Fi
= B, (Xee) 4, (Xeg2) [ Fi
(Definition of conditionalprobability)
= BB, (Xee) L4, (Xer2) [P ]| F
(Tower property)
= By, (Xpp1) By, (Xks2)| Fraa]| Fi]
(Takingoutwhatis known)
= Elg,,  (Xepr) By, (Xep2)[ Xep ][ 7]
(Markov property form (a).)
= B, (Xe1)-9(Xea) | Fi
(Remark4.1)
= By, (Xet1)-9(Xpp1) [ X4]
(Markov property form (b).)

Now takeconditionalexpectationon both sidesof the above equationconditionedon ¢ (X), and
usethetower propertyon theleft, to obtain

P[Xkt1 € Apyrs Xppo € Appal Xa] = B[4, (Xet1)-g(Xega) [ Xi]. (3.1)
Sinceboth
PP[Xk+1 € Aky1, Xy € Apya| Fi

and
P X1 € Agyr, Xigo € Apyo| Xi]

areequalto theRHSof (3.1)),they areequalto eachother andthisis property(A) with j = 2. =

Example4.3 It is intuitively clearthatthe stockprice processn the binomial modelis a Markov process.
We will formally provethislater. If we wantto estimatehedistributionof Sk 41 basedntheinformationin
Fr, theonly relevantpieceof informationis thevalueof Sk . For example,

E[Sk41|Fx] = (pu + §d)Sk = (1 + r)Sk (3.2)

is afunctionof Si. Note however thatform (b) of the Markov propertyis strongerthen(3.2); the Markov
propertyrequireghatfor anyfunctionh, B
ETh(Sk+1)1F k]

is afunctionof Si. Equation(3.2)is thecaseof h(z) = «.

Considera modelwith 66 periodsanda simpleEuropearderivative securitywhosepayof attime 66 is

1
Ves = 5(564 + Se5 + Ses).
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Thevalueof this securityattime 50is

Voo = (147)E[(1+4 r)"%Vss|Fso]
= (1+7) B Ves|Ss0),

becausehe stockprice processs Markov. (We areusingform (B) of the Markov propertyhere). In other
words,the F5g-measurableandomvariableVis, canbewritten as

Vso(wi, ... ,ws0) = g(Ss0(w1, - .. ,ws0))

for somefunctiong, whichwe candeterminewith abit of work. [ |

4.4 Showing that a processs Mark ov

Definition 4.2 (Independence)Let (2, F, P) be a probability spaceandlet G andH be subo-
algebraof 7. We saythatG and?{ areindependenif for every A € G andB € #, we have

P(AN B) = IP(A)IP(B).

We saythatarandomvariableX is independentf a o-algebrag if o(.X ), theo-algebragenerated
by X, isindependenof G.

Example 4.4 Considerthe two-periodbinomialmodel. Recallthat 7, is the o-algebraof setsdetermined
by thefirsttoss,i.e., 71 containghefour sets

Ap & {HH HT}, Ay 2 {TH,TT}, ¢, Q.
Let # bethe o-algebraof setsdeterminedy the secondoss,i.e., # containghefour sets
{HH,TH},{HT,TT},$,Q.

ThenF, and# areindependentFor example,if wetakeA = {HH, HT} fromF, andB = {HH,TH }
from#,thenlP(AN B) = IP(HH) = p* and

P(A)P(B) = (p* +pa)(p* +pg) = p*(p + 9)* = p*.
Notethat F; and S, arenotindependenfunlessp = 1 or p = 0). For example,oneof thesetsin o(S2) is
{w; Sy(w) = u?Sp} = {HH}. If wetake A = {HH,HT} from F; andB = {H H} from o(S;), then
P(ANB) = IP(HH) = p?, but

P(A)IP(B) = (p* + po)p” =p°(p + q) =p°.

Thefollowing lemmawill bevery usefulin shaving thata processs Markov:

Lemma4.15(IndependenceLemma) Let X andY berandomvariableson a probability space
(2, F,P). LetG beasubv-algebra of . Assume
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e X isindependentfg;
e Y isG-measuable

Let f(z, y) bea functionof two variables,anddefine

a(y) E Ef(X,y).

Then
E[f(X,Y)|g] =g(Y).

Remark. In this lemmaandthefollowing discussiongcapitallettersdenoterandomvariablesand
lower casedettersdenotenonrandonvariables.

Example 4.5 (Showingthe stock price procesds Mark ov) Consideran n-period binomial model. Fix a

time k anddefine X 2 Sg—:l andg 2 Fr. ThenX = uif wpyr = HandX = dif wgy = 1. SinceX
depend®nly onthe (k + 1)sttoss,X is independentf G. DefineY £ Sk, sothatY is G-measurablelet

beary functionandsetf(z, y) £ h(zy). Then

9(y) = Bf(X,y) = Eh(Xy) = ph(uy) + gh(dy).

TheIndependenckemmaassertshat

E[h(Sk+1)|Fx] = E[h (ngl.sk) |F k]

= E[f(X,Y)|d]
= g(v)
= ph(uSk) + qh(dSk).

This shavsthe stockpriceis Markov. Indeed f we conditionbothsidesof theabove equatioron & (S ) and
usethetower propertyontheleft andthefactthattheright handsideis o ( .Sy )-measurableye obtain

ThusE[h(Sk+1)|Fx] andE[h(Sk+1)| Xk] areequalandform (b) of the Markov propertyis proved.

Not only have we shavn that the stock price procesds Markov, but we have also obtaineda formula for
IE[h(Sk+1)|Fr] asafunctionof Si. Thisis aspecialcaseof Remark4.1.

4.5 Application to Exotic Options

Consideran n-periodbinomialmodel. Definethe running maximunof the stockpriceto be

A
M = max S;.
1<5<k

Considera simpleEuropearderivative securitywith payof attimen of v,,(S,,, M,,).
Examples:
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o v,(S,, M,) = (M, — K)* (Lookbackoption);
o v, (Sp, My) = Ing,>B(Sn — K)* (Knock-inBarrieroption).

Lemma5.16 Thetwo-dimensiongbrocess{(Sx, My)}7_, is Markov (Here weareworkingunder
therisk-neutal measue P, althoughthat doesnot matter).

Proof: Fix k. We have
Mjpy1 = My V Siya,

whereV indicateghe maximumof two quantitieslLet 7 = %:—1 SO

P(Z=u) =p, P(Z=d)=q,
andZ isindependenof Fy. Let h(z, y) beafunctionof two variables We have

h(Sk+1, Mk+1) = h(Sk+1, MgV Skt1)
h(ZSk, M v (ZSk))

Define
g(e.y) = Eh(Zz,yV (Za))
= phluz,yV (uz))+ gh(dz,y Vv (dz)).
Thelndependenceemmaimplies
E[h(Ske1, Myt1)|Fr] = g(Sk, My) = ph(uSk, My V (uSy)) + Gh(dSk, My),

the secondequality beinga consequencef the fact that M A dS, = Mj. Sincethe RHSIis a
function of (Si, M), we have proved the Markov property (form (b)) for this two-dimensional
process. ]

Continuingwith theexotic optionof thepreviousLemma...Let V;, denotethevalueof thederivative
securityattime k. Since(1 + r)~*V;, is amartingaleunder P, we have

1 —
Vi=—FE[Vi1|Fel,k=0,1,... ., n — 1.
k 1—|—T‘ [ k+1| k]v y Ly ,
At thefinal time, we have

Vi = v, (Sn, My,).
Steppingoackonestep,we cancompute
1 —
/n— = —F n nan n—
Vit = s Bon(Sn, My)| Foc]

1
e —1 —|— . [ﬁ’Un(USn—h USn_l V Mn—l) —|— (jvn (dsn—h Mn—l)] .
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Thisleadsusto define

onmi(2,9) & o ez, uz V y) + o (da, )]
sothat

Vn—l = Up-1 (Sn—h Mn—l)-
Thegenerahlgorithmis

1 T. -
(2, y) = 7 |[Por (ua, wa V y) + qurga (de, y)
+r
andthe value of the option at time & is v (S, My). Sincethis is a simple Europearoption, the
hedgingportfolio is givenby theusualformula,whichin this caseis

Vk41 (uSk, (uSk) V Mk) — vk+1(d5k, Mk)

AL =
k (u — d)Sk




Chapter 5

Stopping Timesand American Options

5.1 American Pricing

Let usfirst review the European pricing formula in a Mark ov model. Considerthe Binomial
modelwith n periods.Let V,, = ¢(S,,) bethepayof of a derivative security Defineby backward
recursion:

va(e) = g(a)
0(e) = s lFon (us) + Gonsa (do))

Thenw(Sy) is thevalueof theoptionattime k, andthe hedgingportfolio is givenby

vk+1(u5k) — ’Uk+1(d5k)
k (u — d)Sk ) 07 ) &y y

Now consideran Americanoption. Again a function g is specified. In ary period &, the holder
of the derivative securitycan“exercise” andreceve paymenty(S). Thus,the hedgingportfolio
shouldcreatea wealthprocessvhich satisfies

Xk > g(Sk),Vk, almostsurely

Thisis becaus¢hevalueof thederivative securityattime k is atleasty (S ), andthewealthprocess
valueatthattime mustequalthe valueof the derivative security

American algorithm.

vn(z) = g(x)

vp(z) = max{ !

1+r

(s () + e (d2), 9(2)
Thenuv(Sk) is thevalueof theoptionattime &.

7
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S, (HH) =16 2 (16) =0

v2(4) =1
S,(TH) =4

/
TN e
_
\

Figure5.1: Stok price andfinal valueof an Americanput optionwith strikeprice 5.

Example5.1 SeeFig.5.1.5, =4,u=2,d=1,r=%p=¢=1,n=2. Setvs(2) = g(z) = (5—z)*.
Then

v (8) = max{§[§0+§1],(5—8)+}
iy

w@ = wax{3h+pa) -7 )
~

w@) = max{3[50.9+160).6-0*]
= max{1.36,1}
= 1.36

Let usnow constructhe hedgingportfolio for this option. Begin with initial wealth X, = 1.36. Compute
A asfollows:

040 = wvi(S1(H))
= Sy(H)Ao+ (14 7)(Xo — AoSo)
= 8A¢+ 2(1.36 — 4Ag)
= 3¢+ 1.70 => Ag = —0.43
3.00 = v (S (7))
= 5 (T)A¢+ (1+ ) (Xo — ApSp)
= 2+ %(1.36 — 4Ag)
= —3A¢+1.70 => Ag = —0.43
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Using Ay = —0.43 resultsin

Xl(H) = Ul(Sl (H)) = 040, Xl(T) = ’Ul(Sl(T)) = 3.00

Now let uscomputeA; (RecallthatS; (T') = 2):

1 ‘02(4)
= So(TH)AL(T) 4+ (1 4+ »)(X1(T) = A1(T)S1(T))
= 4A(T)+ %(3 —2A4(T))
= 15A(T)+3.75 = Ay (T) = —1.83

4 = ’1)2(1)
= So(TT)ALT) + (L4 1) (X3 (T) — Ay (1)1 (1)
= AT) + (3 220(T))
= —15A((T) +3.75 = A(T) = —0.16

We getdifferentanswerdor A, (T')! If wehadX; (7) = 2, thevalueof the Europeanput, we would have
1=1.5A0(T) +25 = A(T) = —1,

4=—15A(T) + 25 => A (T) = —1,

5.2 Value of Portfolio Hedging an American Option

Xiv1 = ApSpy1+ (14 7r)(Xp — Cr — ArSk)
= (1 + T’)Xk + Ak(SkH — (1 + T)Sk) — (1 + T’)Ck

Here,C' is theamount‘consumed attime k.

e Thediscountedsalueof theportfolio is asupermartingale
e ThevaluesatisfiesX > ¢(Sk),k=0,1,...,n.

e Thevalueprocesss thesmallesiprocessvith theseproperties.

Whendo you consume?f
E((1+ )~ 0 Dug gy (Sgya) [ Fi] < (14 1) op(Sp),

or, equivalently,
1

1+7r

I( Uk+1(Sk+1)[Fk] < vk (Sk)
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andthe holderof the Americanoptiondoesnot exercise thenthe sellerof the optioncanconsume
to closethe gap. By doingthis, he canensurethat X, = v;(S) for all &, wherew,, is the value
definedby the Americanalgorithmin Section5.1.

In the previousexample,v; (S1 (1)) = 3, v2(S2(T'H)) = 1 andwy(S2(17")) = 4. Therefore,

1
1+7r

El——ua(S)|F)(T) = 5 [5.1+14]

RSN

I
—
DN | Ot
|

Il
OJul\an

vi(S1(T)) =

sothereis a gapof sizel. If the ownerof the option doesnot exerciseit attime onein the state
wy = T, thenthesellercanconsumel attime 1. Thereafterhe usesheusualhedgingportfolio

k41 (uSk) — kg1 (dSk)

A =
k (u—d)Sk

In theexample we have vy (S1(1)) = ¢(51(1)). It is optimalfor theownerof the Americanoption
to exercisewheneerits valuevy (Sy) agreeswith its intrinsicvalueg(Sk).

Definition 5.1 (Stopping Time) Let (2, 7, ) bea probability spaceandlet {F}7_, beafiltra-
tion. A stoppingtimeis arandomvariabler : Q—{0,1,2,...,n} U {oo} with the propertythat:
{wer(w) =k} e Fr, VE=0,1,...,n,00.

1

Example5.2 Considerthe binomialmodelwith n = 2, Sy = 4,u = 2,d = =3:80p=q= % Let

1
T
vp, v1, v2 bethevaluefunctionsdefinedfor the Americanputwith strike price5. Define
7(w) = min{k; vi(Sk) = (56— Sk)+}.

The stoppingtime 7 correspondso “stoppingthe first time the valueof the option agreeswith its intrinsic
value”. It is anoptimalexercisetime. We notethat

. 1 if we Ap
W) =1 9 ifwe Ay

We verify thatr is indeeda stoppingtime:

{w;r(w) =0t = ¢€F
{w;r(w) =1} = AreF
{w;rT(w) =2} = Ag € Fs

Example 5.3 (A random time which is not a stoppingtime) Inthesamebinomialmodelasin theprevious
example,define
p(w) = min{k; Sk (w) = ma(w)},
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wherems = ming<;<2.S;. In otherwords,p stopswhenthe stockprice reachests minimumvalue. This
randomvariableis givenby
0 ifwe Ag,
p(w):{ 1 fw=TH,

2 fw=TT
We verify thatp is nota stoppingtime:

{w;p(w) = 0} An & Fo
fwiplw)=1} = {TH}¢F,
{wiplw) =2} = {TT}eF,

5.3 Information up to a Stopping Time

Definition 5.2 Let 7 beastoppingtime. We saythatasetA C € is determinedytimer provided
that
ANn{w;T(w) =k} € Fi, Vk.

Thecollectionof setsdeterminedy 7 is a o-algebrawhich we denoteby F ..
Example5.4 In thebinomialmodelconsidereckarlier let
7 = min{k; v (Sk) = (5 — Sk) T},
. 1 if we Ap
W= 2 ifwe Ay
Theset{ HT} is determinedy time , but theset{7T'H } is not. Indeed,

{HT} N{w;T(w) =0} = ¢ € Fy
{HT}{w;7(w) =1} = ¢€F,
{HT} N{w;7(w) =2} = {HT} e F,

but
{TH}N{w;r(w) =1}y ={TH} ¢ F1.
Theatomsof F, are
{HT}, {HH}, Ap ={TH,TT}.
|

Notation 5.1 (Value of StochasticProcessat a Stopping Time) If (2, F, IP) isaprobabilityspace,
{Fr}izo is afiltration underF, { X };_, is astochastigprocessadaptedo thisfiltration, andr is
a stoppingtime with respecto the samefiltration, then X, is an F.-measurableandomvariable
whosevalueatw is givenby

XT(W) XT(W) (W)



82

Theorem 3.17(Optional Sampling) Supposehat{Yy, 75 }72, (or {Yx, Fi}i_,) isasubmartin-
gale LetT andp beboundedstoppingtimes,i.e., thereis a nonrandomnumbern sud that

T <n, p<n, almostsurely.

If 7 < p almostsurely, then
Y, < E(Y,|F.).

Takingexpectationsweobtain F'Y; < IEY,, andin particular, Yy = IEYy < IEY,. If {Y;, Fr}32,
is a supermartingée, thenr < p impliesY, > IE(Y,|F;).
If {Yx, Fr}72, isamartingalethenr < pimpliesY, = I (Y,|F;).

Example5.5 Intheexample5.4considere@arlier we definep(w) = 2 forallw € €. Undertherisk-neutral
probabilitymeasurethe discountedstockprice process{%)—ksk is amartingale We compute

B[(2) sf]

Theatomsof 7. are{H H},{HT},andAr. Therefore,

E [(%)252 f,] (HH) = |- QSZ(HH),
E [<§)252 F | (HT) = (= 252(HT),
andforw € Ay,
I [(%)252 fT] w) = & <§)2SQ(TH) +1 <§)2SQ(TT)

x 2.56 + 5 x 0.64
= 1.60

bl

In every casewe have gotten(seeFig. 5.2)

(2

fr] (@) = <§)T(W)Sf<w)(w)-
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16/25)s, (HH) = 10.24

(“55)S (H)=6.

(16/25)S, (TH) =2.56

(415)5 (T) = 1.so\
(16/25)5, (TT) =0.64

Figure5.2: lllustratingthe optionalsamplingtheorem.

0
\16/25)5‘2 (HT) =2.56
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Chapter 6

Propertiesof American Derivative
Securities

6.1 The properties

Definition 6.1 An Americanderivativesecurityis a sequencef non-ngative randomvariables
{Gr}}_, suchthateachG, is F,-measurableThe ownerof an Americanderivative securitycan
exerciseatary time &, andif hedoes herecevesthepayment,.

(a) ThevalueV,, of thesecurityattime k is
Vi = max (14 )P E[(1 4 r)7"G | Fi,
wherethe maximumis over all stoppingtimesr satisfyingr > k£ almostsurely
(b) Thediscounted/alueprocess (1 + r)~*V,}7_, isthesmallessupermartingaleshich satisfies

Vi > G, Vk, almostsurely

(c) Any stoppingtime 7 which satisfies
Vo= E[(14r)"G,]
is anoptimalexercisetime. In particular
r2 min{k; Vi, = G}
is anoptimalexercisetime.
(d) Thehedgingportfolio is givenby

_ Vk+1(w1,... 7Wk7H) —Vk_|_1(w1,... ,wk,T)
Sk+1(w1,... ,Wk,H) — Sk+1(w1,... ,Wk,T)

Ag(wr, ..., wg) k=0,1,...,n—1.

85
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(e) Supposdor somek andw, we have Vi, (w) = G (w). Thentheownerof thederivative security
shouldexerciseit. If hedoesnot, thenthesellerof the securitycanimmediatelyconsume

Velw) = 1 ElVet |74 (0)

andstill maintainthehedge.

6.2 Proofsof the Properties

Let {G}}_, beasequencef non-ngative randomvariablesuchthateachG/, is F,-measurable.
DefineT}, to bethesetof all stoppingtimesr satisfyingk < 7 < n almostsurely Definealso

Vi 2 (14 r)* max B[(1+r)~"Gr| Fil .

‘TETk

Lemma?2.18 V;. > G|, for everyk.

Proof: Taker € T} to betheconstant. [ ]

Lemma2.19 Theprocess{(1 + r) %V, }?_, is a supermartingale
Proof: Let7* attainthemaximumin thedefinitionof Vi, i.e.,

(1) Wy = B (14 7) 77 Gl Fra |
Because* is alsoin T}, we have

El(1+7) Ve |F] = B [E[(1+ 1) Goe| Frp] i

El(14 )7 Goe | Fi
max IE [(1+ )77 G| Fi]
‘TETk

IA

(1+7)"*V,.

Lemma2.20 If {Y}}}_, is anotherprocesssatisfying
Y. > G, k=0,1,...,n, as.,
and{(1 4 r)~*Y;}7_, is a supermartingalethen

Y > Vi, k=0,1,...,n, as.
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Proof: Theoptionalsamplingtheorenfor the supermartingalé(1 + r)~*Y; }7_, implies
E[(14 )Y, | Fr] < (14 1)7FY,, V7 € Ty
Therefore,

Ve = (14 n)fmax B[(1+1)77G-| 7]
T k

< (14 )" max E[(1+r)"7Y, | Fi
‘TETk
< (T+r) 714+ r)ky,
= Y.
n
Lemma?2.21 Define
1 —
- V.- _—
Cr Vi 1_|_TIE[Vk+1|fk]

= () ) = B4 ) V] F)

Since{(1 + r)~*V,.}?_, is a supermartinga,Cy mustbenon-ngativealmostsurely. Define

. V;H_l(wl,... ,Wk,H) —Vk+1(w1,... ,Wk,T)

A = )
k(wl’ ,Wk) S]H_l(wl,...,W]C,H)_Sk-l—l(wlv"'?wk?T)

SetX, = Vy anddefinerecursively

Xpg1 = Aksk—H + (1 + T’)(X'k —Cr - AkSk)

Then
X =V VEk.
Proof: We proceedby inductionon k. The induction hypothesiss that X, = Vj for some
ke{0,1,...,n—1},i.e.,for eachfixed(wy,...,w;) wehave
Xk(wh s 7wk) = ‘/k(wh s 7wk)'

We needto shav that
)(k_}_l(wl, - ,Wk,H) = Vk_|_1(w1, . ,wk,H),

Xk-}-l(wlv s 7wk7T) = ‘/k+1(w17 cee 7wk7T)‘
We prove thefirst equality;the proof of theseconds similar. Notefirst that

‘/k(wh s ,Wk) - Ck(wh s ,Wk)
1 —
= —IV,
147 [‘ k+1|-7:k](w17 ,Wk)
1

= H—r(ﬁVkH(wh ey Wb H) 4 qVig 1 (w1, 0wk, 1))
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Since(wy, ... ,w;) Will befixed for the restof the proof, we will suppresshesesymbols. For
example thelastequationcanbewritten simply as

r .
Vi = Cy = T (BVi+1(H) + ¢Vi41 (1)) -
We compute

Xk_|_1(H) = AkSk_H(H)—I—(1—|—’f‘)()(k—ck—AkSk)

_ Ve (H) = Vi (T) B .

- Sk—|—1 (H) — Sk-l—l(T) (Sk-l-l(H) (1 + )Sk)
F(@+ ) (Vi = C)

= e s - sy
+pVir1 (H) + ¢V (T)

= (Virr(H) = Vi1 (1) G+ pVisr (H) + Vi (T)

— ‘/k-l—l(H)-

6.3 CompoundEuropeanDerivative Securities

In orderto derive the optimal stoppingtime for an Americanderivative security it will be usefulto
studycompoundeuropearderivative securitiesyhich arealsointerestingn their own right.

A compoundEuropearderiative securityconsistsof n + 1 differentsimple Europearderivative
securitiegwith the sameunderlyingstock)expiring attimeso0, 1, . .. , n; the securitythat expires
attime j haspayof C';. Thusa compoundEuropeardervative securityis specifiedby the process
{C;}}=o, whereeach(; is F;j-measurablei.e., the process{C};}7_ is adaptedo the filtration
{fk}zzo-

Hedging a short position (one payment). Hereis how we canhedgea shortpositionin the 5’th
Europearderivative security Thevalueof Europearderivative security; attime k is givenby

Vi = Q4+ ) B+ ) TCIFD, k=0,
andthe hedgingportfolio for thatsecurityis givenby
VI (@1, wm H) = VE (@1, wp, T)

S,(g{gl(wl,... Wi, H) _SI(CQ1(W17-'- ywi, 1)

Agcj)(wl,...,wk): Jk=0,...,7—1.

Thus, startingwith wealthvo(j), andusingthe portfolio (Aéj), . ,Agj_)l), we canensurethat at
time 5 we have wealthC';.

Hedging a short position (all payments). Superposehe hedgedor the individual payments.In

otherwords,startwith wealthVy = >°7_, VO(]). At eachtimek € {0,1,...,n — 1}, firstmakethe
payment}, andthenusethe portfolio

A = Ak(k+1) + Ak(k+2) +...+ Ak(n)
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correspondingo all future payments.At the final time », after makingthe final paymentC’,, we
will have exactly zerowealth.

Supposgou own acompoundEuropearderiative securitfy C;}7_,. Compute

n

Vo=V =F {Z 1+ r)7IC;
7=0

=0

andthehedgingportfolio is {Ak}z;é. You canborron Vy andconsumat immediately Thisleaves
you with wealth Xy = —Vj. In eachperiodk, receivethe payment_;, andthenusethe portfolio
—Ag. At thefinal time n, afterreceving thelastpayment,,, yourwealthwill reachzero,i.e.,you
will nolongerhave adebt.

6.4 Optimal Exerciseof American Derivative Security

In this sectionwe derive theoptimal exercisetime for the ownerof an Americanderivative security
Let {G};_, bean Americanderivative security Let 7 be the stoppingtime the owner plansto
use.(We assumehateach(7, is non-n@ative,sowe mayassumavithoutlossof generalitythatthe
ownerstopsat expiration—time n— if notbefore).Usingthe stoppingtime 7, in period; theowner
will receve thepayment

Ci = Lir=pyGi-

In otherwords,oncehe chooses stoppingtime, the ownerhaseffectively corvertedthe American
derivative securityinto a compoundeuropearderivative security whosevalueis

vi) = E

NE

(1+71)7C;

.
Il
=]

= F

I

Il
=]

1+ )7 =5 G;

J

= E[(1+r)7"G,].

The owner of the Americanderivative securitycanborrown this amountof moneg/ immediately if
hechoosesandinvestin the marketsoasto exaclty pay off his debtasthe paymentC;}”_, are

receved. Thus,his optimalbehaior is to usea stoppingtime = which maximizesVO(T).
Lemma4.22 VO(T) is maximizedy the stoppingtime

™ = min{k; Vy, = Gi}.
Proof: Recallthedefinition

2 ax B -7 1 = max V.7
/= — 3
Vo %zLT)glE (1+7)7"G,] max Vo
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Letr’ beastoppingtimewhichmaximizesVO(T), ie,Vo=IE [(1 + r)—T'GT/} .Becausg (1 +r)~*V,}7_,
is asupermartingalaye have from the optionalsamplingtheoremandtheinequalityVy, > Gy, the
following:

Vo

v

B [(141)77'Voi| 7ol
= E[1+r)7V]
> ﬁ{(l—l—r)_T/GT/}
- Y

Therefore,
Vo= [(141) Vo] = B [(14+7)77G],

and
V=G, as.

We have justshavn thatif 7’ attainsthe maximumin theformula

Vo = max IE [(14+7)7"G,], (4.2)
T€TY

then
V. =G, as.

But we have defined
™ = min{k; Vy = G},

andsowe musthave 7* < 7’ < n almostsurely The optionalsamplingtheoremimplies
(14+7)7G = (147)7 Vo
> [(1 1 r)_T'VT/|}'T*}
= E[(1+7)7GFr].
Takingexpectationon bothsides we obtain
E[(141)7 G| 2 B [(141)77 G| = Vo

It followsthat7* alsoattainsthe maximumin (4.1), andis thereforean optimal exercisetime for
the Americanderivative security [
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Jensens Inequality

7.1 JensensInequality for Conditional Expectations

Lemmal.23 If ¢ : IR— IR is corvexand IE|p(X )| < oo, then
E[p(X)]d] = ¢(I[X]G)).
For instancejf G = {¢, Q}, p(z) = 2%

EX*> (EX)*

Proof: Sincey is corvex we canexpresst asfollows (SeefFig. 7.1):

p(z) = max h(z).
h<e¢
ks linear

Now let h(z) = az + b lie below ¢. Then,

Ele(X)|G] > [ElaX +b[d]
= aB[X|G] +b
= h(E[X]G])

Thisimplies

Elp(X)|g] > max A(E[X]G])
L islinear

= o(E[X|G).

91
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Figure7.1: Expressinga corvex functionasa maxoverlinear functions.

Theorem1.24 If {Y;}7_, isamartingaleand ¢ is corvex then{y(Y}) }7_, is a submartingale

Proof:

Elo(Yee)|Fr] > @(E[Yrge1]|Fe])
= (Yr).

7.2 Optimal Exerciseof an American Call

Thisfollows from Jensersinequality

Corollary 2.25 Givena corvex functiong : [0,00)—IR whee g(0) = 0. For instanceg(z) =
(z — K)™ is thepayof functionfor an Americancall. Assumehatr > 0. Considerthe American
derivativesecuritywith payof ¢ (S ) in periodk. Thevalueof this securityis thesameasthevalue
of the simpleEuropeanderivativesecuritywith final payof ¢(S,,), i.e.,

E[(1+r)g(S,)] = max B [(1+r)74(S.)]

wheee the LHSis the Europeanvalueandthe RHSis the Americarvalue In particular = n isan
optimalexercisetime

Proof: Becausg is corvex, for all A € [0, 1] we have (seeFig. 7.2):

g(hz) = gz +(1-2).0)
Ag(@) + (1= 1).9(0)
= Ag(z).

IN
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(x,9(x))
(AX,A g(x))

\ X
(AX, g(AXx))

Figure7.2: Proofof Cor. 2.25

Therefore,
g (1 i rSk-}-l) < H_%Q(Sk—kl)
and
E[(14+n) ¢Sl 7] = (140)™E | 1—g(Sun)l 7]
e e (s
> (147)” < [ Sk+1|fk-)
= (14 1)*g(Sk), '

So{(1+r)~*g(Sk)}7_, is asubmartingaleLet 7 bea stoppingtime satisfyingd < r < n. The
optionalsamplingtheoremimplies

(14 7)77g(Sy) < E[(147)7"g(S.)|F].

Takingexpectationsye obtain

E[1+1)7g(S)] < E(B[1+7r)"g(S)|7])
= FE[(1+7r)"g(Sn)].
Thereforethevalueof the Americanderivative securityis
max 12 [(1+ 1) 77g(S-)] < I [(1+7)"g(Sy)],

andthis lastexpressionis thevalueof the Europearderivative security Of coursethe LHS cannot
be strictly lessthanthe RHS abore, sincestoppingat time n is alwaysallowed,andwe conclude
that

max I [(1+7)7g(S,)] = E[(1+7r)7"g(Sa)].
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S, (HH) = 16

s (=8
S, (HT) =4

S,(TH) =4
5 (M =2

VAN

S,(TT) =1

Figure7.3: A threeperiodbinomialmodel.

7.3 StoppedMartingales

Let {Y}7_, be astochastigprocessandlet = be a stoppingtime. We denoteby {Y;,}7_, the
stoppedrocess
Yirnrw)(w), k=0,1,...,n.

Example 7.1 (StoppedProcess) Figure7.3 shavs our familiar 3-periodbinomialexample.

Define
_ 1 if W1 = T,
W=\ 9 i =
Then
Sy(HH) =16 if w=HH,
) Sy(HT)=4  if w=HT,
SZ/\T(W)(W) = S1(T) =2 if w=TH,
Sy (T) =2 if w=TT.

Theorem 3.26 A stoppedmartingale(or submartingag, or supermartingalejs still a martingale
(or submartingag,or supermartingée respectively).

Proof: Let{Y,}7_, beamartingaleandr bea stoppingtime. Choosesomek € {0,1,...,n}.
Theset{r < k}isin Fy, sotheset{r > k + 1} = {r < k}° isalsoin F}. We compute
E [YasnrlFe] = B [IpcnyYe + Lrsio Yo [ 7]
= TcnyYr + Lpspp B Y41 | Fil
= LocnyYor + Irspeny Y
= Yinr-
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Chapter 8

RandomWalks

8.1 First Passagelime

Tossa coin infinitely mary times. Thenthe samplespacef? is the setof all infinite sequences
w = (w1, wsq, ...) of H andT'. Assumehetossesreindependentndon eachtoss,the probability
of H is % asis theprobabilityof 7. Define

. )1 if w; =H,
Yj(w)—{ 1 if w;=T,

MO — 0,
k

My = > Y, k=1,2,...
=1

Theprocess My} 72 , is asymmetricandomwalk (seeFig. 8.1) Its analoguen continuougime is
Brownianmotion

Define
7 = min{k > 0; My = 1}.

If My nevergetsto 1 (e.g..w = (I'TTT...)), thent = co. Therandomvariabler is calledthe
first passagdimeto 1. It is thefirst time the numberof headsexceedsy onethe numberof tails.

8.2 7 isalmostsurely finite

It is showvnin a Homework Problemthat{ M } 72 , and{ Ny}, where

[ -4
N, = exp{HMk—klog (e —}—26 )}

= €€Mk < 2 )k
el + e—f

97
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Figure8.1: Therandomwalk process\Viy,

O 56 2
2 e9+ e 6
1 1
6 T 0

Figure8.2: lllustratingtwo functionsof ¢

aremartingales(Take M, = —Sj in part(i) of the Homevork Problemandtakef = —o in part
(v).) SinceNy = 1 andastoppedmartingales a martingalewe have
kAT
_ _ o Mnr 2
1= E]Vk/\q— =F [e kA <m) ] (21)

for every fixedd € IR (SeeFig. 8.2for anillustrationof the variousfunctionsinvolved). We want
to let k—o0 in (2.1),but we have to worry a bit thatfor somesequences € Q, 7(w) = .

2
m < 1.
<L)k/\7_>{ <69+26—9)T if 7< o0,

el + et 0 if =00

We consideffixedf > 0, so

As k—o0,

Furthermore M., < 1, becauseave stopthis martingalewhenit reached, so

0 < ?Mrnr < 0
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and

kAT
oM 2 ]
o< et () s

In addition,

lim e/Mknr <72 )k/w = { e’ (604%) if 7 < oo,

0 if 7=o0.
RecallEquation(2.1):

kAT
E leﬁMm <%) -
e’ + e~

Letting k—o0, andusingthe BoundedCorvergenceTheoreme obtain

B [60 <69+%) J{T@o}: _. 2.2)
Forall 6 € (0, 1], we have ]
0<é (eu%) Ircoy <€,
sowecanletd 0 in (2.2),usingthe BoundedCorvergenceTheoremagain,to conclude
Elr < o)) =1

i.e.,
P{T < o0} =1.

We know thereare pathsof the symmetricrandomwalk { M}, }22, which never reachlevel 1. We
have just shavn thatthesepathscollectivelyhave no probability. (In our infinite samplespacet?,
eachpathindividually haszeroprobability). We thereforedo notneedtheindicatorI{T < oo} in

(2.2),andwe rewrite thatequationas

E [(eu%)] =e 7. (2.3)

8.3 The momentgeneratingfunction for 7

Leta € (0,1) begiven. We wantto find § > 0 sothat
2
o = m .

aee—l—ae_e—QZO

Solution:

04(6_9)2 —2¢ 1+ a=0
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6_9:1:&\/1—042‘
(8%

We wanté > 0, sowe musthavee=? < 1. Now 0 < o < 1, SO

0<(l-a)i<(l-a)<l-a

1—a<V1-a?

1-vV1-a?<aq,

1-vV1—-a?

— <1

(87
We takethe negative squareroot:

0 _ 1—+vV1-a2

87

RecallEquation(2.3):

2\l _,

With o € (0,1) andé > 0 relatedby

0 1—+vV1-a2
o b
2
“ = el +e-0)’
thisbecomes
1—vV1-—a?
Ea727a,0<0&<1.
«

We have computedhe momengeneating functionfor thefirst passagéimeto 1.

8.4 Expectationof 7

Recallthat
1-v1I-a?
Ea = T oo<a<t,
o
SO
d
%]Eof = FE(ra™h
_d [(1-V1- o’
T da «
1—+v1-—a?

a2Vl — a2’

(3.1)
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Usingthe MonotoneCorvergenceTheoremwe canlet a11 in theequation

1 1-+v1-a?
FE(ra™) = —F0———,
a?y/1 — a2
to obtain
IET = o0o.

Thusin summary:
r2 min{k; My = 1},

P{T < o0} =1,

IET = oo.

8.5 The Strong Mark ov Property

Therandomwalk process M} }32,, is aMarkov processi.e.,

IF' | randomvariabledependingnlyon M1, Mgio,.

= IF | sameandomvariable |M;].

In discretetime, this Markov propertyimpliesthe Strong Markovproperty.

IE' [ randomvariabledependingnlyon M, 1y, M, 4o, ...

= IF'| samerandomvariable | M.].
for ary almostsurelyfinite stoppingtime 7.

8.6 General First Passagelimes

Define
Tm 2 min{k > 0; My =m}, m=1,2,...

101

| Frl

Thenr; — 11 is thenumberof periodsbetweerthefirst arrival atlevel 1 andthefirst arrival atlevel

2. Thedistributionof 5 — 7 is thesameasthedistributionof r; (seeFig. 8.3),i.e.,

1-vVI—a?
Ea™ ™ = % a € (0,1).
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T2-10
Figure8.3: Geneal first passagdimes.

Fora € (0,1),
FEla™|F,] = Fla™ma™ ™| F,]
= an o™ T F,]
(takingout whatis known)
= oo™ M, ]
(strongMarkov property)
= o F[a™ ™
(M., =1, notrandom )
. (1 - m)

8%

Takeexpectation®of bothsidesto get

Eo? — [Eon. [LZY1—o?
(8%
B (1—\/1—042)2
o

In general,
(1 —V1- a2
EaTm — - -

8%

)m, a € (0,1).

8.7 Example: Perpetual American Put

Considetthe binomialmodel,with u = 2,d = },r = , andpayof function (5 — S;)™. Therisk
neutralprobabilitiesarep = 1, ¢ = 3, andthus

Sy, = SouMk,
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where M}, is a symmetricrandomwalk underthe risk-neutralmeasuredenotedby P. Suppose
So = 4. Herearesomepossibleexerciserules:

Rule 0: Stopimmediatelyry = 0, V{70) = 1.
Rule 1: Stopassoonasstockpricefallsto 2,i.e.,attime
T_1 = min{k; My = —1}.
Rule 2: Stopassoonasstockpricefallsto 1,i.e.,attime
T_9 2 min{k; My = —2}.
Becausdahe randomwalk is symmetricunder?ﬁ 7_,, hasthe samedistribution under P asthe

stoppingtime 7,,, in the previous section. This obsenationleadsto the following computation®f
value.Value of Rule 1:

Vi) = E[1+r)1(5— 8, )]

= 6-2"B 3]

= 3.—1_\/@

T
2

Value of Rule 2:
Vi) = (5 )T [(4)7]

= 4.(3)?

This suggestshatthe optimalrule is Rule 1, i.e., stop(exercisethe put) assoonasthe stockprice
falls to 2, andthevalueof theputis 2 if Sy = 4.

Supposensteadwe startwith Sy = 8, andstopthe first time the pricefalls to 2. This requires2
down stepssothevalueof this rule with thisinitial stockpriceis

(-2 (9] = 3.0 =

In generaljf Sy = 27 for somej > 1, andwe stopwhenthe stockpricefallsto 2, thenj — 1 down
stepswill berequiredandthevalueof theoptionis

We define
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If S = 27 for somej < 1, thenthe initial priceis at or belov 2. In this case,we exercise
immediatelyandthevalueof theputis

v(@) 2592, j=1,0,-1,-2,...

Proposedexerciserule: Exercisethe put wheneer the stockpriceis at or below 2. The valueof
this rule is givenby v(27) aswe just definedit. Sincethe putis perpetualtheinitial time is no
differentfrom ary othertime. Thisleadsusto makethefollowing:

Conjecture 1 Thevalueof theperpetualputattimek is v(S).

How dowe recognizeéhevalueof anAmericanderivative securitywhenwe seeit?
Therearethreepartsto the proof of the conjecture We mustshaw:
(@) v(Sg) > (5— Sk)* Vk,
é k', oo . .
(b) {(5) U(S’“)}k:o is asupermartingale,

(©) {v(Sk)}2, isthesmallestprocessvith propertiega) and(b).

Note: To simplify matterswe shallonly consideiinitial stockpricesof theform Sy = 27, s0.S}, is
alwaysof theform 27, with a possiblydifferent;.

Proof: (a). Justcheckthat
v(2) £3.(3)7 > (5-2)T for j> 1,
v(@) 2521 > (5-20)*F for j < 1.
Thisis straightforward. [
Proof: (b). We mustshaw that

v(Sk)

v

I [$0(Ski1)| 7]
5:20(25%) + 5.50(35%).

By assumption$;, = 2’ for some;j. We mustshow that

v(27) > 2u(20+1) 4 2o(2771).
If j > 2, thenv(27) = 3.(3)’~! and

%40(23""1
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If j = 1,thenv(2?) = v(2) = 3 and

SIS
<
—
N
B
+
=
< e
+
[S2]] )
<
—
[\
L)
|
—
~—

Il
N W vl vt
o
RO =
o +

Thereis agapof sizez.
If j <0,thenv(2?) =5~ 2/ and

= 4-2 <u(2)=5-2,
Thereis agapof sizel. This concludeghe proof of (b).
Proof: (c). Suppos€ Y} };_, is someotherprocessatisfying:
(@) Yi > (5— Sp)* V&,
(b") {(%)’“Yk}ﬁozo is asupermartingale.
We mustshaw that

Yi > v(Sk) Vk.
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(7.1)

Actually, sincethe putis perpetualgverytime £ is like every othertime, soit will suffice to show

YYO Z U(SO)v

(7.2)

providedwe let Sy in (7.2)beary numberof theform 27. With appropriatébut messy)conditioning

on Fy, theproofwe give of (7.2) canbe modifiedto prove (7.1).

Forj <1, , ,
v(2)=5-2" = (5-29)F,

soif Sy = 27 for somej < 1, then(a’) implies
Yo > (5 - 29)F = v(Sy).
Supposeow that Sy = 27 for some;j > 2,i.e.,5; > 4. Let

7 = min{k;S; =2}
= min{k; My =7 — 1}.
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Then

Because (2)*Y;}52, is asupermartingale
Yo> B [(2)Y:] > I [(2)7(5 - S:)t] = v(S0).
|

Comment on the proof of (c): If the candidatevalue procesds the actualvalue of a particular
exerciserule, then(c) will beautomaticallysatisfied.In this casewe constructed sothatv(Sy) is
thevalueof theputattime k if thestockpriceattime k is S, andif weexercisetheputthefirsttime
(k, or later) thatthe stod price is 2 or less.In sucha situation,we needonly verify propertiega)
and(b).

8.8 DifferenceEquation

If weimaginestockpriceswhich canfall atary pointin (0, co), notjustatpointsof theform 27 for
integersy, thenwe canimaginethe functionv(z), definedfor all z > 0, which givesthe valueof
the perpetualAmericanputwhenthestockpriceis z. Thisfunctionshouldsatisfytheconditions:

(@ v(z) > (K —2)*, Va,

() v(z) > ks [o(uz) + Go(dr)], Va,

(c) At eachz, either(a) or (b) holdswith equality

In theexamplewe workedout, we have
For j > 1:v(2)=3.(3)""" = —;

For j <1:v(2)=5-27.

This suggestsheformula

We thenhave (seeFig. 8.4):
(@) v(z) > (5 - 2)*; Ve,

(b) v(z) > % [%40(2.75) + %v(%)} for every = exceptfor 2 < z < 4.
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v(X)

Figure8.4: Graphof v(z).

Checkof condition(c):

e If 0 < z < 3, then(a) holdswith equality

e If z > 6, then(b) holdswith equality:

—_

[
[

2]_6
x| z

e If3 <2 < 4o0r4 < z < 6, thenboth (a) and(b) arestrict. This is an artifact of the
discretenessf the binomialmodel. This artifactwill disappeain the continuousmodel,in
whichananalogueof (a) or (b) holdswith equalityat every point.

z 6
e+ 1)) = i+

8.9 Distrib ution of First Passagelimes
Let { M} }72 , beasymetricrandomwalk underaprobabilitymeasureP, with A, = 0. Defining
7 = min{k > 0; M} = 1},

werecallthat

1-vV1I-aZ
Ea=—Y""% jgca<l.
o

We will usethis momentgeneratingunctionto obtainthe distribution of 7. We first obtainthe
Taylor seriesexpasionof IF o™ asfollows:
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fla) = 1-VT=a, f(0)=
Fll@) = 0-2)72, f(0)=3
" 1 _3 " 1
S = -7 (0=
" 3 - " 3
M) = Z-a)E 0= 3
1x3 oX(27-3 2j—1
o) = DX X BIZA -
; I1x3x...x(27—-3
90 = X9 X QjX(J )
o Ix3x...x(25-3) 2x4x...x (25 -2)
- 2i 2= 1)
(¥ (26— 2)!
= () (-1
The Taylor seriesexpansionof f(z) is givenby
fle) = 1-vV1l-2z
— i%f(j)(())xf
i=0J’
o\ (25 -2))
- L0 gy
_ 7 S \@=t 1 2) -2\ ;
-0 ("))
Sowe have
Eom — 1-—+vV1—-a?
[0
= /()
_ oo (a1 (-2
B 2+]§,<2> (J—l)( J )
But also,

Fo = EO&Qj_IP{T =2j—1}.
J=1
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Figure8.5: Reflectiomprinciple.

Figure8.6: Examplewith j = 2.

Therefore,

P{r=1} = 3}
¥t 1 2j—2
P{r=2j-1} = (5) . (j. ) J=23...

8.10 The ReflectionPrinciple

To counthow mary pathsreachlevel 1 by time 25 — 1, countall thosefor which M,;_; = 1 and
doublecountall thosefor which M,;_; > 3. (SeeFiguress.5,8.6.)
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In otherwords,
P{r <2j -1} = P{Myj_1 =1} +2P{M;_; > 3}
= IP{Myj—1 =1} + IP{My;_1 > 3} + IP{My;_ < -3}
= 1-IP{My;—y = —1}.
Forj > 2,
P{r=2j-1} = P{r<2j-1}-P{r <2j-3}

= [l = P{M3j—1 = =1} = [1 = IP{M3;_3 = —1}]
= P{ng_g = —1} — P{sz_l = —1}

- O g - 0

- %:31);! [24(25 = 2) = (2 = 1)(2) = 2)]
OM-=

- " <Jil>(2]j_ 2)



Chapter 9

Pricing in terms of Mark et Probabilities:
The Radon-Nikodym Theorem.

9.1 Radon-Nikodym Theorem

Theorem 1.27(Radon-Nikodym) Let P and P betwo probability measueson a space( 2, F).
Assumehat for every A € F satisfying/P’(A) = 0, wealsohavelP(A) = 0. Thenwe saythat
Pis absolutelycontinuouswith respecto P. Underthis assumptionthere is a nongjativerandom
variable Z sud that

P(A) = /A ZdIP, VA € F, (1.1)

and Z is calledthe Radon-Nikodynterivative of IP with respecto P.

Remark 9.1 Equation(1.1)impliesthe apparentlystrongercondition
EX = E[XZ]

for every randomvariable X for which I£| X Z| < oc.

Remark 9.2 If Pis absolutelycontinuouswith respecto P, and P is absolutelycontinuouswith
respecto P, we saythatP and [P areequivalentP and [P areequivalentif andonly if

IP(A) =0 exactlywhen IP(A) =0, YA € F.

If P and P are equialentand 7 is the Radon-Nikodymderivative of P wrt. P then % is the
Radon-Nikodynderivative of Pw.r.t. /P, i.e.,

EX = E[XZ] VX, (1.2)
=T ,
FY = ED'Z] VY. (1.3)
(Let X andY berelatedby theequationy’ = X 7 to seethat(1.2) and(1.3)arethesame.)

111
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Example 9.1 (Radon-Nikodym Theorem) Let Q@ = {HH, HT,TH,TT}, the setof coin tosssequences
of length2. Let P correspondo probability% for H and% for 7', andlet /P correspondo probability% for

H andi for T. ThenZ (w) = %C%l, so

Z(HH) =

©
©
| ©
©

Z;

9.2 Radon-Nikodym Martingales

Let Q2 bethesetof all sequencesf n cointossesLet P bethe marketprobabilitymeasureandlet
IP betherisk-neutralprobabilitymeasureAssume

P(w) >0, P(w) >0, Yw e Q,
sothatP and /P areequivalent. TheRadon-Nikodynderivative of P with respecto Pis

P(w
Z(w) = ﬁ
Definethe P-martingale
Z 2 ElZIF, k=0,1,... 1.
We cancheckthat 7}, is indeeda martingale:

E[Zk1|Fr] = E[E[Z|Fra]|Fil
= IF[Z|Fk]
= 7.

Lemma2.28 If X is F;-measuable thenEX = IE[X Z].

Proof:

FX = F[XZ]
EE[X Z|F]]
EX.E[Z|F}]]
= E[XZ].

NotethatLemma2.28impliesthatif X is F;-measurableghenforary A € Fy,

E[I,X] = E[Z;14X],

or equivalently,

/ XdP - / XZ,dIP.
A A
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Z, (HH) = 9/4
3

A

Z (H) =312
1/3 3

/

Z,(HT) =918
2 v Z,(TH) =9/8
z (M) =3

3

A

Z,(TT) = 9/16

Figure9.1: Showinghe Z;. valuesin the2-periodbinomialmodelexample Theprobabilitiesshown
arefor P, not .

Lemma2.29 If X is F-measuableand0 < j < k, then

— 1
EIX|F;] = ZE[XZHE].
J

Proof: Notefirst thatZLjE[XZku‘j] is F ;-measurableSofor ary A € F;, we have

1 —
/ — B[X 7| F})dP / E[XZ,|F;)dlP (Lemma2.28)
A Z; A
= /XdeP (Partial averaging)
A
= /Xd?ﬁ (Lemma2.28)
A

Example 9.2 (Radon-Nikodym Theorem, continued) Weshaw in Fig. 9.1thevaluesof themartingaleZ, .
We alwayshave 7, = 1, since

ZO:JEZ:/QZCUP:ED(Q):L

9.3 The StatePrice Density Process

In orderto expressthevalueof a derivative securityin termsof the marketprobabilities,it will be
usefulto introducethefollowing stateprice densityprocess

Ck:(1—|-r)—ka, k=0,...,n.
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We then have the following pricing formulas: For a Simple European derivative security with
payof C, attimek,

Vo = E[(1+7)7%Cy
= E[(1+7)7"2,0]  (Lemma2.28)

= E[GCr].
More generallyfor 0 < j < &,
Vi = (140 B [(1+7)7*Cy| 7
- “Jerf)jﬂ; [(1+7) 7+ 2,0 7] (Lemma2.29)
j
= CEIGOIF)

Remark 9.3 {C]-Vj}fzo is amartingaleunderP, aswe cancheckbelow:

E[Ci41VilF;] = E[E[GCFjp]lF;]
= IE[CylF;]
= GV

Now for anAmerican derivative security {G'1. };—.:

Vo = sup E[(1+r)7G]
T7€To
= sup F[(1+4r)""Z,G;]
T7€To

= sup B[GGo)
T€TH

More generallyfor 0 < j < n,

Vi = (1+ r)j sup E [(1+7r)77G|F]
TET;

. 1
= (14 ) sup B [(14 1) Z,Gy | F]
rel; Zj

1
= —sup F[(G,|F;].
C] TET]

Remark 9.4 Notethat

(@) {¢;V;}7—o isasupermartingalenderP,

(b) Vi = ;G5 v,
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2y(HH) = 1.44
S, (HH) =16
3
Zy(H)=120
5 H=8
Z,(HT)=0.72
U3 R sﬁ (HT) =4
%" 23 S,(TH) =4
2,=100 v
0 §M =2 & (TH) =072
4 (Mm=06
23 1,(TT) =036
S,(TT) =1

Figure9.2: Showinghe stateprice values(;. Theprobabilitiesshownare for P, not IP.

(©) {¢;V;}]= is thesmallesprocesshaving propertiega) and(b).

We interpret(; by observingthat(,(w)IP(w) is thevalueattime zeroof a contractwhich pays$1
attimek if w occurs.

Example 9.3 (Radon-NikodymTheorem, continued) We illustrate the use of the valuationformulasfor
EuropearandAmericanderivative securitiesn termsof marketprobabilities.Recallthatp = % q= % The
statepricevalues(; areshovnin Fig. 9.2.

For a EuropeancCall with strikeprice5, expirationtime 2, we have

Vo(HH) = 11, C(HH)Vo(HH) = 1.44 x 11 = 15.84.

—_ ~—

VQ(HT) - V2

1 1
V0:§>< = x 15.84 = 1.76.

G (HH) 1.44
HH) = ——= x 11=1.20 x 11 = 13.2
G U = 155 % 0 520

1
Vi(H) = = x 13.20 = 4.40

TH) = Vo(TT) = 0.

Lo

L

Comparewith therisk-neutralpricing formulas:
Vi(H) = 2Vi(HH) + 2Vi(HT) = 2 x 11 = 4.40,
Vi(T) = 2Vi(TH) + 2Vi(TT) = 0,
Vo= 2Vi(H)+ 2Vi(T) = 2 x 4.40 = 1.76.

Now consideran American put with strike price 5 and expiration time 2. Fig. 9.3 shavs the valuesof
¢ (5 — Sk)t. We computethevalueof the put undervariousstoppingtimesr:

(0) Stopimmediately:valueis 1.
V) Wr(HH) =7(HT) =2, 7(TH) = 7(TT) = 1, thevalueis

x 2 x0.724+ 2 x 1.80 = 1.36.

O =
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(5- S(HH)'= 0

U4HH) (5 - S(HH))"= 0
y
(5-§(H) =0 /
L4H)(5 - §(H) =0 .
5-SHM)'=1
\ I4HT) (5 - S(HT))'=0.72
3 213

(5-sp)'=1 (5-5(THY*=1
. S .
(o(-5 =1 23 13 I4TH) (5- S(TH))'=0.72

(5-§M)' =3
M (5-§(M) =1.80
B G- *=4
L4TT) (5-S(TT) = 1.44

Figure9.3: Showingthevalues(y (5 — Sy)T for an Americanput. Theprobabilitiesshownare for
P, not IP.

(2) If westopattime 2, thevalueis

1
x 2x0.72+ 2 x §><0.72—|—%><%>< 1.44 = 0.96

O] =

We seethat(1) is optimalstoppingrule. ]

9.4 StochasticVolatility Binomial Model

LetQ2 bethesetof sequencesf n tossesandlet0 < dr < 1+r; < ug, wherefor eachk, dy., ug, r
are F-measurableAlso let

o l4rg—diy . up— (1+1g)
Pk = —"""—"F— _.

up — dg, up — dy,

Let P betherisk-neutralprobabilitymeasure:
ﬁ{wl = H} = ﬁOv
ﬁ{wl = T} = 607

andfor2 < k < n,

Plwkyr = H|Fi] = pr,

Plwiyr = T Fr) = G-
Let P be the marketprobability measureandassumelP{w} > 0 Vw € €. ThenP and P are
equialent.Define -
P(w)
Z(w) = ——+ Q
(w) Po) Vw € €1,
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Zp = E[Z|Fy], k=0,1,...,n.

We definethe mone marketprice processasfollows:

M, = (1 + Tk—l)Mk—h k=1,...,n.
Notethat M, is F,_;-measurable.
We thendefinethe stateprice procesgo be

1
=—Zp, k=0,...,n.
Ck Mk k» ) y

As beforethe portfolio processis {Ak}}g;é. The self-financingvalue process(wealth process)
consistof X, thenon-randomnitial wealth,and

X1 = ApSkp1 + (14 7) (Xk — ArSk), k=0,...,n— 1.
Thenthefollowing processearemartingalesmderﬁ?:
S LI Era
andthefollowing processearemartingalesinderP:
{CkSktk=0 and {CpXk}io-
We thushave thefollowing pricing formulas:
Simple Europeanderivative security with payof C), attimek:
— [Ck

= LEGCF)]
G

American derivative security {G}7_:

T

V, = M; supﬁ
TET)

g

vl

1
= —sup F[(G;|F;].
C] T€T]

Theusualhedgingportfolio formulasstill work.
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9.5 Another Applicaton of the Radon-Nikodym Theorem

Let (2, F, Q) beaprobabilityspace.Let G beasubv-algebraof F, andlet X beanon-ngative
randomvariablewith [ X d@Q) = 1. We constructthe conditionalexpectation(under@) of X
giveng. On g, definetwo probabilitymeasures

P(A)=Q(A) VAeg;

TP“(A):/AXdQ YA €G.

WheneerY is ag-measurableandomvariable we have

/QYdP:/QYdQ;

if Y =14 for someA € G, thisis justthedefinitionof /P, andtherestfollows from the “standard
machine”.If A € G andIP(A) = 0, thenQ(A) = 0, s0P(A) = 0. In otherwords,themeasureP
is absolutelycontinuouswith respecto the measureP. The Radon-Nikodyntheoremimpliesthat
thereexistsa G-measurableandomvariableZ suchthat

P(A)é/AZdJP VA €,

/AXdQ:/AZdP VA EG.

This shonvsthat Z hasthe “partial averaging”property andsinceZ is G-measurablei is the con-
ditional expectation(underthe probabilitymeasure)) of X givenG. Theexistenceof conditional
expectationss aconsequencef the Radon-Nikodyntheorem.



Chapter 10

Capital AssetPricing

10.1 An Optimization Problem

Consideranagentwho hasinitial wealth Xy andwantsto investin thestockandmoney marketsso
asto maximize
Flog X,,.

Remark 10.1 Regardlesf the portfolio usedby theagent{(x X« }72 , is amartingaleunderP, so
F¢.X, = Xo (BC)
Here,(BC) standgor “BudgetConstraint”.
Remark 10.2 If £ is ary randomvariablesatisfying(BC), i.e.,
E¢,.£ = Xo,

thenthereis a portfolio which startswith initial wealth Xy andproducesX,, = £ attimen. To see
this, justregard¢ asasimpleEuropearderivative securitypayingoff attimen. ThenXj isits value
attime 0, andstartingfrom this value,thereis a hedgingportfolio which producesX,, = €.

Remarks10.1 and 10.2 show that the optimal X,, for the capital assetpricing problemcan be
obtainedby solvingthefollowing

Constrained Optimization Problem:
Find arandomvariable& which solves:

Maximize IF'logé&

Subjectto K (¢ = Xo.

Equivalently, we wishto
Maximize Z (log&(w)) IP(w)
wef

119
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Subjectto Z Cr(w)é(w)P(w) — Xo=0.
wef?
Thereare2” sequences in €. Callthemw;, ws, ... ,ws. Adoptthenotation

1 If(wl), Ty = 5(&)2), ceey Tgn = f(WQn).
We canthusrestatethe problemas:

271
Maximize Z (logz) IP(wp)
k=1

2n

Subjecﬁo an(wk)xkﬂ?(wk) - X, =0.

k=1
In orderto solve this problemwe use:
Theorem 1.30(Lagrange Multiplier) If (z7, ..., z},) solvetheproblem
Maxmize f(z1,...,%m)

Subjecto g(z1,...,z,m) =0,
thenthereis a number\ suc that
3} N N J
%f(xl, e ,.’Em) = A—
and
g(z3,...,z;,)=0.
For our problem,(1.1)and(1.2) become

1
yc_*P(wk) = A (wi) P(wg), k=1,...,2",
k

ki:cn(wk)x;ﬂ?(wk) = Xo. (1.2
=1
Equation(1.1’) implies .
e
Pluggingthisinto (1.2") we get
1 & 1

(1.1)

(1.2)
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Therefore,
Xo

Cn(wk)’

Thuswe have shovn thatif ¢* solvesthe problem

Ty = k=1,...,2".

Maximize  IFlogé
Subjectto  F((,€) = Xo,

then
* Xo
o
Theorem1.31 If £* is givenby (1.4),thené* solveghe problem(1.3).

Proof: Fix Z > 0 anddefine
flz)=loga —aZ.

We maximizef overz > 0:
1 1
! = — — Z = O = —
f(z) " = = 7
M) = — 0, Vz € IR
Thefunction f is maximizedatz* = %, i.e.,
. 1
loge —aZ < f(z ):logi—l, Yz > 0,VYZ > 0.
Let ¢ beary randomvariablesatisfying
E(Cnf) = Xp
andlet

X
=

() e (2)

Takingexpectationsye have

From(1.5)we have

Elog€ — - I(C:6) < Blog € — 1,

A0

andso
Flogé < IFlog&™.

121

(1.3)

(1.4)

(1.5)



122

In summary capitalassefpricing works asfollows: Consideran agentwho hasinitial wealth X,

andwantsto investin thestockandmoneg marketsoasto maximize
Flog X,,.

Theoptimal X, is X,, = 22, i.e.,

Cn X, = Xo.

Since{(x X1 }}_, isamartingaleunderP, we have

X = F[CXu|Fr] = Xo, k=0,...,n,

so %
Xi = _07
Ck
andtheoptimalportfolio is givenby
G " G-
(W1y ... ,WE,H) k1w, ... ,wg,T)

Ap(wy, ... ,wr) = ktl .
( ! ) Sk+1(wl,...,Wk,H)—Sk+1(wl,...,Wk,T)



Chapter 11

General Random Variables

11.1 Law of a Random Variable

Thusfar we have considereanly randomvariableswhosedomainandrangearediscrete We now
considera generarandomvariable X : Q— /R definedon the probability space(©?, F, P). Recall
that:

e T isac-algebreof subset®f ).
e Pisaprobabilitymeasuren F,i.e., IP(A) is definedfor every A € F.

A function X : Q—IR is arandomvariableif andonly if for every B € B(IR) (the o-algebraof
Borelsubset®f R), theset

(X eBY2X\(B)2 {w;X(w) € B} € F,

i.e., X : Q=R is arandomvariableif andonly if X! is a functionfrom B(IR) to F(SeeFig.
11.1)

Thusary randomvariableX inducesa measure:y onthe measurablepace(lR, B(IR)) defined
by
px(B) =P (X~'(B)) VB € B(R),

wherethe probabiliyontherightis definedsince X ~!(B) € F. ux is oftencalledtheLaw of X —
in Williams’ bookthisis denotedoy Lx .

11.2 Density of a Random Variable
Thedensityof X (if it exists)is afunction fx : IR—[0, co) suchthat
jx (B) = /B fx(z) de VB € B(R).

123
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{X ¢ B} Q

Figure11.1:lllustratinga real-valuedrandomvariable X .

We thenwrite
dux (z) = fx (z)dz,
wheretheintegralis with respecto theLebesgueneasur®nR. fx is theRadon-Nikodynderiva-
tive of ux with respectto the Lebesguemeasure. Thus X hasa densityif andonly if ux is
absolutelycontinuouswith respecto Lebesguaneasurewhich meanshatwheneer B € B(IR)
hasLebesgueneasureero,then
P{X € B} =0.

11.3 Expectation
Theorem 3.32(Expectation of a function of X) Leth : IR— IR begiven.Then
Jo X)) dP()

h(e) dux (z)

>

Eh(X)

h(z) fx(z) dz.

A
A

Proof: (Sketch).If h(z) = 1g(z) for someB C IR, thentheseequationsare

E1s(X) 2 P{X e B)
px (B)

= /fX(w) dz,
B

which aretrue by definition. Now usethe “standardmachine’to getthe equationdor generalh.
]
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(X,Y)

{(X,YE C} Q

Figure11.2: Tworeal-valuedrandomvariables X, Y.

11.4 Two random variables

Let X, Y betwo randomvariablesQ— IR definedon the space(?, 7,P). ThenX,Y inducea
measuren B(IR?) (seeFig. 11.2)calledthejoint law of (X, Y), definedoy

uxy(C) & P{(X,Y) € C} YC € B(IRY).
Thejoint densityof (X, Y) is afunction
fX,Y : R2—>[0, OO)

thatsatisfies

pxy(C) = //ny(:L‘,y) dzdy YC € B(IR?).
C

/x.y istheRadon-Nikodynderivative of x x y with respecto theLebesgueneasurdareajon k2.
We computethe expectationof afunctionof X, Y in amanneranalogougo the univariatecase:

>

ELXY) & [ KX @)Y ) dP)

= /kwyduxywy)

- //k(x,y)fx,y(x,y) dzdy
R
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11.5 Marginal Density

Suppos€ X, Y) hasjoint densityfx y. Let B C IR begiven.Then

py (B) = IP{Y € B}
= P{(X,Y)€ R x B}
= pxy (R x B)

_ /B /B Fxy (e, y) dedy
= /ny(y) dy,

y) 2 /B Ixyl(z,y) dz

Therefore fy (y) is the(mauginal) densityfor Y.

where

11.6 Conditional Expectation

Supposg X, Y) hasjoint density fx y. Let 2 : IR—IR be given. Recallthat IE[h(X)|Y] =
ETh(X)|o(Y)] depend®nw throughy, i.e., thereis afunctiong(y) (¢ dependingn ) suchthat

ERX)[Y](w) = g(Y(w)).

How dowe determing;?

We cancharacterizg usingpartial aveaging: RecallthatA € o(Y )<=A = {Y € B} for some
B € B(IR). Thenthefollowing areequivalentcharacterizationsf g:

/g(Y) P _/ AP YA€ oY), 6.1)
A

/Q 15(Y)g(Y) dP = / 15(Y)h(X) dP VB € B(IR), 6.2)
| 1wgnr(dy) = // Lp(y)h(z) dux y(z.y) VB € BUR), (6.3)
R

/ y) fy(y) dy = / / z)fxy(z,y) dedy VB € B(IR). (6.4)
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11.7 Conditional Density

A function fx |y (z|y) : IR*—|0, c0) is calleda conditionaldensityfor X givenY providedthatfor
ary functionh : IR— IR:

9w) = [ 1@ fxy (aly) da. )

(Hereg is thefunctionsatisfying
ERhX)Y]=g(Y),
andg depend®n , but fx - doesnot.)

Theorem7.33 If (X, Y) hasajoint densityfx y, then

Ixy(z,y)
Irly)

Proof: Justverify thatg definedby (7.1) satisfieq6.4): For B € B(IR),

/ / z) fxy (zly) dz fy (y) dy = / / z) fxy(z,y) dedy.

9(y)

Ixpy (zly) = (7.2)

Notation 11.1 Let g bethefunctionsatisfying
ERX)[Y]=g(Y).

Thefunctiong is oftenwrittenas

and(7.1)becomes

BRXO)Y =3] = [ (@) fxy (aly) da
In conclusionto determinelE’ |2 (X )|Y] (afunctionof w), first compute

9w) = [ 1@ fxy (aly) da.
andthenreplaceghe dummyvariabley by therandomvariableY :

ERX)[Y](w) = g(Y(w)).

Example 11.1(Jointly normal random variables) Givenparameterss; > 0,02 > 0,—1 < p < 1. Let
(X,Y) havethejoint density

1 1 2 zy Y
fxy(z,y :—exp{—i[—_Q___F_ )
(=) 2ro1094/1 — p? 2(1—p?) |o? p0'1 oy o2
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Theexponentis

N S Y G AN s
2(1 — p?) o2 oy o2

We cancomputethe Marginal densityof Y asfollows

MQM|QM

2
1 » Pol,) 1
— r — 1
2(1—p2)o? ( o Y dre 2

) = ——— [
, — e
v 2ro109y/ 1 — p? J o

ly
1 o _u? —=<
= e~ 2 due 29

270y

— 00
i e _ 1 - PO1 — dz
usingthe substitutionu = o (x — y),du v
1 y2
- 1 e
V2T oy

ThusY is normalwith mean0 andvariancer2.

Conditional density. Fromtheexpressions

1 _ 1 1 Y1y 2 1y
fxy(z,y) = ———F—=c¢ (o= 52) e 29,
2ro1094/ 1 — p?

1 35
fY(y)—me 2,
we have
fXY(l‘;y)
fxiy(xly) = —F——=—
xiy (=ly) Ty (y)
2
_ L o ()

— =
V2w o /1 — p?
In the z-variable,fx|y (z|y) is anormaldensitywith meanZy andvariance(1 — p*)o{. Therefore,
(e}

EX]Y = y] :/ zfxyy (xly) dz = Py,

— oo g2

o] 2
[ (5= 220) v Gel) e
— 00 2

= (1-p")0}.
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Fromtheabore two formulaswe have theformulas

_ ros
032

E[X|Y] Y, (7.3)

2
E l(x - @Y) ‘Y = (1—p%)o2. (7.4)
T2
Takingexpectationsn (7.3)and(7.4)yields
Ex =" gy =, (7.5)
o)
o 2
E l(X - p—ly) = (1—p%)o2. (7.6)
g2

Basedon Y, the bestestimatorof X is %Y. This estimatoris unbiasedhasexpectederrorzero)andthe
expectedsquareerroris (1 — p?)o?. No otherestimatobasecnY canhave asmallerexpectedsquaresrror
(Homework problem2.1). ]

11.8 Multi variate Normal Distrib ution

PleaseseeOksendalppendixA.
Let X denotethe columnvectorof randomvariables( X, Xo, ..., X,,)7, andx the corresponding
columnvectorof values(z;, z3, ... , ,)7. X hasamultivariatenormaldistributionif andonly if
therandomvariableshave thejoint density
Vdet A 1 T
Jx(x) = (22 P {—§(X —p) A(X - M)} :
Here,

A A -
w= (1) = EX 2 (EX,, ..., EX,)T,

andA isann x n nonsingulamatrix. A=! is the covariancematrix
AT =B (X - )X =)',

i.e.the(i, j)thelemenof A=t is IF(X; — ;) (X;—p;). Therandomvariablesn X areindependent
if andonly if A~! is diagonalj.e.,
A™! = diag(o?,03,...,0%),

rYn

wheres? = IE(X; — pu;)* isthevarianceof X;.
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11.9 Bivariate normal distrib ution

Taken = 2 in theabove definitions,andlet

o B(Xy — ) (X2 — p2)
p= 0102 '

Thus,
0'2 pO'O'
A 1—[ 1 122 y

pPT102 g5

1 _ p
A= _0%(1—/),)2) 01021(1—/92) ’
o102(1—p?) O’g(l—p2)
1
vdet A = ————,
0102y 1 — p?

andwe have theformulafrom Examplell.1,adjustedo accountfor the possiblynon-zeroexpec-
tations:

1 1 (21— p1)*  2p(z1 — pa) (22 — p2) 4 (22 — p2)®
2770—10-2 O’% 0109 0‘% '

fX17X2(w17x2): 1_p2 exp{_Q(l_pQ)

11.10 MGF of jointly normal random variables

Letu = (uy,us,...,u,)’ denotea columnvectorwith componentsn IR, andlet X have a
multivariatenormaldistributionwith covariancematrix A~! andmeanvector . Thenthemoment
generatingunctionis givenby

T ©© 0 T
FEel X _ /_Oo‘”/_ooeu -XthX,Q’.”’Xn(xl’x%_,,,.rn)d$1..-d$n
= exp {%UTA_IU + uTu} .

If ary n randomvariablesX, X, ..., X,, have this momentgeneratingunction, thenthey are
jointly normal,andwe canreadout the meansandcovariances.The randomvariablesarejointly
normalandindependenif andonly if for ary realcolumnvectoru = (uy, ..., u,)"

T A n n
Ee® X = FEexp {Z uJ'Xj} = exp {Z[%U?u? —I—UJ‘,LLJ']} .

i=1 i=1
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Semi-ContinuousModels

12.1 Discrete-timeBrownian Motion

Let{Y; };?:1 beacollectionof independenstandarchormalrandomvariablesdefinedon (€2, 7, ),
whereP is the marketmeasue. As beforewe denotethe columnvector(Yy,...,Y,)" by Y. We
thereforenave for ary realcolumvectoru = (uy, ..., u,)’

T n Y n
FEe" Y:EQXP{ZUij}:eXp{ %U?}
1

J=1 J

Definethediscrete-timeBrownianmotion(SeeFig. 12.1):

By = 0,

k
B, = > Y, k=1,...,n
ji=1

If weknow Yy, Ys, ..., Y., thenweknow By, B,, ..., B;. Corverselyif weknow By, Bs, ..., By,
thenweknow Y; = By, Yy, = By — By,..., Y, = B — Bi_;. Definethefiltration
]:0 = {¢7 Q}v

Fr = o(Y1,Ya,...,Ys) =0(B1,Ba, ..., Bp), k=1,... n.

Theorem 1.34 {B;}}_, is a martingale(underP).

Proof:

IE[Byy1|Fr) = IE[Yit1 + Bl Frl
FEYj11 + By
= B;.

131
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Figure12.1: Discrete-timeBrownianmaotion.

Theorem 1.35 { B, }}_, is a Markovprocess.

Proof: Notethat
IETh(Bgy1)|Fr] = E[h(Yr41 + Bi)|Fl.

Usethelndependenckemma.Define

g(b) = Eh(Yiq1 +0) (y+b)e -3 dy.

==L

Then
ETh(Yiy1 + Be)|Fr] = g(Bx),

whichis afunctionof B, alone.

12.2 The StockPrice Process

Givenparameters:

e 1 € IR, themeanrateof return.
e o > 0, thevolatility.
e Sy > 0, theinitial stockprice.

The stod price processs thengivenby
Sk = Soexp{UBk + (- %O‘Q)k}, k=0,...,n.

Notethat
Sk41 = Sgexp {UYk+1 + (1 — %‘72)} ;
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E[Sisi|F] = SeE[OYr1|F,].eh 27"
= Ske%(ﬂe“_%‘72
= €Sy,
Thus
@ =log 7E[S]g:|fk] =log I [Sg—:l fk] ,
and

var <10g SEH) = var (UYk+1 + (1 — %02)) = o2
k

12.3 Remainder of the Mark et

Theotherprocessem the marketaredefinedasfollows.

Money marketprocess:
My=¢* k=0,1,...,n.

Portfolio process:

[ ] Ao, Al, e 7An—17
e EachAj is Fi-measurable.

Wealthprocess:

e X given,nonrandom.

Xit1 = ApSkp1+ € (Xip — ApSi)
= Ap(Spy1 — € Sk) + "Xy,

e EachXy is Fi-measurable.

Discountedvealthprocess:

Mk_|_1 Mk-}—l My, My

12.4 Risk-Neutral Measure

Definition 12.1 Let /P be a probability measuren (2, ), equivalentto the marketmeasure® If

A‘Z—’;}k isa martingaleunderﬁ, we saytha‘@l3 is arisk-neutal measue.
=0
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Theorem4.36 If PP is a risk-neutal measue,theneverydiscountedNeaIthprocess{ﬁ—’;}: is
=0

a martingaleunderf, regardlessof the portfolio procesaisedto geneateit.

Proof:

= [ Xpwr _ Skt _i) Xi ]
E [Mk+1 fk] = B [Ak (Mk-H My )t 1, T
_ 7 | Sk+1 Sk Xy
= A(E[Mklfk]—m +m
_ Xk
= i

12.5 Risk-Neutral Pricing

Let V,, bethepayof attime n, andsayit is F,,-measurableNotethatV,, maybe path-dependent.
Hedginga shortposition:

¢ SellthesimpleEuropearderivative securityV,,.
e Receve X, attimeO.
e Constructa portfolio process\g, . .. , A,,_; which startswith X, andendswith X,, = V.

e If thereis arisk-neutralmeasuréﬁ, then
Xp = E_Mn = E_Mn‘

Remark 12.1 Hedgingin this “semi-continuous’modelis usually not possiblebecausehereare
notenoughtradingdates.This difficulty will disappeawhenwe goto thefully continuousmodel.

12.6 Arbitrage

Definition 12.2 An arbitrageis a portfolio which startswith X, = 0 andendswith X,, satisfying
P(X,>0)=1, P(X,>0)>0.
(P hereis themarketmeasure).

Theorem 6.37 (Fundamental Theorem of AssetPricing: Easypart) If thereisarisk-neutial mea-
sure,thenthereis noarbitrage
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Proof: Let IP bearisk-neutralmgasurel,et Xo = 0, andlet X,, bethefinal wealthcorresponding
to ary portfolio processSince{%} is amartingaleunder?ﬁ,

E

X,
I =Eit =0 6.1)

SupposdP(X,, > 0) = 1. We have

P(X,>0)=1= P(X, <0)=0= P(X, <0)=0= P(X, >0)=1.

(6.2)
(6.1)and(6.2)imply IP(X,, = 0) = 1. We have
P(X,=0)=1= P(X, >0)=0= P(X, >0)=0.

Thisis notanarbitrage. [
12.7 Stalking the Risk-Neutral Measure
Recallthat

e Y1,Y,, ... Y, areindependenistandardormalrandomvariableson someprobabilityspace

(Q, F,P).

e S = Spexp {O‘Bk + (- %0'2)16‘}.
[ ]
Sivr = Soexp{o(By+ Yir) + (u— so?)(k+ 1)}
= Sk exp{aYk_H + (p— %02)}.

Therefore,

Sk+1 _ Sk . 12
m—m-eXP{UYkH‘F(N—T— 20 )}7

Skt1
B | 2kt
[Mk+1

]—'k:| = ]‘a—kk.E[eXp{UYk+1}|-7:k]-eXp{N_r_%02}

= %-GXP{%UZ},QXP{M —r— %02}

P
p—r Ok
€ "My

If & = r, themarketmeasuras risk neutral.If u # r, we mustseekfurther.
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cexp{oVigr + (-1 — 0%}

Sk+1 Sk
My,
S , —r
= W’“k.exp{a(}’k_H + £5) - %02}
Sk
k

Wi .exp{a}};ﬂ_l — %(72},

where
Yip1 =Y + “Ui

Thequantity#= is denoted andis calledthe marketprice of risk.

We wanta probabilitymeasur@ underwhichY;, ..., Y, areindependentstandarchormalran-
domvariables.Thenwe would have
=19 = o
F [—Afkfl ]—'k] = A%—’;E I:eXp{UYk+1}|.7:ki| .exp{—%aQ}
= A%—kk.exp{%a?}.exp{—%UQ}
— Sk
= i

Cameron-Martin-Girsanov’ sldea: Definetherandomvariable

7 = exp [i(—@)’} — %02)] .

i=1

Propertieof 7:
o /> 0.
[ ]
n n
EZ = I[Fex —0Y:) p .exp { ——b>
exp{jz::l( ])} exp{ 5 }
= exp{%@Q}.exp{—gHQ}zl.
Define

P(A):/ ZdP VA€ F.
A

ThenlP(A) > 0 forall A € F and

PQ)=EZ=1.

In otherwords, P is a probabilitymeasure.
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We show that P is a risk-neutralmeasureFor this, it sufficesto shaw that
YI_Y1—|-0 ., Y,=Y,+6

areindependenstandardwormalunder?l?

Verification:
e Y1, Y, ... Y, IndependentstandarchormalunderP, and
IF exp [z”: UjY}] = exp lzn: %u?] .
J=1 j=1
e Y=Y, +0,....Y, =Y, +6.

Z > 0 almostsurely

o 7/ =exp {Z;‘:l(—HYj — %02)} ,
Zﬁ(A):/ ZdP VA F,
A

EX = IE(X Z) for every randomvariable X .

o Computethemomentgeneratingunctionof (Y1, ..., Y,) underP:

ﬁexp [ZUJY]] = IFexp Z Y +6) —I—E —0Y; —102]
Li=1 7=1

J=1

= exp Z %(u] — 0)2] . exp [zn:(u] — %02)]

= exp E ((%u? —u;f + %02) + (u;0 — %02))]

—n
- | S0
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12.8 Pricing a EuropeancCall

Stockpriceattime n is

S, = So exp{UBn + (p— %02)71}

= Spexp {UZYj + (- %02)71}

i=1

= Spexp {O‘ Zn:(yj + #;7’) —(p—r)n+ (p— %gi’)n}

= Soexp{UZYj + (r- %0'2)71}.

J=1
Payoff attimen is (S, — K)*. Priceattime zerois

) . +
Ei(sn]\}nk)-l— = FE |:e_m (Sg exp {UZ& + (r— %02)71} — K) }

i=1

= /_O:o e~ (SO exp {(Tb + (r— %UQ)R} - K)+ \/2171-—71

sinceZ?:1 f} is normalwith mean0, variancen, under/P.

b2
e 222 db

Thisis the Black-Stolesprice. It doesnotdepencbn .
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Brownian Motion

13.1 Symmetric RandomWalk

Tossafair coininfinitely mary times.Define

Set

MQIO

k
Mk:Z‘XJ" k> 1.
j=1

13.2 The Law of LargeNumbers

We will usethe methodof momentgeneratingunctionsto derive theLaw of Large Numbers:

Theorem 2.38(Law of Large Numbers:)

1
EMk—m almostsurely, as k—oo.

139



140

Proof:

X]' (Def. of Mk)

k
=[] Fexp {%Xj} (Independencef the X;'s)

whichimplies,
i _ 1% 1 =%
log ¢r(u) = klog (56k + g€ k)

Letz = . Then

kh—1>noo log pr(u) = zhm

—0 T
U  uxr U, —uxr
. €7 — 3¢ LA e 1y
= lim 4——F—— (L'Hdpital'sRule)
z—0 ieuz + §e—uz

Therefore,

lim =e’=1
Jimpp(u) =€ =1,

whichis them.g.f. for the constan®.

13.3 Central Limit Theorem

We usethe methodof momentgeneratingunctionsto prove the CentralLimit Theorem.

Theorem 3.39(Central Limit Theorem)

1
—M,— Standad normal,as k—oo.

vk

Proof:
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sothat,

_ 1
Letz = \/E.Then

kh_r}noo log v (u) = lim

] 1 UUT _ U o—us
= lim 5 T 2 2
z—=0 Se' + S =0 2z
U, ur _ U ,—ur
= lim 2° 2°
z—0 2x
ﬁeum _ ﬁe—uz
= lim -2 2
z—0 2
— 1,2

Therefore,

1 9
lim « = e
Jim oy (u) = €2,

whichis them.g.f. for astandarchormalrandomvariable.

13.4 Brownian Motion asa Limit of RandomWalks
Let n beapositiveinteger. If ¢ > 0 is of theform % thenset

B™ (1) = LMM — %
n

M;..
NG ’

If £ > 0isnotof theform % thendefine B(*) (t) by linearinterpolation(SeeFig. 13.1).

Herearesomepropertiesof B(190)(¢):

(L'H 6pital'sRule)

141
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k/n (k+1)/n

Figure13.1: Linear Interpolationto defineB(™) (t).

Propertieof B9 (1) :

1 100
(100) (1) — - .
B9 (1) m ]z:; X; (Approximatelynormal)
( ) 1 100
100 1 _
EBI) (1) = ) ; EX;
1 100
var(B19 (1)) = — Y var(X;) = 1
100 &
Propertienf B(1%0)(2)
( ) 1 200
100 _ L ‘ ;
B9 (2) = T ]z:; X; (Approximatelynormal)
EB1%)(2) =0
var(B199)(2)) = 2

Also notethat:

o BU)(1) andB(190)(2) — B(190)(1) areindependent.
o BU%)(4) is acontinuougunctionof ¢.

To getBrownianmotion,let n—oc in B (1), ¢ > 0.

13.5 Brownian Motion

(Pleaseeferto OksendalChapter2.)
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B(t) = B(tw)

A

S |
® W AR

(Q’ F1P)
Figure13.2: Continuous-timé&rownianMotion.

A randomvariable B(¢) (seeFig. 13.2)is calleda Brownian Motion if it satisfiesthe following
properties:

1. B(0) =0,

2. B(t) isacontinuoudunctionof ¢;

3. B hasindependentyormallydistributedincrementsif

0=ty <ty <ty <...< 1y

and
Y1 = B(t1) — B(ty), Y2 =B(t2) — B(t1), ... Y,=B(t,)— B(tn-1),
then
e V1Y, ... Y, areindependent,

o FY; =0 V7,
. Var(Yj) =t; —tj V.

13.6 Covariance of Brownian Motion

Let0 < s < ¢ begiven. ThenB(s) and B(t) — B(s) areindependentso B(s) and B({) =
(B(t) — B(s)) + B(s) arejointly normal.Moreover,

EB(s) =0, var(B(s)) = s,
EB(t) =0, var(B(t)) = t,
EB(s)B(1) = EB(s)[(B(t) = B(s)) + B(s)]
— EB()(B(1) - B(s))

0 s
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Thusfor ary s > 0,¢ > 0 (notnecessarily < t), we have

EB(s)B(t) = s At.

13.7 Finite-Dimensional Distrib utions of Brownian Motion

Let
O<ti <ty <...<y,

begiven.Then
(B(t1), B(t2), ..., B(t,))

is jointly normalwith covariancematrix

FEB%*(t;)  FEB(t1)B(tz) ... IEB(t1)B(t,)
C o EB(t3)B(ty)  IEB*(t;) ... IEB(t3)B(t,)
EB (tn)B(t 1) ]EB(tn)B(tQ) ......... s (tn) ..
[ty ¢ t
_ |t l2 Ly
t1t2 ....... tn

13.8 Filtration generatedby a Brownian Motion

{F ) >0

Requiredoroperties:

e Foreacht, B(t) is F(t)-measurable,

e Foreacht andfort < ¢ < t5 < --- < t,, theBrownianmotionincrements

B(ty) — B(t), B(tz) —B(t1), ..., B(ty,)— B(ty-1)
areindependenof F(t).
Hereis oneway to constructF (t). Firstfix ¢. Lets € [0,¢] andC' € B(IR) begiven.Puttheset
{B(s) e C} ={w : B(s,w) € C}

in F(¢). Do this for all possiblenumberss € [0,¢] andC' € B(/R). Thenputin every otherset
requiredby the o-algebraproperties.

This F(t) containsexactly theinformationlearnedby observingthe Brownianmotionuptotime ¢.
{F(t)}+>0 is calledthefiltr ation geneatedby the Brownianmotion.
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13.9 Martingale Property

Theorem 9.40 Brownianmotionis a martingale

Proof: Let0 < s <t begiven.Then

E[B(1)|F(s)] = E[(B(t) — B(s)) + B(s)|F(s)]
= IE[B(t) — B(s)] + B(s)
= B(s)
n
Theorem9.41 Let# € IR begiven.Then
Z(1) = exp {~0B(t) - 1671}
is amartingale
Proof: Let0 < s <t begiven.Then
EIZ017(s)] = I [exp{-0(B(1) ~ Bs) + B() - 16:((t — 5) + 9} |7(9)
=F [Z(S) exp{—0(B(t) — B(s)) — %OQ(t - 5)}‘]—'(5)]
= Z(s) I [exp{~0(B(t) — B(s)) — 16*(t — 5)}]
= Z(s) exp { 1(~0)* var(B(t) — B(s)) — 16%(t — )}
= Z(s).
n

13.10 The Limit of a Binomial Model

Considetthe »’th Binomial modelwith thefollowing parameters:

o u, =1+ % “Up” factor. (o > 0).
o d,=1- % “Down” factor.
o r—=10.

N — l_d'n J— O‘/\/ﬁ
® Pn= upmdn 20 /\/n

~ 1
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Letd,(H) denotethenumberof H in thefirst & tossesandlet 4 (1") denotehenumberof 7" in the
first k tossesThen

de(H) + 4(1) = k,
g (H) — 4(T) = M,
whichimplies,
dk(H) = 3(k + My)
9k(T) = 5(k — My)

In then’th model,taken stepgperunittime. SetS(()”) = 1. Lett = % for somek, andlet

1

(nt+Mn:) 3 (nt—My,)
(") (7} — L)2 ( B L)2
SY(t) <1+ Tn 1 T .

Under P, theprice processS () is amartingale.
Theorem 10.42 Asn—s oo, thedistribution of S(*) (¢) corvergesto the distribution of
exp{oB(t) — 1o°t},

whee B is a Brownianmotion. Notethat the correction—%a% is necessaryn order to havea
martingale

Proof: Recallthatfrom the Taylor serieswve have
log(1+2) =z — 2% + O(2%),
SO

log S (£) = L(nt + Myy) log(1 + %) + L(nt — M) log(1 - %)

g
ﬁ) + 3 log(1 -
+ My (%log(l +

=nt (%log(l—l- %))
=)~ Hlog(1-

As n— oo, thedistributionof log S(”) (¢) approachethedistributionof e B(t) — Lo ]
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B(t) = B(tw)

7,

] v WAl

Q,F, PN

Figure13.3: Continuous-tine BrownianMotion, startingat = # 0.
13.11 Starting at Points Other Than 0

(Theremainingsectiondn this chaptemweretaughtDec7.)
For aBrownianmotion B(¢) thatstartsat0, we have:

P(B(0) = 0) = 1.

For a Brownianmotion B(t) thatstartsat z, denotethe correspondingrobability measuréy P*
(SeeFig. 13.3),andfor sucha Brownianmotionwe have:

P*(B(0)=2)=1.
Notethat:

e If z # 0, thenP* putsall its probabilityon a completelydifferentsetfrom P.
e Thedistributionof B(¢) under/P* is the sameasthedistributionof = + B(¢) underP.

13.12 Mark ov Property for Brownian Motion

We prove that

Theorem 12.43 Brownianmotionhasthe Markovproperty

Proof:
Lets > 0, ¢ > 0begiven(SeeFig.13.4).

]E[h(B(s—H))‘}'(s)] =B h(B(s +1) = Bls)+  Bls) )|F(s)

Independentf F (s) F(s)-measurable
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restart

Figure13.4: MarkovPropertyof BrownianMotion.

Usethelndependenckemma.Define

= |h(z+ B(1) )
N~
samedistributionasB(s + t) — B(s)
= E"h(B(1)).

Then

E [n(B(s+0)|F(s)] = a(B(5)
= EBGI(B(1)).

In fact Brownianmotionhasthe strongMarkovproperty

Example 13.1(Strong Mark ov Property) SeeFig. 13.5.Fix z > 0 anddefine
r=min{t >0; B(t) ==z}.

Thenwe have:

B 1B+ 0)|7()] = a(8(e) = B=0(500).
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restart

Figure13.5: StongMarkovPropertyof BrownianMotion.

13.13 Transition Density

Let p(t, =, y) bethe probabilitythatthe Brownian motionchangewvaluefrom z to y in time ¢, and
let 7 bedefinedasin the previoussection.

1 w=2)?
p(t,z,y) = \/ﬁe ot
9(e) = B*h(B) = [ h)p(t,2.9) dy.

E [h(B(S+ t))‘f(é’)] =g(B(s)) = 7h(y)p(t7B(8),y) dy.

— 00

B [t +0)|70)] = [ ko,

13.14 First Passagelime

Fix z > 0. Define
T=min{t >0; B(l)==z}.

Fix 8 > 0. Then
exp {OB(t AT) =167 (L A T)}

is amartingaleand

IE exp {HB(t/\T) — 30*(t A T)} =1.
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We have
“3PT i r <
lim exp{—L10*(tAT)} = ¢ 7<% (14.1)
t=ro0 { 20 )} {0 if 7 = oo,
0 <exp{fB(tAT)—L10%(tAT)} < e
Let{— oo in (14.1),usingthe BoundedCorvergenceTheoremfo get
E [exp{@x - %027—}1{7<oo}} =1.
Letd|0togetiFl, .y = 1,50
P{r <0} =1,
Eexp{-16°r} = e, (14.2)
Letoa = £62. We havethem.g.f.:
Ee o =e™®V20 450, (14.3)
Differentiationof (14.3)w.r.t. « yields
—IE[re”™®7] = ——$2_ae_$m
Letting )0, we obtain

Conclusion. Brownianmotionreachedevel = with probability 1. The expectedime to reachlevel
z isinfinite.

We usethe ReflectionPrinciplebelow (seeFig. 13.6).

P{r <t, B(t) <z}=1IP{B(t) >z}
P{r <t} =IP{t <t,B(t) <a}+ P{r <t B(t) >z}
= P{B(t) > 2} + IP{B(t) > ¢}
=2P{B(t) > z}

9 7 2
e 2t
V2t Y
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shadow path

\Brownian motion

Figure13.6: ReflectiorPrinciple in BrownianMotion.

Usingthe substitution z = %, dz = ; weget

Density:
0 T _a?
Fr() = g7 <1} = ——pe™ o,

which follows from thefactthatif

then

Laplacetransformformula:

Fe o = /e_o‘th(t)dt = e7=V2a
0
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Chapter 14

The It 0 Integral

Thefollowing chapterslealwith StotasticDifferential Equationdn Finance References:

1. B. OksendalStodasticDifferential Equations SpringefVerlag,1995

2. J.Hull, Options,Futuresand other DerivativeSecuritiesPrenticeHall, 1993.

14.1 Brownian Motion

(SeeFig. 13.3.) (2, F, P) is given,alwaysin the backgroundevenwhennot explicitly mentioned.
Brownian motion, B(t,w) : [0, 00) X Q— IR, hasthefollowing properties:

1. B(0) = 0; Technically P{w; B(0,w) =0} =1,
2. B(t) isacontinuoudunctionof ¢,

3. 1f0=1t; <t <...<t,,thentheincrements
B(t1) — B(tg), ..., B(ty) — B(tn-1)

areindependent,normaind

14.2 First Variation

Quadraticvariationis a measureof volatility. First we will considerfirst variation, #'V (f), of a
function f(¢).

153
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f(t)

Figurel4.1: Examplefunction f(¢).

For thefunctionpicturedin Fig. 14.1,thefirst variationover theinterval [0, 7] is givenby:

FVior)(f) = [f(t1) = F0)] = [f(t2) — f(t)] + [F(T) — f(t2)]

to T
= [rwa+ [roya+ [ o a

Thus,first variationmeasureghetotal amountof up anddown motionof thepath.
Thegeneraldefinitionof first variationis asfollows:

Definition 14.1(First Variation) LetIl = {¢o,¢1,...,t,} beapartitionof [0, T],i.e.,
0=ty <t <...<t,=T.
Themeshof the partitionis definedto be

]| = < (¢ — ).
||| = e max 1( k+1 k)

We thendefine

FV = i t
0,77 |Hhrg>0 Z |f(trer) = f(tr)].

Suppos¢ is differentiable ThentheMeanValueTheoremmpliesthatin eachsubinteral [¢x, tx41],
thereis apointt; suchthat

Tryr) = Ftr) = [ (65) (trrr — ti).-
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Then B B
Yo ) = F)l = D017 @) (thgr = i),
k=0 k=0

and

FVior(f) = IIFHIIEW Z L (G (trgr — k)

- / ()] d.

14.3 Quadratic Variation

Definition 14.2(Quadratic Variation) Thequadmticvariationof afunction f onaninterval[0, 7']
is

(T ||n||—>oz|f tryr) — f(tr)]%.

Remark 14.1(Quadratic Variation of Differ entiable Functions) If f isdifferentiablethen(f)(T) =
0, because

n—1
DS (k) - Z PR Pty — tr)?
k=0
< |10 Z P () P (trgr — )

k=0

and

(H(T) < lim |||, lim Z|f 1 (tegr — tr)

[[I1]|—0 [T —0 ;=

= lim H/ "(1))? dt

||H||_mll Il [ 1f ()]
0

=0.

Theorem 3.44

or more precisely
P{w e Q; (B(.L,w)(T)=T} =1.

In particular, the pathsof Brownianmotionare not differentiable
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Proof: (Outline)LetIl = {¢o,t4,...,t,} beapartitionof [0, T']. To simplify notation,setD; =
B(tr41) — B(tx). Definethe samplequadratic variation

n—1
Qu =Y Di.

k=0
Then

n—1

Qu—T = _[Df — (trg1 — tg)].

k=0
We wantto show that

I Ty =0,
G

Considermnindividualsummand

D} = (tegr — tr) = [B(trg1) — B(tr)]? = (tepr — Lr)-
This hasexpectatior0, so

n—1

EQu-T)=IEY_[Dj- (te1 — )] = 0.
k=0

For j # k, theterms
D? — (tjy1 —t;) and Dj — (tpy1 — tg)

areindependentso

n—1

var(Qn —T) = Z var[Di — (try1 — tr)]
k=0
n—1
=Y E[D} — 2(tgy1 — te) DF + (g1 — t)?]
k=0

= E (trp1 — th)* = 2(tkgr — th)* 4 (tee1 — tr)?]

(|f X is normalwith mean0 andvariances?, then (X *) = 30*)

n—1
=2 (tep1 — i)’
k=0
n—1

<2(|T]| D (terr — te)
k=0

— 9||m|| 7.

Thuswe have

E(Qn-T)=0,
var(Qm — 1) < 2||I1]].T.
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As ||11||=0, var(Qn — 17')—0, so

e @n =1 =10

Remark 14.2(Differ ential Representation) We know that
E[(B(te41) — B(ty))? = (L1 — k)] = 0.
We shovedabore that
var[(B(tg+1) = B(tk))? = (k1 — ti)] = 2(trr — )™
When(tgy1 — L) issmall, (tx41 — tx)? is verysmall,andwe have the approximateequation
(B(teg1) — B(tg))? = tpyr — ty,
whichwe canwrite informally as

dB(t) dB(t) = dt.

14.4 Quadratic Variation asAbsolute Volatility

Onary timeinterval [Ty, T3], we cansamplethe Brownianmotionattimes
=t <ty <...<t, =14

andcomputethe squaedsampleabsolutevolatility

1 n—1
B(tpy1) — B(tp))>
Ty 2 (Bllen) = B(k)
Thisis approximatelyequalto
1 -1y
T (BT — (B)T)] = 32— =1

As we increasahe numberof samplepoints, this approximationbecomesexact. In otherwords,
Brownianmotion hasabsolutevolatility 1.

Furthermoreconsideitheequation
T
(B)(T) = T:/l dt, YT >0.
0

This saysthat quadraticvariationfor Brownian motion accumulatest rate 1 at all timesalong
almosteverypath
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14.5 Construction of the It Integral

The integrator is Brownian motion B(¢),¢ > 0, with associatediltration F(t),t > 0, andthe
following properties:

1. s < t= everysetin F(s) isalsoin F(t),
2. B(t) is F(t)-measurableyt,

3. Fort <t; <...<t,, theincrementsB(t,) — B(t), B(tz2) — B(t1),...,B(t,) — B(tn-1)
areindependentf F(¢).

Theintegrand is §(t),t > 0, where

1. 6(t) is F(t)-measurabl&t (i.e.,d is adapted)

2. § issquare-intgrable:
T

E/cs?(t) dt < oo,  VT.
0

We wantto definethelt 6 Integral:
t
I(t):/ 5(u) dB(u), > 0.
0

Remark 14.3(Integral w.r.t. a differentiable function) If f(¢) is a differentiablefunction, then
we candefine

j 5) di(w) = 6 f'(w) du.

This won't work whenthe integratoris Brownian motion, becausehe pathsof Brownian motion
arenotdifferentiable.

14.6 Itointegral of an elementaryintegrand

LetIl = {to, 11, ... ,t,} beapartitionof [0, 7], i.e.,
0=ty <t <...<t,=T.

Assumethat §(¢) is constanton eachsubinteral [, tx+1] (SeeFig. 14.2). We call suchaé an
elementaryrocess

ThefunctionsB(t) andé(t;) canbeinterpretedasfollows:

e Think of B(t) astheprice per unit share of anassetttime?.
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5(t)=35
.L(t&) 3(t)=3(ty)

6(t)=6(t0) o———O

e—— O

=ty 1 t2 t3  Y=T
3(t) = 9(t,)

Figure14.2: An elementanfunctions.

e Thinkofty,tq,...,t, asthetradingdatesfor theasset.

e Thinkof §(¢x) asthenumberof shaesof theassetacquired at tradingdatet;, andheld until
tradingdatet ;.

Thentheltd integral I (¢) canbeinterpretedasthe gainfromtradingattime ¢; this gainis givenby:

S(t)[B(t) — Blt) ], 0<t<t

Ingeneraljf ¢, <t < tpi1,

k—1

I(t) =) 8(t;)[B(tj1) = B(t;)] + 8(tx)[B(t) = B(tx)].

=0

14.7 Propertiesof the It 6 integral of an elementaryprocess

AdaptednessFor eacht, I(t) is F(t)-measurable.

Linearity If

then
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&
®—

| t|+1 ..... tk tk+1

Figure14.3: Showings andt in differentpartitions.

and

t
eI(t) = / ¢8(u)dB(u).
0
Martingale I(t) isamartingale.

We prove the martingalepropertyfor the elementaryprocessase.

Theorem 7.45(Martingale Property)
I(t) = 0(t;)[B(tjx1) = B(tj)] + 8(tx)[B(t) = B(te)],  tr <t < g

is amartingale

Proof: Let0 < s < t begiven. We treatthe more difficult casethats andt arein different
subintenals,i.e., therearepartition pointst, and¢; suchthats € [t;,t,41] andt € [tx, tx41] (See
Fig. 14.3).

Write
-1
I(t) = ZM)[B(QH) = B(t;)] + 0(te)[B(tet1) — B(te)]
k-1
+ D 6)[B(tiw) = B(t)] + 8(tx)[B(8) — B(ty)]
j=t+1

We computeconditionalexpectations:

£—1

=" 6(t;)(B(tj41) — B(t))).

=0

-1
B [Z 5(t) (Bt 1) - B<m>\f<s>

I [5(t0)(Bltes) = B(t0)|F(s)] = 00) (ELB(tesn) |F(5)) - Bwo)
= 5(t0)[B(s) - B(t)
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Thesefirst two termsaddupto /(s). We shav thatthethird andfourth termsarezero.

k-1 -
= Y B[ [56) B0 - Be)|Fe)] 7o)

j=f+1

k-1
2 [ > 3t (Bltan) - B;))|F()
j=f+1

k—1
= Y B |50) (BB IF(1)] - BL) |76
7=f+1

=0

E [5(tk)(B(t) _ B(tk))‘}'(s)] _E

o(tx) (EIB()|F(t:)] = B(tx)) ‘7(8)

=0

Theorem 7.46(1t 6 Isometry)
13
EF() = E / 52 (u) du.
0

Proof: To simplify notation,assume = ¢, so
k
I(t) =Y 8(t;)[B(tjt1) — B(t;)]

7=0
D;

EachD; hasexpectation0, anddifferentD; areindependent.
& 2
1) = [ Y60,
J=0
k
= Z 52(t]‘)D]2 + 2 Z5(t2)5(t])DzD]
j=0

1<j

Sincethecrosstermshave expectatioreero,

ET*(t) = Zk:E[52(tj)Df]

B [52@)@ [<B<tj+1> - B(1;))?

7ol
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th of
pathof 5, "/ 0

Vany | | |
V I I 1

o=, U t2 t3  Y=T

Figure14.4: Approximatinga geneal procesdy an elementaryprocessy,, over[0, 77.

14.8 Itointegral of a generalintegrand
Fix T > 0. Let é beaprocesgnot necessarilyn elementaryprocessyuchthat

e 4(t) is F(t)-measurableyt € [0, 77,
o I [I62(1) dt < .

Theorem 8.47 Theeis a sequencef elementaryrocessegd,, }°2 , sud that
. T 2
nh_r}noolE/o 16,(1) — 6(1)[? dt = 0.

Proof: Fig. 14.4shavsthemainidea.

In thelastsectionwe have defined

for every n. We now define
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Theonly difficulty with this approachs thatwe needto makesurethe above limit exists. Suppose
n andm arelargepositiveintegers.Then

T

var(Ly(T) — I, (T)) = IE ( /0 [6,(1) — 6, (¢)] dB(t))
T
(Itd Isometry:)= I / [6,(8) = 6,.()]? dt
=1 [ 110u00) 501 4150~ 5001 P i
T T
(a4b)? < 2% +20%3) < 2173/0 16.(1) — (1) di + 2173/0 16,0(1) — 8()|7 dt,

whichis small. This guaranteethatthesequencd /., (1') }22, hasalimit.

14.9 Propertiesof the (general)It 6 integral

Hered is arny adaptedsquare-intgrableprocess.

Adaptedness.For eacht, I(t) is F(t)-measurable.

Linearity . If
I(t):/é(u) dB(u), J(t):/fy(u) dB(u)
then .
10 £0) = [ (6w) £ 5()) dBw
and

Martingale. (t) isamartingale.
Continuity. /(¢) is acontinuoudunctionof theupperlimit of integrationt.
Itd Isometry. E1%(t) = IE [} §*(u) du.

Example14.1() Considettheltd integral

/0 ’ B(u) dB(u).

We approximateheintegrandasshovn in Fig. 14.5
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B(0)=0 if 0<u<T/n;
B(T/n) if T/n<u<2T/n;

B(C500) i =gy o

n

By definition,

/OT B(u) dB(u) = 13100’;3 (’%T) [B <@) B (’%T)] .

To simplify notation,we denote

kT
().
n
o]
T n—1
B(u) dB(u) = lim By (B — Bg).
| B as) i, 3% B (B = )
We compute
n—1 n—1 n—1 n—1
Y (Bey1 — Be)*=1%> Bl — > BiBryi+3 Y Bi
k=0 k=0 k=0 k=0

n—1 n—1 n—1
SR WCE WIS o
7=0 k=0 k=0
n—1 n—1
B Y B BB
k=0 k=0

n—1
= 1B2 — > Bi(Brs1 — By).
k=0
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Therefore,
n—1 n—1
Y Be(Bryr — Bi) = 3Br — 53 (Brar — By)?,
k=0 k=0
or equialently
n—1 n—1 2
kT (k+1)T kT _— . (k+1)T\ [k
Bl=) Bl )-B[=)|=1LiB*1)-1 B 1 .
2o () [ (555) - ()| s X o (55) (5

Let n—oo andusethedefinitionof quadratiovariationto get

/OT B(u) dB(u) = $B*(T) — iT.

Remark 14.4(Reasonfor the 17" term) If f is differentiablewith f(0) = 0, then

[ s art) = [ ) du

In contrastfor Brownianmotion,we have

/TB(u)dB(u) = 1B(T) - 1T

The extra term T comesfrom the nonzeroquadraticvariationof Brownian motion. It hasto be
there,because

T
IE/ B(u) dB(u) =0 (Itd integral is a martingale)
0

but

i,

ELB*(T) = 4

14.10 Quadratic variation of an Itd integral
Theorem 10.48(Quadratic variation of It0 integral) Let

() = /Ota(u) dB(u).

Then



166

Thisholdsevenif § is notanelementanyprocessThe quadraticvariationformulasaysthatat each
time u, the instantaneousbsolutevolatility of 7 is §?(u). This is the absolutevolatility of the
Brownianmotionscaledby the sizeof the position(i.e. §(¢)) in the Brownianmotion. Informally,
we canwrite thequadraticvariationformulain differentialform asfollows:

dI(t) dI(t) = §*(t) dt

Comparehis with
dB(t) dB(t) = dt.

Proof: (For anelementarnyprocess). Letll = {¢o,t1,...,t,} bethepartitionfor 4, i.e.,5(t) =
d(tx) for t, <t < tx4q. To simplify notation,assume = ¢,,. We have

n—1

(1) = Y LD (trer) = () ()]

k=0
Letuscompute(!) (tx+1) — (I)(tx). Let= = {sq, s1, ..., s,n } beapartition
gk =50 <8 < ...< 8y, =1pg1-

Then
Hsie0) = () = [ 8(t) dB(w)

= 0(tx) [B(sj+1) — B(s5)],

SO

m—

(D) (tk1) = (D(tk) = 2_: (sjz1) = 1(s))]

m—1

= 8(tx) D [B(sjs1) — B(sj)]?

i=0

[IE[l=0, 8% (th) (Lrgr — i)

It followsthat

n—1

(D)) = Y 6 (tk) (trsr — 1)
k=0

—Z/

k=0 j,

t
I1T1{|—=0 / 52(u) du
% 0



Chapter 15

It 0’s Formula

15.1 Itd’sformula for one Brownian motion

We wanta rule to “dif ferentiate”expressionf the form f(B(t)), where f(z) is a differentiable
function. If B(t) werealsodifferentiablethenthe ordinarychain rule would give

d ! !
o/ BW) = S(BW)B(),

which couldbewrittenin differentialnotationas

However, B(t) is notdifferentiableandin particularhasnonzeroquadratiovariation,sothecorrect
formulahasanextraterm,namely

df (B(t)) = f'(B(1)) dB(t) + 3/"(B(t))  dt
dB(t) dB(t)

Thisis Ité’s formulain differential form. Integratingthis, we obtainlt®’s formulain integral form:

1B0) - 1BO) = [ 1B B+ [ 1 (Bw) du.
f(0)

Remark 15.1(Differ ential vs. Integral Forms) Themathematicallyneaningfufform of 1t&’sfor-
mulais Itd’sformulain integral form:

1B0) - 1BO) = [ 1B B+ [ 1 (Bw) du.

167
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This is becauseve have solid definitionsfor both integralsappearingon the right-handside. The
first,

[ 7B s

is anltd integral, definedin the previouschapter Thesecond,

[ ) au

is aRiemanrintegral, thetypeusedin freshmarcalculus.

For paperandpencilcomputationsthemorecorvenientform of I1té’sruleis Itd’s formulain differ-
entialform:

df(B(1)) = ['(B(t)) dB(t) + 3/"(B(1)) dt.

Thereis anintuitivemeaningout no solid definitionfor thetermsdf (B(t)), d B(t) anddt appearing
in thisformula. This formulabecomesnathematicallyespectablenly afterwe integrateit.

15.2 Derivation of It0’sformula

Considerf(z) = 122, sothat
f@)y=a, f'(=)=1.

Letzy, 2x4+1 benumbersTaylor'sformulaimplies

f@epr) = f(zr) = @rpr — 20) f'(28) + 5 (@rg1 — )2 S ().

In this case,Taylor'sformulato seconcbrderis exactbecause is aquadmtic function

In thegenerakasetheabore equations only approximateandtheerroris of theorderof (z;41 —
z1)3. Thetotalerrorwill have limit zeroin thelaststepof thefollowing agument.

Fix 7" > 0 andletIl = {to, 4, ... ,t,} beapartitionof [0, T]. Using Taylor's formula, we write:

= S (Blt) - J(B())]
k=0
S [Bltas) — B F(B) + 1 S [Bltess) — B 1"(B(1)

=Y Bt [Blter) - B+ 3 (Bltes) — Bl
k=0



CHAPTERI15. Ité’s Formula 169

We let ||11||—0 to obtain

T ! T
= [ s as@+i [ 6w de

Thisis Ité’sformulain integral form for the specialcase

15.3 Geometric Brownian motion

Definition 15.1(Geometric Brownian Motion) GeometridBrownianmotionis
S(t) = S(0) exp {UB(t) + (,u — %02) t} ,

wherey ando > 0 areconstant.

Define
f(t,z) = 5(0) exp{crx + (,u — %02) t} )
SO
S(t) = f(t, B(1))-
Then

fo=(n=10%) 1, Lo =0f) fow =0,
Accordingto Itd’'sformula,

dS(t) = df (t, B(t))

dt

=(p-31c*)fdt+ofdB+ic’fdt
= puS(t)dt + oS (t) dB(t)

Thus,GeometridBrownianmotionin differentialformis
dS(t) = pS(t)dt + oS(t) dB(t),

andGeometridBrownianmotionin integral formis

S(t) = S(O)—I—/Ot,uS(u) du—l—/OtUS(u) dB(u).
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15.4 Quadratic variation of geometricBrownian motion
In theintegral form of GeometridBrownianmotion,

t 1
S(t) = 5(0) —}—/ wS () du—}—/ oS(u) dB(u),
0 0
the Riemanrintegral
t
Ft) = / 1S () du
0
is differentiablewith F’(¢) = puS(t). Thistermhaszeroquadraticvariation.Theltd integral
t
G(t) = / o5 (u) dB(u)
0

is notdifferentiable It hasquadraticvariation

(G)(1) = /0 " 525 (u) du.

Thusthe quadraticvariationof ' is givenby the quadraticvariationof &G In differentialnotation,
we write

dS(t) dS(t) = (uS(t)dt + oS (1)dB(1))* = o*S*(t) dt

15.5 Volatility of Geometric Brownian motion

Fix0 <1y < Tj. Letll = {to,...,t,} beapartitionof [T}, T;]. Thesquaedabsolutesample
volatility of S on[1}, T3] is

1 T

1 & _ 2., 1 2 g2
Ty o ) = S = _TIT/U §(u) du
1
~ o2S*(Ty)

As T, | Ti, the abore approximationrbecomesxact. In otherwords,the instantaneouselative
volatility of S is 2. Thisis usuallycalledsimply thevolatility of S.

15.6 First derivation of the Black-Scholesformula

Wealth of an investor An investorbegins with nonrandoninitial wealth X, andat eachtime ¢,
holdsA(t) sharef stock.Stockis modelledby a geometridBrownianmotion:

dS(t) = uS(t)dt + oS(1)dB(t).
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A(t) canberandom,but mustbe adapted. The investorfinanceshis investingby borrowing or
lendingatinterestrater.

Let X (¢) denotethewealthof theinvestorattime¢. Then
dX (1) =A)dS(t)+r[X(t) — A(L)S(t)]dt
=A() pSH)dt+oS(t)dB(t)]+r[X(t) — A(t)S(t)]dt
=rX()dt + A()S(t) (p—r) dt + A(t)S(t)odB(t).
N——’
Risk premium
Value of an option. ConsideranEuropearoptionwhichpaysg(S(7")) attime?'. Letwv(¢, =) denote
the valueof this optionat time ¢ if the stockpriceis S(t) = . In otherwords,the valueof the
optionateachtimet € [0, T]is
v(t, S(1)).
Thedifferentialof this valueis
dv(t, S(t)) = vidt + v,dS + Fv,.dS dS
= vdt + v [uS dt + 0S dB] + %UIIO'QSQ dt
= [vt + uSv, + %0252%4 dt + 0 Sv,dB

A hedgingportfolio startswith someinitial wealth X, andinvestssothatthe wealth X (¢) ateach
timetracksv(t, S(t)). We sav above that

dX(t)=[rX+A(p—r)S] dt + cSAdB.

To ensurehat X (¢) = v(¢, S(¢)) for all ¢, we equatecoeficientsin their differentials. Equatingthe
d B coeficients,we obtainthe A-hedgingrule:

A(t) = vt S(1)).
Equatingthe dt¢ coeficients,we obtain:
v + puSvy + %UZS%M =rX+A(p-r)S.
Butwe havesetA = v,., andweareseekingo causeX to agreewith v. Makingthesesubstitutios,
we obtain
v + pSvy + %UQSQUM =rv+vg(p—r)S,
(wherev = v(t, S(t)) andS = S(t)) whichsimplifiesto
vy +rSv, + %UQSQUM = ru.
In conclusionwe shouldlet v bethesolutionto the Black-Sdolespartial differential equation
v, @) + rave(t, @) + 20720, (L, 2) = ro(t, 2)
satisfyingtheterminalcondition
v(Tz) = g(z).
If aninvestorstartswith X, = v(0, 5(0)) anduseshehedgeA(t) = v, (¢, S(t)), thenhewill have
X (t) =wv(t,S(t)) for all ¢, andin particular X (1) = ¢(S(T)).
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15.7 Mean and variance of the Cox-Ingersoll-Rossprocess

The Cox-Ingersoll-Rosmodelfor interestratesis

dr(t) = a(b — er(t))dt + o\/r(t) dB(1),

whereq, b, ¢, o andr(0) arepositive constantsin integral form, this equationis

r(t):r(())—l—a/(b—cr du—l—a/ FdB

We applyItd’'sformulato computedr?(t). Thisis df (r(t)), wheref(z) = x%. We obtain
dr*(t ) = df (r(t))
J'(r(@) dr(t) + 3 "(r(1)) dr(t) dr(t)
= 2r(1) |a(b - er(1) di + 0y/r(t) dB(t)] n [a(b —er(t)) dt + oy (1) dB(t)]
= 2abr(t) dt — 2acr?(t) dt + 2072 (t) dB(t) + o2r(t) dt
= (2ab+ 0?)r(t) dt — 2acr®(t) dt + 20v3 () dB(1)

The meanof r(t). Theintegralform of the CIR equationis

r(t):r(())—l—a/(b—cr du—l—a/ FdB

Takingexpectationsandrememberinghatthe expectationof anlité integral is zero,we obtain

Er(t) = r(0) + a/ot(b — cEr(u)) du.

Differentiationyields
%]Er( t)y=a(b—clEr(t)) = ab— aclEr(t),

whichimpliesthat

d act _ act d _ _act
7 {e Er(t)} = [acEr( )+ thr(t)] = e"“ab.

Integrationyields
¢ b
e IBr(t) — r(0) = ab/ e du = —(e* —1).
0 C

We solvefor [E'r(t):
Er(t) = 2—1—6_“Ct (T’(O) - 9) .

c

If 7(0) = &, thenEr(t) = © for everyt. If r(0) # 2, thenr(t) exhibits meanreversion

lim FEr(t)= é
t—ro0

c
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Variance of r(¢). Theintegral form of theequatiorderivedearlierfor dr?(t) is
t

t t .
r2(t) = r*(0) + (2ab + 02)/ r(u) du — 2(10/ r?(u) du + 20/ r2 (u) dB(u).
0 0 0
Takingexpectationsye obtain
¢ t
Er*(t) = r*(0) + (2ab + o?) / Er(u) du — QaC/ Er*(u) du.
0 0

Differentiationyields
%ErQ(t) = (2ab+ o) Er(t) — 2acEr(t),

whichimpliesthat

d 2act 2 _ 2act[ 2 d 2 :|
T FEr-(t)=e 2aclET*(t) + dtlEr (t)

= e?*!(2ab+ o) Er(t).

Using the formula alreadyderived for IF'r(t) andintegratingthe last equationafter considerable
algebrawe obtain

bo? b2 b\ (o? 20\ _,..
B = g+ o+ (0 -) <_ ! ?) o

C ac

2 2 2
+ <T‘(0) _ é) U_e—Qact + 0_ (; _ T'(O)) €—2act‘

C ac ac

varr(t) = Eri(t) — (Er(t))?
bO‘Q b 0-2 —act 0-2 b —2act
= 5.7 + <r(0) — E) e + o <% — r(O)) e .

15.8 Multidimensional Brownian Motion

Definition 15.2(d-dimensionalBrownian Motion) A d-dimensionalBrownian Motion is a pro-
cess

B(t) = (Bi(t),...,Bqg(t))
with thefollowing properties:
e EachB(t) is aone-dimensionaBrownianmotion;
e If ¢ # j, thentheprocesses;(¢) and B, (¢) areindependent.

Associatedvith a d-dimensionaBrownianmotion,we have afiltration {7 (¢) } suchthat

e Foreacht, therandomvectorB(t) is F(t)-measurable;
e Foreacht <¢; <...<t,, thevectorincrements
B(ty) — B(t),...,B(t,) — B(t,—1)
areindependentf 7 (¢).
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15.9 Cross-ariations of Brownian motions

Becauseachcomponen; is aone-dimensionaBrownianmotion,we have theinformal equation
dB; (t) dB; (t) = dt.
However, we have:

Theorem9.49 If ¢ # j,
dBi(t) dB]' (t) =0

Proof: Letll = {to,...,t,} beapartitionof [0,7]. For: # j, definethesamplecrossvariation
of B; andB; on [0, T'] to be

n—1

Cn= ) [Biltes1) — Bi(t)] [Bj(tr1) — Bj(te)]-
k=0

Theincrementsappearingon the right-handside of the above equationareall independenof one
anotherandall have meanzero. Therefore,

ECH =0.
We computevar(CTy). Firstnotethat
Chi = Z_: [Bi(tk-l—l) - Bz‘(tk)] [B]- (tet1) — Bj(lr)
k=0
+2 Z i(ter1) = Bi(te)][Bj(tegr) — Bj(te)] - [Bitrer) — Biltr)] [Bjltrt1) — Bj(t)]
<k

All theincrementsappearingn the sumof crosstermsareindependenodf one anotherand have
meanzero.Therefore,

var(Cnr) = EC%

=F Z i(ter1) — Bi(tp)]” [B)(trar) — Bj (te)]* -

But [B;(try1) — Bi(ty)]* and[B;(trs1) — B;(tx)]* areindependentf oneanotheyandeachhas
expectation(tx+1 — t). It foIIowsthat

n—1 n—1
var(Cri) = Y (tkp1 — t1)* <Y (e — ) = [|T0]|.1
k=0 k=0

As ||11||—0, we have var (C11)—0, soCpy corvergesto theconstantC; = 0. ]
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15.10 Multi-dimensional It0 formula

To keepthe notationassimpleaspossible we write the [td formulafor two processesrivenby a
two-dimensionaBrownianmotion. The formulageneralize$o any numberof processedriven by
a Brownianmotionof anynumber(not necessarilfhe samenumber)of dimensions.

Let X andY beprocessesf theform
+/ du+/ 611(u) dBy(u -I-/ b12(u) dBy(u),

) =Y( -I-/ du—l—/ 621 (u) dBy (u -I-/ 622 (u) dBy(u).

Suchprocesses;onsistingof a nonrandorrinitial condition, plus a Riemannintegral, plus oneor
more|td integrals, are calledsemimartingales The integrandsc(u), 5(«), andé;; () canbe ary
adaptegrocesseslTheadaptednessf theintegrandsyuaranteethat X andY arealsoadaptedIn
differentialnotation,we write

dX = a dt + 511 dB1 + 512 dBQ,
dY = ﬂ dt + 521 dB1 + 522 dB2

Giventhesetwo semimartingaleX’ andY’, the quadraticandcrossvariationsare:

dX dX = (Oé dt + 511 dB1 + 512 dB2)27
- 6%1 dBl dB1 —|—2($11(512 dBl dB2 +5%2 dBQ dB2
N—— N—— N——
dt 0 dt

= (611 + 61,)" dt,

(8 dt + 621 dBy + 622 dB2)2

= (631 + 03,)" dt,

dX dY = (Oé dt + 511 dB1 + 512 dBQ)(ﬁ dt + 521 dB1 + 522 dBQ)
= (611021 + 012022) dt

Let f(¢, =, y) beafunctionof threevariablesandlet X (¢) andY (¢) besemimartingalesThenwe
have thecorrespondingdté formula:

df(t,z,y) = fidt + fodX + fydY + L[fon dX dX +2f,, dX dY + f,, dY dY].

In integral form, with X andY asdecribedearlierandwith all thevariabledilled in, this equation
is

dY dY =

J(t, X(1),Y(t) — f(0,X(0),Y(0))
1
= /0 e+afe+8f,+ %(531 + 5%2)fzz + (811021 + 012622) foy + %(5%1 + 5%2)fyy] du
b [ Budetsanf) aBy+ [ Bufe+ b2f,) aBs
0 0
wheref = f(u, X (u),Y(u), for, 5 € {1,2},;; = 6;;(u), andB; = B;(u).
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Chapter 16

Mark ov processesnd the Kolmogorov
equations

16.1 StochasticDiffer ential Equations

Considetthe stodhasticdifferential equation
dX(t)=a(t,X(t))dt +o(t, X (t)) dB(t). (SDE)

Herea(t, z) ando (¢, z) aregivenfunctions,usuallyassumedo be continuousn (¢, ) andLips-
chitz continuousn z,i.e.,thereis aconstant, suchthat

la(t,z) —a(t,y)| < Lz —yl, lo(t,z) —o(t,y)| < Llz -y

forall ¢, x, y.

Let (t0, 2) begiven. A solutionto (SDE)with theinitial condition (o, z) is aprocess{ X (t) } >+,
satisfying

)((to) =T,

X(t):X(to)—}—/a(s,X(s))ds—l—/a(s,X(s))dB(s), £ >t

1o to
Thesolutionprocess X (t) };>¢, Will beadaptedo thefiltration { 7 (¢) } >0 generatedy the Brow-
nian motion. If you know the path of the Brownian motion up to time ¢, thenyou can evaluate
X ().
Example 16.1(Drifted Brownian motion) Leta beaconstanande = 1, so
dX(t) = a dt + dB(t).
If (0, ) is givenandwe startwith theinitial condition

X(to) =z,

177



178
then

X(t) =z +a(t—to) + (B(t) — B(to)), t>to.
To computethedifferentialw.r.t. ¢, treatt, and B(ty) asconstants:

dX (1) = a dt + dB(t).

|
Example 16.2(Geometric Brownian motion) Letr andc beconstantsConsider
dX(t) =rX(@) dt+oX(t) dB(t).
Giventheinitial condition
X(to) =z,
thesolutionis
X(t) = zexp {U(B(t) — B(to)) + (r — %02)(15 — to)} .
Again,to computethedifferentialw.r.t. ¢, treatt, and B(ty) asconstants:
dX(t) = (r— 30?)X(t) dt + o X (t) dB(t) + 20X (t) dt
=rX(t) dt+ ocX(t) dB(t).
|

16.2 Mark ov Property

Let0 < ¢y < t; begivenandlet 4(y) beafunction. Denoteby
E*"h(X (1))

the expectationof (X (¢1)), giventhat X () = z. Now let{ € IR begiven,andstartwith initial
condition

X(0) =&

We have the Markovproperty
B (WX ()| ()] = B ORx 1)

In otherwords,if you obsenre the pathof thedriving Brownian motionfrom time O to time ¢,, and
basednthisinformation,youwantto estimate: (X (1)), theonly relevantinformationis thevalue
of X (¢p). Youimaginestartingthe (SDE) attime ¢, at value X (¢y), andcomputethe expected
valueof h(X (¢1)).
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16.3 Transition density

Denoteby
p(tost1; ,y)
thedensity(in the y variable)of X (¢,), conditionedon X (¢,) = z. In otherwords,

Eh(X (1) = [ h(w)plto, 1; 2.9) dy.
TheMarkov propertysaysthatfor 0 < ¢, < ¢; andfor every¢,
B [h(X(h))‘f(to)] = [ h(wplta,ti3 X(t0).9) dy.

Example 16.3(Drifted Brownian motion) Considetthe SDE
dX(t) = a dt +dB(t).

Conditionedon X (tg) = =, therandomvariable X (¢;) is normalwith meanz + a(t; — to) andvariance

(tl — to), ie.,
1 —(z 4+ a(ty — t)))?
ot 2.9 = ey { ol )]
QTI'(tl —to) Q(tl —to)
Notethatp dependnt, andt; only throughtheir differencet; — ¢y. Thisis alwaysthe casewhena(t, x)
ando (¢, z) don't dependont. [ |

Example 16.4(Geometric Brownian motion) Recallthatthesolutionto the SDE
dX(t) =rX(t) dt + o X (t) dB(1),
with initial condition X (o) = «, is GeometridBrownianmotion:
X(t1) = zexp {o(B(t1) — B(to)) + (r — 30°)(t1 — to)} -

TherandomvariableB(t;) — B(ty) hasdensity

P(B(t) = Blto) € ) = — oo { s b

andwe aremakingthe changeof variable
Y = Texp {O'b + (r— %0'2)(151 - to)}

or equialently,
b=

S

[log% —(r—1c%)(t1 - to)} .

Thederiativeis p p
& _ oy, or equialently, ah =2
db oy
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Therefore,
p(to,t1;2,y) dy = P {X(t1) € dy}
1 1 Y 1.2 2}
= exp{————|logZ = (r—z0°)(t1 — ¢ dy.
oy 27T(t1 —to) p{ Q(tl _tO)O.Z [ g z ( 2 )( 1 0)i| Y

Using the transitiondensityand a fair amountof calculus,one can computethe expectedpayof from a
Europearcall:

EY(X(T) - K)* = /Ooo(y — K)*p(t,T;2,y) dy

1 z
_  r(T-t),, - _ 1.2 _
—c ’“N<a T_t[logK—l—r(T 1)+ Lo t)D
- 1 < 1.2
— KN <0\/ﬂ [log e +r(I'—t)— 50 (T—t)D
where
1 1. 1 1.
N(’]]):E/ e 2 d];_E/ e” 2% dx
v/ o v/ —n
Therefore,

E%¢ e~ T-(X (1) — K)*

_ 1 X(®) L 2
=X(t)N <U — [1 I +r(T—t)+ 50°(T —t)
o (T—t) o 1 X(t)
_ r(T—t) 5 _ 1.2 _
€ AN(O_\/m [log % +r(T—t) - 50°(T t)])
[
16.4 The Kolmogorov Backward Equation
Consider
dX(t)=ua(t,X(t))dt +o(t, X (t)) dB(t),
andlet p(to, t1; @, y) bethetransitiondensity Thenthe Kolmogoros BackwardEquationis:
(10, ,9) = allo, 2) Lopltos ;1) + 30 (10 2) gplion 1; #,9)
— 5, P\to,l1; X, Y) = alto, T)m—Pllo, t1; T, b) 0, ) 3= Pllo,t1; T,Y).
Jto Ox Jz (KBE)

Thevariables, andz in (K BE) arecalledthebadwar variables

In the casethata ando arefunctionsof = alone,p(to, t1; z,y) depend®nt, andt; only through
their differencer = ¢, — to. We thenwrite p(7; z,y) ratherthanp(t,t1; z,y), and (K BE)
becomes

J 0?

. _ 9 . 1.2 d . ’
8—Tp(r, T,y) = “(f)a—xp(ﬂ z,y)+ 50 (75)5?17(7'7 T, y). (KBE’)
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Example 16.5(Drifted Brownian motion)

dX (1) = a dt + dB(t)

l
=

8_xp = Pz
82
wp = Pzec = <(‘3_:L=77-

1 y—x — ar)?
O R e
T T
Therefore,
1 B a(y—x—ar)_i (y —z —ar)?
apg + 3Pz = [ - 2T+ 972 b

=pr-

Thisis the Kolmogoros backwardequation.

Example 16.6(Geometric Brownian motion)

dX (1) = rX(t) dt + o X (1) dB(1).

(r; = )—#ex —L{lo g—(7‘—102)7'}2
p\T; yY) = O'y\/% 1% 27_0_2 g.’L‘ 2 .

It is true but very tediousto verify thatp satisfieghe KBE

122
Pr = T¥Pe + 50 8 Paa.

16.5 Connectionbetweenstochasticcalculusand KBE

Consider
dX (1) =a(X (1)) dt+o(X(t)) dB(1).
Let h(y) beafunction,anddefine

v(t, z) = E*h(X(T)),
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(5.1)
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where0) < ¢ <7T'. Then
v(t,z) = /h(y) p(T = t; z,y) dy,
—/h(y) p-(T' =t =,y) dy,
ve(ly x) = /h(y) pe(T = t; z,y) dy,
Vg (L, ) = /h(y) Ppue (T —t; x,y) dy.
Thereforethe Kolmogoros backwardequationmplies

vi(t, z) + a(z)v ( )+102(w)vm(t,w)=

/h —t;z,y) +alz)p (T—t;x,y)—I—%UQ(x)pm(T—t;w,y)} dy=20

Let (0, &) beaninitial conditionfor the SDE (5.1). We simplify notationby writing IF' ratherthan
B¢,

Theorem 5.50 Startingat X (0) = &, theprocess (¢, X (t)) satisfieshe martingaleproperty:
FE [v(t,X(t))‘f(s)] = v(s, X (s)), 0<s<t<T.
Proof: Accordingto the Markov property
E [h(X(T)|F(0)] = B O 2) = ot X (1),
so

Lo, X)) = | B [rx@p|Fo)| |#6)]

= E [h(X(T)) ‘}'(5)]

= E>XEIp(X (1))  (Markov property)

Itd’sformulaimplies

dv(t, X (1)) = vedt + v.dX + Jv,.dX dX
= vydl + avydt + ovdB + 3 Lo2v,dt.
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In integral form, we have
v(t, X (1)) = v(0,X(0))

[ [t X (00) 00X ), X ) + X () i X ()]
+/ Yoo (u, X () dB(u).

We know thatwv(t, X (¢)) is amartingale sotheintegral f;) [vt + av; + %a%m] du mustbe zero
for all . Thisimpliesthattheintegrandis zero;hence

1.2
Ut + avy + 5070z = 0.

Thusby two differentargumentspnebasedon the Kolmogoros backwardequation.andthe other
basedn Itd’s formula,we have cometo the sameconclusion.

Theorem 5.51 (Feynman-Kac) Define

o(t,z) = E""R(X(T)), 0<t<T,

whee
dX(t) = a(X (1)) dt+o(X(t)) dB(1).
Then
vt x) +a(z)ve(t, z) + %02($)'vm(t, z)=0 (FK)
and
(T, z) = h(z).

TheBlack-Scholegquations a specialcaseof thistheoremaswe show in thenext section.

Remark 16.1(Derivation of KBE) We plunkeddown the Kolmogoros backwardequationwith-
outary justification.In fact,onecanuseltd’sformulato prove theFeynman-KacTheoremanduse
the Feynman-KacTheoremto derive the Kolmogoros backwardequation.

16.6 Black-Scholes

ConsidetheSDE
dS(t) =rS(t) dt + aS(t) dB(t).

With initial condition

thesolutionis

S(u) = wexp{o(Bu) - B#) + (r— o) (w-1)},  w>t,
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Define
v(t,z) = EY"h(S(T))
= IFh (w exp{U(B(T) — B(t)) + (r — 30°)(T - t)}) ’

whereh is afunctionto be specifiedater.

Recallthe Independencekemma If G is ac-field, X is G-measurableandY is independenof G,
then

E |n(x.v)g] = 2(x),
where
v(z) = Eh(z,Y).
With geometridBrownianmotion,for 0 < ¢t < T', we have
S(t) = S(0)exp{oB(t) + (r — S0t}

S(T)=5(0) exp{UB(T) + (r— %O‘Z)T}
= S0 exp{oBI) - BW)+ (r- LT -1)}

~——
F(t)-measurable independenof 7 (¢)
We thushave
S(T) = XY,
where
X =5()
Y =exp{o(B(I) - B(t)) + (r — 3o*)(T' = 1)}
Now

FEh(zY) =v(t,z).

Theindependenckemmaimplies

B |W(S(D)|F(0)] = B Ry Fa)
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We have shavn that
o(t, (1)) = IE [h(S(T))‘}'(t)] . 0<i<T

Note thatthe randomvariableh (S (1')) whoseconditionalexpectationis beingcomputeddoesnot
dependnt. Becausef this, thetower propertyimpliesthatv(¢, S(¢)),0 < t < 7', isamartingale:
For0<s<t<T,

E [v(t,S(t))‘}'(s)] - E []E [h(S(T))‘}'(t)] ‘}'(s)]
—E [h(S(T))‘}'(s)]
= (s, 5(s)).

Thisis aspecialcaseof Theoremb.51.

Becausev(t, S(t)) is a martingale,the sumof the d¢ termsin dv(t, S(t)) mustbe 0. By Itd’s
formula,

dv(t, S (1) = [vi(t, S(1)) dt + S (8)va(t, S(1)) + $02 52 (1) vae(t, S (1)) ] dt
+ oS (t)v(t, S(t)) dB(t).
Thisleadsusto theequation
v, @) 4 rave(t, @) + So%2 v (L, 2) = 0, 0<t<T, z>0.
Thisis aspecialcaseof Theoremb.51 (Feynman-Kac).
Along with theabove partialdifferentialequationwe have theterminal condition
v(T,z) = h(z), z > 0.

Furthermorejf S(t) = 0 for somet € [0, 7], thenalsoS(7) = 0. This givesusthe boundary
condition
v(t,0) = 1(0), 0<t<T.

Finally, we shalleventuallyseethatthe valueattime ¢ of a contingentlaim payingh (S (1)) is
u(t,z) = e "IV EYR(S(T))

=T Dy(t, 2)

attimet if S(¢) = z. Therefore,
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Pluggingtheseformulasinto the partial differentialequationfor v andcancellingthe " (7-% ap-
pearingin every term,we obtainthe Black-Stolespartial differential equation

—ru(t,z) + w(t, @) + roug(t, @) + S0%a u, (¢, 2) = 0, 0<t<T, >0.
(BS)
Comparehis with the earlierderivationof the Black-Schole$?DEin Sectionl5.6.
In termsof thetransitiondensity
01y = el o L o oty -]
XL, Y) = exp 4§ — og— —(r—30 -
PnE sy oy\/2n(T — 1) P 2(1' - t)o? &2 2
for geometridBBrownianmotion(SeeExamplel6.4),we have the“stochastiaepresentation”
u(t,x) = e " TV EYTR(S(T)) (SR)

=T /Oo h(y)pt,T; x,y) dy.
0

In the caseof acall,
h(y) = (y— K)*
and

u(t,z) =z N <a\/% [log % +r(T-1t)+ %UQ(T - t)])
—e T N <7U\/% [log % +r(T —t)— 1*(T - t)D

Evenif h(y) is someotherfunction (e.g.,i(y) = (K — y)*, aput), u(t, z) is still givenby and
satisfieghe Black-Schole$’DE (BS) derivedabove.

16.7 Black-Scholeswith price-dependentvolatility

dS(t) = rS(t) dt + 5(S(1)) dB(1),
o(t,z) = e " T ELE(S(T) — K)*.

The Feynman-KacTheoremrnow impliesthat
—ro(t,z) + vy(t, @) + ravg(t, z) + 182 (2)vee(t, 2) = 0, 0<t<T, >0.
v alsosatisfiegheterminalcondition

v(T,z) = (z — K)™, x>0,
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andtheboundarycondition
v(t,0)=0, 0<t<T.

An exampleof sucha processs thefollowing from J.C.Cox, Noteson optionspricing I: Constant
elasticityof variancediffusions Working Paper StanfordUniversity, 1975:

dS(t) = rS(t) dt + o S%(t) dB(t),
where0 < § < 1. The“volatility” 0S%~'(¢) decreasewiith increasingstock price. The corre-
spondingBlack-Scholegquations
—rv+ v + ravg + %021‘251}” =0, 0<t<T z>0;
v(t,0) =0, 0<t<T
o(T,z) = (z — KT, x> 0.



188



Chapter 17

Girsanov’'stheorem and the risk-neutral
measuie

(PleaseseeOksendaldth ed.,pp 145-151.)
Theorem 0.52(Girsanov, One-dimensional) Let B(¢),0 < ¢ < T, be a Brownian motionon

a probability space(2, F,P). Let F(¢),0 < t < T, be the accompanyindiltration, and let
6(t),0 <t < T, beaprocessadaptedo thisfiltration. For 0 < ¢ < 7', define

E(t):/otﬁ(u) du+ B(1),
2() :exp{—/OtH(u) dB(u) - %/

0

t

0% (u) du} )
anddefinea new probability measue by

P(A) = /A Z(T) dP, VA€ F.
Under PP, theprocessﬁ(t), 0 <t <T,isaBrownianmotion.

Caveat: Thistheorenrequiresatechnicalconditiononthesizeof 6. If
T
Eexp{%/ 0% (u) du} < 00,
0

We makethefollowing remarks:

everythingis OK.

Z(t) isamatingale. In fact,

dZ(t) = —0(t)Z(t) dB(t) + 30%(1) Z(t) dB(t) dB(t) — 36 (t) Z(t) dt
= —0(t)Z(t) dB(t).
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IP is a probability measure. SinceZ(0) = 1, wehave IEZ(t) = 1 for every¢ > 0. In particular
P(Q) = / Z(T) dP = EZ(T) = 1,
Q

soP isa probabilitymeasure.

IE in terms of [E. Let [E denoteexpectatiorunder/P. If X is arandomvariable then
EZ = E[Z(T)X].
To seethis, consideffirstthecaseX = 1 4, whereA € F. Wehave
EX =P(A) = /AZ(T) dIP = /QZ(T)lA dIP = IE[Z(T)X].

Now useWilliams’ “standardnachine”.

P and IP. Theintuition behindtheformula
P(A) = /A Z(T)dlP VA€ F

is thatwe wantto have .

P(w) = Z(T,w)P(w),
butsincelP(w) = 0 and/P(w) = 0, thisdoesnt reallytell usarything usefulaboutiP. Thus,
we considesubset®f 2, ratherthanindividual elementf Q2.

Distrib ution of B(T)). If 4 is constantthen
Z(T) = exp {~0B(T) - 16*1'}
B(T) = 0T + B(T).

UnderP, B(T) is normalwith mean0 andvariancel’, so B(T') is normalwith meard7” and

variancerl ™ ~ ,
~ - 1 b—0T -

Removalof Drift from B(T). Thechangeof measurdrom IP to IP removesthedrift from B(T).
To seethis, we compute

EB(T) =

E[Z(T)(0T + B(T))]
IE [exp {~0B(T) - 10*T} (07 + B(1))]

B 1 [ 12 b2
= \/m i (HT—l—b)e)\p{ 0b — 50°T} e)\p{ o db
(b+67)2
\/T 0T—|—b { 5T db

00 2
(y=60T+1b) / y exp { Y } dy (Substitutey = 67 + b)

\/ 27T
=0.
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We canalsoseethatﬁE(T) = 0 by amuingdirectly from the densityformula

]P{E(t) € le)} = \/;T_Texp{—%} db.

Because
Z(T) = exp{—0B(T) — $6°T}
= exp{—0(B(T) - 0T) — 16°T}
= exp{—0B(T) + 1621},
we have

P{B(T) € dby = P{B(T) € db} exp{-b+16°T}

1 b-61? - .
- expl -~/ _gh4 o217 db.
V2T { 2T 2
1

Under P, B(T') is normalwith meanzewo andvariancel’. Under P, B(T') is normalwith
meandl’ andvariancel’.

Meanschange variancesdon’t. Whenwe usethe Girsana Theoremto changethe probability
measure meanschangebut variancesdo not. Martingalesmay be destroyedor created.
Volatilities, quadraticvariationsandcrossvariationsareunafected.Check:

dB dB = (8(t) dt + dB(t))* = dB.dB = dt.

17.1 Conditional expectationsunder P

Lemmal.53 Let0 < ¢ < T'. If X is F(t)-measuable,then

EX = E[X.Z(1)].

Proof:
EX = E[X.Z(T)] = E[ E[X.Z(T)|F(1)]]
= FE[X E[Z(T)|F®)]]
= F[X.Z(1)]

because/(t),0 < ¢ < 7', is amartingaleunderP. ]
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Lemma 1.54(Baye’sRule) If X is F(¢)-measuableand0 < s <t <7, then

E[X|F(s)] = %]E[XZ(tﬂf(s)]. (1.1)

Proof: It is clearthat %E[XZ(t)U‘(s)] is F(s)-measurableWe checkthe partial averaging
property For A € F(s), wehave

/ —IE (X Z(0)|F(s)] dP = E |14—— (X Z(1)|F(s)]

Z(s)
= IE[14IE[XZ(t)|F(s)]] (Lemmal.53)
= [IF[14XZ(t)|F(s)]] (Takingin whatis known)
= E[14XZ(1)]

= E[1,X] (Lemmal.53again)

:/ X dIP.
A

Although we have proved Lemmasl.53and1.54, we have not proved Girsana’s Theorem. We
will not proveit completelybut hereis the beginning of the proof.

Lemma 1.55 Usingthenotationof Girsanovs Theoem,we havethe martingaleproperty
FE[B(t)|F(s)]=B(s), 0<s<t<T.
Proof: Wefirst checkthat B(t) Z(t) is amartingaleunderP. Recall

dB(t) = 6(t) dt + dB(t),
dZ(t) = —8(1) Z(t) dB(t).

Therefore,
d(BZ)=B dZ+ Z dB + dB dZ
=_BOZdB+Z0dt+ Z dB — 0Z dt
= (-B0Z + 7) dB.

Next weuseBayes'Rule.For0 < s <t < T,
E[B()|F(s)] = z@ [B(1)2(1)| 7 ()]
1

= 7 B0 7)

Z(s)
= B(s).
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Definition 17.1(Equivalent measues) Two measure®n the sameprobability spacewhich have
thesamemeasure-zersetsaresaidto beequivalent.

The probability measuredP and PP of the Girsanw Theoremare equivalent. Recallthat P is
definedby

P(A) = / Z(T) dlP, A€ F.

If IP(A) =0, thenf, Z(T') dIP = 0. BecauseZ(1") > 0 for everyw, we caninvertthe definition
of /P to obtain

P(A):/A%dﬁ;, AeF.

If IP(A) = 0, then [, 7z dIP = 0.

17.2 Risk-neutral measure

As usualwe aregiventhe Brownian motion: B(t),0 < ¢ < 7', with filtration F(¢),0 < ¢t < T,
definedon a probabilityspace(?, F, ). We canthendefinethefollowing.

Stock price:
dS(t) = pu(t)S(t) dt+ a(t)S(t) dB(t).

The processeg(t) ando(t) are adaptedo the filtration. The stock price modelis completely
generalsubjectonly to theconditionthatthe pathsof the processarecontinuous.

Interestrate: r(¢),0 < ¢ <T'. Theprocess:(t) is adapted.

Wealth of an agent, startingwith X (0) = z. We canwrite the wealth procesdifferentialin
se/eralways:

AX(t)= A dS(t)  +r)[X(t) — A®)S(t)] dt
Capitalgainsfrom Stock Interestearnings
= r(t)X (t) dt + A(H)[dS(t) — rS(t) di]
= ()X (£) dt + A(t) (u(t) — r(£)) S(t) dt + A(t)o(t)S(t) dB(1)

Risk premium

Marketprice of risk=6(¢)



194

Discountedprocesses:
d (el ) = b B30 de+ ds (o)
d (e hretx 0) = el ) X (@) dit dX (0]
_ A(t)d <e— Jorw d“S(t)) .

Notation:
ﬁ(t) = efotr(u) du’ % — e fotr(u) du’
1 r t
da(t) = r(t)B(t) dt, <W) -9

Thediscountedormulasare

SOy _ 1
4(501) = 5 ErOS@ di+as(o)
1

= 50 [(n(t) = r(8))S(t) dt + o(8)S(t) dB(?)]

Then

t(35]) = Jimesi abw)

EIGYANI0)
XN _AQ@) 5
d <W> S ° V5w B

Under PP, E ; and X(( )) aremartingales.

Definition 17.2(Risk-neutral measuwr) A risk-neutal measue (sometime<alleda martingale
measue) is ary probability measuregquivalentto the marketmeasurelP, which makesall dis-
countedassepricesmartingales.
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For themarketmodelconsideredhere,
P(A) = / Z(T)dIP, A€ F,
A

where . .
Z(t) :exp{—/ 6(u) dB(u) — %/ 6 (u) du},
0 0
is theuniquerisk-neutraimeasureNotethatbecauséd(t) = %, we mustassumehato(t) #
0.

Risk-neutral valuation. Consideracontingentlaim payingan 7 (1")-measurableandomvariable
V attimeT.

Example17.1
V =(S(T) - K)*, Europearcall
V= (K-S5T)t, Europearput
17 *
V= —/ S(u)ydu—K | Asiancall
T 0

If thereis ahedgingportfolio,i.e.,aprocess\(t),0 < ¢t < 7', whosecorrespondingvealthprocess
satisfiesX (17') = V, then
—T V
XO0) =B | 5]
O =" 15m

Thisis because‘[\%ff)2 is amartingaleunderf, SO

X(O)I%:ﬁ[%]:%[%]'
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Chapter 18

Martingale RepresentationTheorem

18.1 Martingale RepresentationTheorem

SeeOksendal4dth ed., Theorem4.11,p.50.

Theorem1.56 LetB(t),0 < ¢ < T, bea Brownianmotionon (€2, 7, P). Let 7 (¢),0 < ¢t < T, be
thefiltration generatedby this Brownianmotion. Let X (¢), 0 < ¢ < T', bea martingale(under IP)
relativeto thisfiltration. Thenthere is an adaptedprocessi(¢), 0 < ¢t < 7', sud that

t
X(t):X(O)—i—/ 5(u) dB(u), 0<t<T.
0
In particular, the pathsof X are continuous.

Remark 18.1 We alreadyknow thatif X (¢) is aprocessatisfying
dX (t) =6(t) dB(t),

thenX (¢) isamartingale Now we seethatif X (¢) isamartingaleadaptedo thefiltration generated
by the Brownianmotion B(¢), i.e, theBrownianmotionis theonly sourceof randomness X, then

dX (t) = 6(t) dB(t)

for somed(t).

18.2 A hedgingapplication

Homework Problem 4.5. In the context of Girsana's Theoremsuppsethat 7 (¢),0 < ¢t < T is
thefiltration generatedby the Brownian motion B (under/P). SupposeéhatY is a IP-martingale.
Thenthereis anadaptedrocessy(t), 0 < t < 7', suchthat
t -
Y (1) :Y(O)—l—/ v(u) dB(u), 0<t<T.
0
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dS(t) = u(t)S(t) dt + o(t)S(t) dB(1),

50 =esp{ [ riw au},

o = M0

E(t):/OtO(u) du+ B(1),
Z(t) :exp{—/OtH(u) dB(u) - %/tHQ(u) du},

0
ﬁ(A):/ Z(T)dlP, VAc F.
A
Then

SN _S@) =
d <W) = S0 4B

Let A(),0 <t < T, beaportfolio processThecorrespondingvealthprocessX (¢) satisfies

X\ _ A pyonS® 45
d <ﬂ(t)) = A(t)o(t) 0 dB(t),
i.e.,
X _ o taror S s

Let V' bean F(1')-measurableandomvariable,representinghe payof of a contingentclaim at
time7". Wewantto chooseX (0) andA(t),0 < ¢t < T, sothat

X(T)=V.

Definethe IP-martingale

1%
Yt:E[—‘ft], 0<t<T.
0= E| 37570
Accordingto Homework Problem4.5, thereis anadaptedgrocessy(¢),0 < ¢t < 7', suchthat

Y (1) :Y(O)—I—/t'y(u) dB(u), 0<t<T.

SetX(0)=Y(0) = E {ﬁ(‘;)} andchooseA (u) sothat
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XO _vooml
0 Y(t)_E[ﬂ(T)‘f(t)], 0<t<T
In particular
X0 _w[ V. __v
By~ " [ﬂ(T) ) = BT)’
o)
X(T)y=V.

The MartingaleRepresentatioitheoremguaranteethe existenceof a hedgingportfolio, although
it doesnottell ushow to computeit. It alsojustifiestherisk-neutralpricing formula

K1) = BOE |55 |7 0)]
- 70* 57
Ecavlral. o<ier
where
=5

18.3 d-dimensional Girsanov Theorem

Theorem 3.57(d-dimensionalGirsanov) e B(t) = (By(t),...,Bq(t)),0 <t < T, ad-
dimensionaBrownianmotionon (2, 7, P);

e F(1),0 <t < T, theaccompanyindiltration, perhapdargerthanthe onegeneatedby B;
o O(t) = (01(t),...,04(t)),0 <t <T,d-dimensionahdaptedprocess.
For0 <t < T, define

- 1
Bj(t):/O 0;(u) du+ By(t), j=1,....d,

20) = exp{ = [ o). aBw) =3 [ o)l au
P(A) = /A Z(T) dIP.
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Then,underﬁ, theprocess

B(t) = (Bi(t), ..., Ba(t)), 0<t<T,

is a d-dimensionaBrownianmotion.

18.4 d-dimensionalMartingale RepresentationTheorem

Theorem4.58 e B(t) = (Bi(t),...,B4(t)),0 <t < T, ad-dimensionaBrownianmotion
on(Q, 7, F);

e F(t),0 <t < 7T, thefiltrationgeneratedby the Brownianmotion B.

If X(¢),0 <t < T,isa martingale(under [P) relativeto F(¢),0 < ¢t < T, thenther s a
d-dimensionabdpatedorocess (t) = (61(¢), ..., dq(t)), sud that

O)—I—/Oté(u).dB(u), 0<t<T.

Corollary 4.59 If wehavea d-dimensionahdaptedorocesd(t) = (61(t), . .., 04(t)), thenwecan
defineB, Z and [P asin Girsanovs Theoem.If Y (¢),0 < ¢t < T, is amartingaleunder P relative
to F(t),0 <t < T, thenthereis a d-dimensionabdpatedprocessy(t) = (y1(t), ..., v4(t)) sud
that

0) —|—/t7(u).d§(u), 0<t<T.

18.5 Multi-dimensional market model

Let B(t) = (Bq(t),...,Bq4(t)), 0 < t < T, bea d-dimensionalBrownian motion on some
(2, F,P), andlet }'() 0 < t < T, bethefiltration geneatedby B. Thenwe candefinethe
following:

Stocks

dS;(t) = pi(t)S;(t) dt + S;(t ZU” i=1,...,m

Accumulation factor

B(t) = exp {/Otr(u) du} .

Here,u;(t), o;;(t) andr(t) areadpatedrocesses.
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Discountedstock prices

¢ (3 = o) ) 30 a4 205 00 amy0

B(1) S GO
Risk Premium
2 Si(t) &
L2300 1) + 4, 0] 6D
= 4B, (1
For 5.1to besatisfiedwe needto choosé; (¢), . .., 84(t), sothat
d
Zaij(t)oj‘(t) :,ui(t)—r(t), t=1,...,m. (MPR)
i=1

Market price of risk. The marketprice of risk is an adaptedproces#(t) = (61(¢), ..., 04(t))
satisfyingthe systemof equation§MPR) above. Therearethreecasedo consider:

Casel: (Unique Solution). For Lebesgue-almostvery ¢t and IP-almostevery w, (MPR) hasa
uniquesolutiond(t). Using#(t) in thed-dimensionalGirsanw Theoremwe defineaunique
risk-neutal probability measue P. Under P, every discountedstockprice is amartingale.
Consequentlythe discountedvealthprocessorrespondingo ary portfolio processs alP-
martingale,and this implies that the marketadmitsno arbitrage. Finally, the Martingale
Representatiomheoremcanbe usedto shawv thatevery contingentlaim canbe hedgedthe
marketis saidto be complete

Casell: (No solution.)If (MPR)hasno solution,thenthereis no risk-neutil probability measue
andthemarketadmitsarbitrage

Caselll: (Multiple solutions).If (MPR)hasmultiple solutions thentherearemultiplerisk-neutial
probability measues The marketadmitsno arbitrage but therearecontingentlaimswhich
cannotbe hedgedthe marketis saidto beincomplete

Theorem 5.60(Fundamental Theorem of AssetPricing) Part I. (Harrison and Pliska, Martin-
galesandStotasticintegralsin thetheoryof continuoudrading,Stochastid®roc.andApplications
11(1981),pp 215-260.):

If a markethasa risk-neutmal probability measue, thenit admitsno arbitrage

Part Il. (HarrisonandPliska,A stocasticcalculusmodelof continuougrading: completenarkets,
Stochastid’roc.andApplications15 (1983),pp 313-316):
Therisk-neutal measueis uniqueif andonlyif everycontingentclaim canbehedged.
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Chapter 19

A two-dimensionalmarket model

Let B(t) = (Bi(t), B2(t)),0 < ¢t < T, beatwo-dimensionaBrownianmotionon (2, 7, P). Let
F(t),0 <t < T, bethefiltration generatedy B.

In whatfollows, all processesandependon ¢ andw, but areadaptedo F(¢),0 < ¢t < 7. To
simplify notation,we omit theargumentsvheneerthereis noambiguity

Stocks:
dS; = Sy [uy dt + o1 dBq],

dSQISQ H2 dt—l—pO'Q dB1+ 1—p20'2 dB2:|

Weassumer; > 0, o5 > 0, —1 < p < 1. Notethat
dSl d52 = 5120'% dBl dBl = O'%Slz dt,
dSQ d52 = S§p20'% dBl dBl + 522(1 - pQ)O'% dB2 dB2
= 0353 dt,
dSl d52 = 510152,002 dBl dBl = p0'10'25152 dt.

In otherwords,

° % hasinstantaneousariancea%,
° % hasinstantaneousarianceag,

s ds. ; ;
° s_f ands—; have instantaneousovariancepoos.

ﬁ(t):exp{/otrdu}.

Themarketpriceof risk equationsare

Accumulation factor:

0101 = —r
(MPR)
po2bh +1\/1 = p*oafy =y — 1
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The solutionto theseequationss

elzlul_r
g1

9

o1(pz2 — 1) — poa(p — 1)

o102/ 1 — p? '

0, =

provided—1 < p < 1.
Suppose-1 < p < 1. Then(MPR) hasa uniquesolution (6, 6,); we define

1 1 i
Z(t):exp{—/ 0, dBl—/ 0, dBQ—%/(Hf—I—Og) du},
0 0 0

P(A) = / Z(T) dIP, VAc F.
A
Pisthe uniquerisk-neutraimeasureDefine

Bi(t) = /Ot 6, du + By(t),
Bat) = /Ot 6y du + By(t).
Then
S, = S, [r dt + o4 diél} :
dS; = S, [r dt + poy dBy + /1 — p202d1§2] .

We have changedhemeanratesof returnof thestockprices,but notthevarianceandcovariances.
19.1 Hedgingwhen—-1<p<1

dX = Al dSl + AQ d52 + T(AXV — A151 — AQSQ) dt
X 1

d(—) =—(dX —-rXdt

5) =3 )

1 1
= EAl(dSl - T'Sl dt) + BAQ(dSQ - T'SQ dt)

1 ~ 1 ~ ~
= EAISIUl dBl + EAQSQ |:p0'2 dBl + 1- p20'2 dB2:| .

Let V be F(T')-measurableDefinethe IP-martingale
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The MartingaleRepresentatioforollaryimplies

t - t -
Yr(t) = YY(O) +/ Y1 dBl —|—/ Y2 dB2
0 0
We have

X 1 1 ~
J (—) _ (EAlsm + EA252PU2) i,

1 -
+ EA:)SZV 1 — p?0y dBy,

dY = Y1 dél + Y2 dgg

We solvetheequations

1 1
EAlSlOl + E

1
BA:)SM/ 1—ploy ="

for the hedgingportfolio (A1, A3). With this choiceof (A, Az) andsetting

AgSyp0y = 1

X(0) = Y(0) = e,
B(T)

wehave X (1) = Y (¢), 0 <t < T, andin particulay
X(T)=V.

Every F(T')-measurableandomvariablecanbe hedgedthe marketis complete

19.2 Hedgingwhenp =1

Thecasep = —1 is analogousAssumethatp = 1. Then

dSl = Sl[,ul dt + 01 dBl]
dSQ = Sg[ug dt + (o] dBl]

Thestocksareperfectlycorrelated.
Themarketpriceof risk equationsare

o160y =p1—r (MPR)
o960y = pg — 1

Theprocesd, is free. Therearetwo cases:
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Casel: “— # £2—. Thereis no solutionto (MPR), andconsequentlythereis no risk-neutral
measureThls marketadmltsarbltrage Indeed

d <%> = %Al(dsl - T’Sl dt) + %AQ(dSQ - T’SQ dt)

1 1
= EAlSl[(,ul - T’) dt + g1 dBl] + EAQSQ[(,MQ - T’) dt + (] dBl]
Suppose‘s— > L. Set
1 1
Ay = Ay = —
! 0151 : 0252
Then
X 1 Tpg—r 1 Jpg—r
d(5) =[P an] - L[ an
8) Bl o SRR '
_l[#l—f‘ MQ—T]dt
B g1 g2
Positve

Casell: £ = 22— Themarketprice of risk equations
1 2

o101 =p — 1
o2b = pg — 1
have thesolution

Bi—T  Ho—T
01: =
g1 g2

?

6, is free;thereareinfinitely mary risk-neutraimeasuresLet /P be oneof them.

Hedging:
X 1 1
d (E) = EAlSl[(,ul - T‘) dt + g1 dBl] + EAQSQ[(,MQ - T‘) dt + ()] dBl]
1 1
= EAISIUl[Hl dt + dBl] + EAQSQUQ[Ol dt + dBl]

1 1 ~
= (EAISlUl + EAQSQUZ) dBl

Noticethat B, doesnotappear

LetV beanF(1")-measurableandomvariable.If V depend®n B, thenit canprobablynot
behedgedFor example,if
V = h(51(T), 52(T)),

ando, or o5 dependin B,, thenthereis trouble.
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More preciselywe definethef-martingale

Y(t)= E [%‘}'(t)] L 0<i<T.

We canwrite

i . t .
Yy(t) = YY(O) +/ Y1 dBl —|—/ Y2 dBQ,
0 0
SO

dY = Y1 dEl + Y2 dgg
To getd (%) to matchd Y, we musthave

’)/220.
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Chapter 20

Pricing Exotic Options

20.1 Reflectionprinciple for Brownian motion

Without drift.
Define

M(T) = ¢ B(t).
(T) LA, (t)
Thenwe have:

P{M(T) > m,B(T) < b}
= IP{B(T") > 2m — b}

! /Oo v d >0, b<
= ex - z, m , m
\/ 27T Jom—b P 2T

Sothejoint densityis

a2 00 2
P{M(T) € dm,B(T) € db} = —% (\/% /Q'rr—b exp{—;—T} dx) dm db

0 I (2m—-0)*1)\ ,
=5 (\/mexp{— 5T }) dm db,

2(2m — b) (2m — b)?
= ———expy{—————— cdm db, i b .
TVooT exp{ 5T mdb, m>0,b<m

With drift. Let
B(t) = 6t + B(1),

209
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2m-b 7

- | , shadow path

Brownian motion

Figure20.1: ReflectiorPrinciple for Brownianmotionwithoutdrift

m=b

(B(T), M(T)) liesin here

Figure20.2: Possiblevaluesof B(1"), M (T').
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whereB(t), 0 <t < T, is aBrownianmotion (withoutdrift) on (2, 7, ?). Define

Z(T) = exp{—60B(T) — 1°T}
= exp{—0(B(T) + 671) + £6°T’}
= exp{—0B(t) + 16°T},

P(A) = /A Z(T) dIP, VA€ F.

SetV (T) = maxo<i<r B(T).

Under P, B is aBrownianmotion (withoutdrift), so

— = - 2(2m—b) 2m—-0)2) . - N
P{M(T)edmn, B(T) €db} = ———expy —————— ¢ dm db, b .
{M(T) € dm, B(T) € db} Vot exp{ 5T mdb, m>0,b<m

Let h(7n, b) beafunctionof two variables.Then

BA(F(T), By = TR (ZT<)’)§(T))

= I [h(M(T), B(T)) exp{0B(T) — 16°1}]

m=co b=mm
— / / h(in, B) exp{6 — L0*T} P{M(T) € din, B(T) € db}.

m=0 j—_o

But also,

m=o0 b=m

ERM(T), B(T)) = / / h(i,b) P{M (T) € din, B(T) € db}.

m=0 p=_oo
Sincet is arbitrary we concludethat

(MPR)

P{M(T) € dm, B(T) € db}
= exp{0b — L0°T} IP{M(T) € din, B(T) € db}
2(27m — b) (27 — b)?
orr F {_ 9T

} .exp{0b — 10?T}din db, 1 > 0, b < in.
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20.2 Up and out Europeancall.

Let0 < K < L begiven.Thepayof attime7" is
(S(T) — K) s+ (ry<rys

where
S*T) = o?%)%s(t)'

To simplify notation,assumehat [P is alreadytherisk-neutraimeasuresothevalueattime zeroof
theoptionis

0(0,5(0)) = eI [(S(T) = K) Y1 se(ry<ry] -
BecausdP is therisk-neutralmeasure,

dS(t) =rS(t) dt + oS(t) dB(t)
S(t) = Soexp{oB(t) + (r — 10%)t}

= Spexpl o |B(t) + (Z — %)t
o
N —’

= Spexp{oB(t)},

-(-5).
o 2

B(t) = 6t + B(1).

where

Consequently
S*(t) = Soexp{o M (1)},

where,

M(t) = Jnax, B(u).

We compute,

0(0,8(0)) = T I [(S(T) = K)* 1 sv1yery]

—rT AT
=e " E [(S )exp{oB(T)} — K) L 5(0) exp{o RH(T)} < L}]
= e_rT]E[ (S )exp{oB(T)} — K) 1 1 K 1 I ]
{B(T)>;10g 5(0)’ M(T)<;log S(O)}
S— S—

o m
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M(T)
% x=y
A
(B(T), M(T)) liesin here
| X
55 B(T)

Figure20.3: Possiblevaluesof B(T'), M (T).

We consideronly thecase
S(0)< K <L, so 0<b<in.

Theothercase, kK < S(0) < L leadsto b < 0 < 7n andtheanalysiss similar.
We computef” [ ...dy dz:

0(0,5(0)) = —f"T/ / 0) exploz} — K) ;25_) { %—I—Om - %02T} dy dz
T /Em(s(o) exp{o} — K)\/;T_Texp {—% + 62 — %HZT} Z: de
— T /bm (S(0) exp{oz} — K) \/;T_T [exp {—% + 6z — %HQT}

1 . m z? 9
= GTS(O)/ expl ox — — + 0z — L6°T ¢ da
V2rT b 2T :

1 —rT /m ? 12
——e K exp{ —— + 0z — =0°T 7 dx
21T b p{ 2T 2

1 z 9 — )2
— e_T’TS(O)f exp {Ux _(m o) + 0z — %HZT} dx
b

V2rT 2T
T [ (2m — z)? 2
4+ ——e " I(/ ex —7—}—090——0 dz.
ol b p{ 2T

The standardmethodfor all theseintegralsis to completethe squarein the exponentand then
recognizea cumulative normaldistribution. We carry out the detailsfor thefirst integral andjust
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give theresultfor the otherthree. Theexponentin thefirst integrandis

v 46z — Le?T
ox 2T X B

1
=——(z—-0T- HT)2 + %O‘QT—}— ofdT

2T
1 rT oT\?
__ﬁ<x_7_7> ol

In thefirst integral we makethe changeof variable
y=(z—rT/o—oT/2)/VT, dy=dz/VT,

to obtain

G_TTS(O) m $2 5
7/5 exp Ux—ﬁ—l-ﬁm—%t‘)T dz

V27T
1 m 1 rT  oT\?
:WS(O)/5 eXp{—ﬁ (m—7—7) } da
/T _OVT
1 VT 7 2 yQ}d
= —7=-5(0). exp{—=1} dy
S
ol (32020 (-7
Puttingall four integralstogetherwe have
-TK m VT oVT b T  oVT
e lN(ﬁ_T+T)_‘ (ﬁ‘ o +T)]
- 5(0) [N(%—i—raT—F#)_N((Qﬁj/%b)—Fr\;T—l-a\Q/T
_(r o m T  oJT
-I-exp{—rT—}—Qm(;—g)}[N(_T_}_ - )_
2m —b) T oJT
N( 5 )]
where ,
b= g A m = —log L
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v(T,x) = (x - Kj'

v(t,0)=0 T

Figure20.4:Initial andboundaryconditions.

If welet L—oo we obtaintheclassicaBlack-Scholesormula

b T  oJT
oson=sio i (o)

S b rv1T  oVT
—e TI([l—N<ﬁ— . +T)]

e TKN ( ! S , rvT Uﬁ) .

1
T EK T, 2

If wereplacel’ by T' — t andreplaceS(0) by = in theformulafor v(0, 5(0)), we obtainaformula
for v(t, z), thevalueof the optionatthetime ¢ if S(¢) = . We have actuallyderivedthe formula
underthe assumption: < K < [, but a similar albeit longer formula can also be derived for
K < z < L. We considetthefunction

v(t,z) = EY* [E_T(T_t)(S(T) - I(Y)+1{S*(T)<L}} , 0<t<LT, 0<2< L.
This functionsatisfiesheterminalcondition
o(T,2)=(z— K)t, 0<z<L

andtheboundaryconditions

We show thatv satisfieghe Black-Scholegquation

—rv 4+ v +ravg + %O‘QSEQUII, 0<t<T, 0<z< L.
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Let S(0) > 0 begivenanddefinethe stoppingtime
T =min{t > 0; S(t) = L}.
Theorem 2.61 Theprocess
eIt AT, S(EAT)), 0<t<T,
is amartingale

Proof: Firstnotethat
S*TY< L<=rT1>T.

Letw € Q begiven,andchoose € [0,T]. If 7(w) < ¢, then

I/ G_TT(S(T) — I(Y)+1{S*(T)<L}

}'(t)] @) = 0.
Butwhenr(w) < ¢, wehave
VIAT(W),SEAT(W),w)) =v(tAT(w),L)=0,

sowe maywrite

F e_rT(S(T) — KY)+1{S*(T)<L}

}'(t)] (@) = eIy (1t A r(w), S(EAT(W),w)) .
Ontheotherhand,if 7(w) > ¢, thentheMarkov propertyimplies

E

TS = K) L seyeny 70| ()

B [T 1]

In bothcasesywe have

eyt AT, SAAT)) = IE

e_rT(S(T) - KY)+1{S*(T)<L} f(t):| .

Supposd < u <t <T.Then

FE [e_r(t/w)v(t AT, S(tAT)) ‘]—‘(u)

:E[E

e (S(T) = K) s+ (1)<}

20150

_E }'(u)]

e T(S(T) = K) 1 (sv(1y<ry

=Wy (unT, S(uAT)).




CHAPTERZ20. Pricing Exotic Options 217

For0 < t < T, wecomputethedifferential
d ( “u(t, S(t ))) = e " (=rv4 v+ rSv, + 30°S%0,,) dt + e o Sv, dB.
Integratefrom 0 to ¢ A 7:
ey (AT, S(EAT)) = v(0,5(0))

AT
—I—/ —rv4+ v +rSv, + 102520m) du

17:%3
+ / e "™MoSv, dB.
0

A stoppedmartingales still amartingale

Because """y (t A 7, S(t A 7)) is alsoamartingalethe Riemannintegral
tAT
/ e " (=rv+ v+ rSv, + %UQSQUM) du
0
is amartingale Therefore,

—rv(u, S(u) + ve(u, S(w) + rS(w)ve(u, S(u) + 2025% (W) vee (u, S(u)) =0, 0<u<tAT.

ThePDE
—rv+ v+ rav, + 10%2@”:0, 0<tLT, 0<x< L,

thenfollows.
The Hedge

Let X (¢) bethewealthprocesscorrespondingo someportfolio A(¢). Then

d(e™"' X (1)) = e "' A(t)aS(t) dB(1).

We shouldtake
X (0) = v(0,5(0))
and
A(t)=ve(t,5(t)), 0<t<TAT.
Then

X(TAT)=v(TAT,S(T'AT))
(T, S(T)) = (S(T) - K)* if r>1T
- \o(r, L) =0 if 7 <T.
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v(T, X)

0 K =L X
v(t, X)

6 VK =L ¢X

Figure20.5: Practial issue

20.3 A practical issue

Fort < T butt¢ nearT’, v(¢, z) hastheform shavn in the bottompartof Fig. 20.5.
In particular the hedgingportfolio
A(l) = vz (t, 5(1))

canbecomevery negative nearthe knockoutboundary The hedgetis in anunstablesituation. He
shouldtakea large shortpositionin the stock. If the stockdoesnot crossthe barrier L., he covers
this shortpositionwith fundsfrom the moneg/ market,paysoff the option,andis left with zero. If

thestockmovesacrosghebarrier heis now in aregionof A(t) = v.(t, S(t)) nearzero.He should
cover his shortpositionwith the monegy market. This is more expensve thanbefore,becausehe
stockpricehasrisen,andconsequentifeis left with nomoneg. However, the optionhas“knocked
out”, sono mong is neededo payit off.

Becausealarge shortpositionis beingtaken,a smallerrorin hedgingcancreatea significanteffect.
Hereis a possibleresolution.

Ratherthanusingthe boundarycondition
v(t,L)=0, 0<t<T,
solve the PDEwith theboundarycondition
v(t, L)+ alvg(t,L)=0, 0<t<T,

wherea is a “toleranceparameter”’say 1%. At the boundary Lv..(¢, L) is the dollar size of the
shortposition. The new boundaryconditionguarantees:

1. Lv.(t, L) remainsbounded:;

2. Thevalueof the portfolio is alwayssufiicient to cover a hedgingerror of « timesthe dollar
sizeof the shortposition.



Chapter 21

Asian Options

Stock:
dS(t) =rS(t) dt + aS(t) dB(t).

V:h(/TS(t) dt)

Payoff:

Valueof the payof attime zero:

X(0) = E [e—rTh (/TS(t) dt)] .

Introduceanauxiliary processy’ () by specifying

With theinitial conditions

we have thesolutions
S(1) = wexp{a(B(T) = B(t) + (r — $o*) (T = 1)},
T
Y(T) = y—}—/ S(u) du.
t
Definethe undiscountedxpectedpayof
ut,z,y) = EY"YA(Y(T)), 0<t<T,z>0,y¢€kR.
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21.1 Feynman-KacTheorem

Thefunction« satisfieshe PDE

ut—l—rxuz—l—%a(‘)x(‘)um—l—xuyzm 0<t<T, x>0, y€ R,

theterminalcondition
w(T,z,y)=h(y), =>0,y¢€lR,

andtheboundarycondition

u(t,0,y) =h(y), 0<t<T,yelR.

. (t, S(1), /0 "S(w) du)

is theoptionvalueattime ¢, where
v(t,z,y) = e_T(T_t)u(t, z,Y).

Onecansolvethis equation.Then

ThePDEfor v is

—rv+ v + ravg + %023621)” + zv, =0,

o(T,z,y) = h(y),
v(t,0,9) = e 7T Ih(y).

Onecansolvethis equatiorratherthantheequatiorfor «.

21.2 Constructing the hedge

Startwith the stockprice S (0). Thedifferentialof thevalue X (¢) of aportfolio A(t) is

dX = AdS+r(X — AS) dt

=AS(rdt+odB)+rX dt —rAS dt

= AocSdB +rX dt.

We wantto have

sothat

(1.1)
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Thedifferentialof the valueof the optionis

t
dv <t, S(t),/ S (u) du) = vydt + v,dS + v, S dt + Lvg, dS dS
0

= (vt +rSvy + Svy + %02521}”) dt + oSv, dB
=rou(t,S(t)) dt + v (¢, S(t)) o S(t) dB(t). (FromEg.1.1)

Comparehis with
dX(t)=rX() dt+A(t) o S(t) dB(t).

TakeA(t) = v (t, S(t)). If X (0) = v(0, 5(0),0), then

t
X(t) = v (t,S(t),/ S(u) du) L 0<t<T,
0
becauséoththesgrocessesatisfythe samestochastidifferentialequationstartingfrom thesame

initial condition.

21.3 Partial averagepayoff Asian option

T
V:h(/ S(t)dt),
where0 < 7 < T'. We compute

o(r,z,y) = ET*Ye "= (Y (T))

Now supposéehe payof is

justasbefore.For 0 < ¢ < 7, we computenext thevalueof aderivative securitywhich paysoff
v(r,5(r),0)

attimer. Thisvalueis
w(t,z) = EYe " Dy(r, S(r),0).
Thefunctionw satisfiegshe Black-Schole$?DE

zwz‘zzov 0<t<r, 220,

—rw + wy +rew, + %Uzw

with terminalcondition
w(r,z) =v(r,z,0), x>0,

andboundarycondition

Thehedgeis givenby
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Remark 21.1 While no closed-forntfor the Asianoptionpriceis known, the Laplacetransform(in
the variable%Q(T — t)) hasbeencomputed.SeeH. GemanandM. Yor, BesseprocessesAsian
options,andperpetuitiesMath. Finance3 (1993),349-375.



Chapter 22

Summary of Arbitrage Pricing Theory

A simpleEuropeanderivativesecuritymakesa randompaymentat a time fixedin adwvance. The
valueat timet of sucha securityis theamountof wealthneededattime¢ in orderto replicatethe
securityby tradingin the market.The hedgingportfolio is a specificatiorof how to do thistrading.

22.1 Binomial model, Hedging Portfolio

Let 2 bethe setof all possiblesequencesf n coin-tossesWe have no probabilitiesat this point.
Letr > 0, u > r+ 1, d = 1/u begiven.(SeeFig. 2.1)

Evolution of thevalueof a portfolio:
Xit1 = ApSig1 + (1 + 1) (Xi — ApSk).

GivenasimpleEuropearderivative securityV (w1, wz), we wantto startwith anonrandomX, and
useaportfolio processes

Ao, A1(H), A(T)

sothat

Xo(wr,w2) = V(w,w2) Vwi,ws. (four equations)

Therearefour unknavns: X, Ag, A1 (H), A4(T). Solvingthe equationsye obtain:
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1 1+r—d 1+
Xi(w1) = T4r urd Xo(wr, H)+ ( dr) Xo(wr,T) |,
L V(wi,H) V(w1,T)
1 14+r—d uw—(147r)
Xo= I+r| u—d Xu(H) u—d D)
)(2((.01, H) — )(2(&)1, T)
AI(W1) Sg(wl,H)—Sg(wl,T)’
A X)) = X (1)
°7 Si(H) - 5,(T)

The probabilitiesof the stockprice pathsareirrelevant, becauseve have a hedgewhich works on
every path. From a practicalpoint of view, what mattersis thatthe pathsin the modelincludeall
thepossibilities.We wantto find a descriptionof the pathsin themodel. They all have theproperty

S 2
(g 5441~ log 51)* = (1og 252 )
k
= (£logu)?
= (logu)*.
Leto = logu > 0. Then
n—1
Z(log Sk+1 — log Sk)2 = o2n.
k=0

Thepathsof log S;, accumulateguadratiovariationatrates? perunit time.

If we changeu, thenwe changer, andthe pricing andhedgingformulason the previous pagewill
give differentresults.

We reiteratethatthe probabilitiesareonly introducedasan aid to understandingndcomputation.
Recall:

Xi+1 = ApSi1 + (14 7)( Xk — ApSk).

Define
Or = (1 + T’)k.
Then X g g
k+1 k+1 k
= Ay —|- — — Ap—,
Br+1 /@k+1 ﬁk " Br
i.e.,

Xpp1 Xy _A (Sk+1 3 &)
Br+1 B Br+1  Br/)

In continuoudime, we will have theanalogougquation

d (;%)) —A() d <%) .
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If we introducea probabilitymeasur@ underwhich % isa martingale,then% will alsobea
martingaleyegardlesf the portfolio used.Indeed,

B (G2 -2 )

X

e (B[] 2)
=0

Xit+1
Brt1

7|

Supposeve wantto have X, = V, whereV is someF;-measurableandomvariable. Thenwe
musthave

-2 -sfEp-x (2]
o= 50 =F |53 =E[5].
Sk

To find the risk-neutralprobability measurelP underwhich
P{w, = H}, § = IP{w}, = T}, andcompute

is a martingale,we denotep =

Sk
Brt1

- - Sk
N 1—1— [Putq ]ﬁk'

Sk+1

Sk
E[ k]:ﬁ +qd
ﬁk+1

k—l—l

We needto choosey andg sothat

pu+qd=1+r,
p+q=1.

The solutionof theseequationss

. 14r—d u—(147r)
 u—d w—d

L]
ll

22.2 Setting up the continuousmodel

Now the stock price S(¢),0 < ¢ < T, is a continuousfunction of ¢. We would like to hedge
alongevery possiblepathof S(t), but thatis impossible.Usingthe binomialmodelasa guide,we
chooser > 0 andtry to hedgealongevery path.S(¢) for which the quadraticvariationof log .S (¢)

accumulatestrates? perunittime. Thesearethe pathswith volatility o2.

To generatghesepathswe useBrownianmotion,ratherthancoin-tossing.To introduceBrownian
motion, we needa probability measure.However, the only thing aboutthis probability measure
which ultimately matterds the setof pathsto which it assigngrobability zero.



226

Let B(¢),0 < ¢t < T, be aBrownian motion definedon a probability space(£?, 7, ). For ary
p € IR, thepathsof

pt + oB(t)
accumulatejuadratiovariationatrates? perunit time. We wantto define
S(t) = 5(0) exp{pt + oB(1)},

sothatthe pathsof
log S(t) =1log S(0) + pt + o B(t)

accumulatguadratiovariationatrates? perunittime. Surprisingly thechoiceof p in thisdefinition
is irrelevant. Roughly thereasorfor thisis thefollowing: Choosev; € 2. Then,for p; € IR,

pit +oB(t,wy), 0<t<T,

is a continuoudfunctionof ¢. If we replacep, by p2, thenpyt + oB(t,w;) is adifferentfunction.
However, thereis anw, € €2 suchthat

pit + oB(t,wy) = pot + 0B(t,wz), 0<t<T.

In otherwords,regardlesof whethemwe usep; or p, in thedefinitionof S(¢), wewill seethesame
paths.The mathematicallyprecisestatements thefollowing:

If asetof stockpricepathshasa positive probabilitywhenS(¢) is definedby
S(t) = 5(0) exp{put + 0 B(1)},

thenthis setof pathshaspositive probabilitywhenS(¢) is definedby
S(t) = S(0) exp{pat + o B(1)}.

Sincewe areinterestedn hedgingalongevery path,exceptpossiblyfor a setof paths
which hasprobabilityzero,the choiceof p isirrelevant.

Themostcorvenientchoiceof p is

_ 1.2
p_r_io-v

SO
S(t) = S(0) exp{rt + o B(t) — 10%t},

and
e 'S (t) = S(0) exp{oB(t) — 1o°t}

is amartingaleunder/P. With this choiceof p,

dS(t) = rS(t) dt + oS(t) dB()
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and P is therisk-neutraimeasurelf a differentchoiceof p is made we have
S(t) = S(0) exp{pt + o B(1)},
dS(t) = (p+ 30%) S(t) dt + oS(t) dB(1).
N—_———
i

= rS(t) di+o [ELdt +dB(1)] .

dB(t)

B hasthe samepathsas B. We canchangeto the risk- neutralmeasurelP, underwhich B is a

Brownianmotion,andthenproceedasif p hadbeenchoserto beequalto r» — 502

22.3 Risk-neutral pricing and hedging

Let /P denotetherisk-neutraimeasureThen
dS(t) = rS(t) dt + oS(t) dB(1),

whereB is a Brownianmotionunder/P. Set

Blt) = e
h
. (5,505,
B(1) B(t) ’
SO ﬁE ; |samart|ngaleunderP
Evolution of the valueof a portfolio:
dX(t)=A@)dS(t) +r(X(t) — A(t)S(t)) dt, (3.1)
whichis equivalentto
XY _ S(t)
d (ﬂ(t) ) = s <ﬂ(t)) (3:2)
=A(t)o ngB( ).
Regardlesf the portfolio used, (( )) is amartlngaleunderP

Now supposé/ is a given F(1')-measurableandomvariable,the payof of a simple European
derivative security We wantto find the portfolio processA(7'),0 < ¢ < 7', andinitial portfolio
value X (0) sothat X (7') = V. Because% mustbeamartingalewe musthave
ol
—>=IF|—=|F)|, 0<t<T. 3.3
O I &9

Thisis therisk-neutal pricing formula. We have thefollowing sequence:
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1. Visgiven,

2. DefineX (t),0 <t < T, by (3.3)(notby (3.1)or (3.2),becausave do notyethave A(t)).

3. ConstructA(¢) sothat(3.2) (or equivalently, (3.1)) is satisfiedby the X (¢),0 < ¢ < T,
definedin step2.

To carryoutstep3, wefirst usethetower propertyto shov tha‘[)ﬁﬂ(%1 definedby (3.3)is amartingale

underP. We next usethecorollaryto the MartingaleRepresentatiomheoremHomevork Problem
4.5)to shaw that

XN _ ~
d <W) = y(t) dB(t) (3.4)

for someproecssy. Comparing(3.4), which we know, and (3.2), which we want, we decideto
define

Bt~ (1)
At) = . 3.5
0 ==50 (3.5)
Then(3.4)implies (3.2), whichimplies (3.1), whichimpliesthat X (¢),0 < ¢ < 7, is thevalueof
theportfolio processA(¢),0 < ¢ < 7.
From(3.3),thedefinitionof X, we seethatthe hedgingportfolio mustbegin with value

X(0)=F [%} ,

andit will endwith value
X(T) = BIVE | 5| 70| = (1) 575 =V
a p(T) I
Remark 22.1 Althoughwe have takenr andeo to be constantthe risk-neutralpricing formulais
still “valid” whenr ando areprocesseadaptedo thefiltration generatedy B. If they depencon
eitherB oron S, they areadaptedo thefiltration generatedby B. The“validity” of therisk-neutral
pricing formulameans:

1. If you startwith

X(0)= [%} ,

thenthereis ahedgingportfolio A(¢),0 < ¢t < T, suchthat X (7") = V;
2. At eachtimet, thevalue X (¢) of thehedgingportfolio in 1 satisfies
X)) - [ Vv ‘ ]
—==F|——|F()]|.
s~ "l

Remark 22.2 In general,whenthereare multiple assetsand/ormultiple Brownian motions,the
risk-neutralpricing formulais valid providedthereis a uniquerisk-neutial measue. A probability
measuras saidto berisk-neutralprovided
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e it hasthesameprobability-zercsetsasthe original measure;

¢ it makesall thediscountedassepricesbemartingales.

To seeif therisk-neutralmeasures unique,computethe differentialof all discountecasseprices
and checkif thereis morethanoneway to define B sothatall thesedifferentialshave only dB
terms.

22.4 Implementation of risk-neutral pricing and hedging

To geta computableesultfrom the generakisk-neutralpricing formula
X(t) ~[ V ‘ ]
—==F|—=|F ()],
s = " laay

oneusegheMarkov property We needo identify somestatevariables thestockpriceandpossibly
othervariablessothat

74
X(0) = O 5775 70
is afunctionof thesevariables.

Example22.1 Assumer ande areconstantandV’ = h(S(T)). We cantakethe stockpriceto bethestate

variable.Define .
~

(t,z) = I [e—T‘(T—t)h(S(T))} .
Then
X(t)=e"E [e"Th(S(T))‘}'(t)]
= u(t, 5(1)),
and%tﬁ)l = e "ty(t, S(t)) is amartingaleunderP. [ |

Example22.2 Assumer andc areconstant.

V:h(/OTS(u) du).

TakeS(t) andY (¢) = ft S(u) du to bethestatevariables.Define

0

~ 1,2,y

v(t,z,y) = FE [6_T(T_t)h(Y(T))} ,

where
T
Y(T) = y+/ S(u) du.
t
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Then
X(t)=€¢"E [e"Th(S(T))‘}‘(t)]
=(t,S(t), Y (1))
and X(1)
B0 - e~ "t S(t),Y (1))
is amartingalwnderﬁ?. ]

Example 22.3 (Homework problem4.2)
dS(t) = r(t,Y (t)) S(t)dt + o(t,Y (¢))S(t) dB(t),
dY (t) = a(t,Y(t)) dt +~(t, Y (t)) dB(1),
V = h(S(T)).
TakeS(t) andY (t) to bethestatevariables Define

~t,r,y

v(t,z,y) = F exp {—/t r(u, Y (u)) du} h(S(T))

Then
_ a7 [PS(T)
x(0 = o0& | "G o)
:]E[exp{— t r(u, Y (u)) du}h(S(T))‘f(t)]
:v(t,S(t),Y(t)),
and
X—(t)—ex — tru U U v
== [ vty ) duf ote 500, )
isa martingalwnderﬁ?. ]

In every case,we getan expressioninvolving v to be a martingale. We takethe differentialand
setthe d¢ termto zero. This givesus a partial differentialequationfor v, andthis equationmust
hold wherever the stateprocessesanbe. The dB termin the differential of the equationis the
differentialof a martingale andsincethe martingales
S -
(“; dB(u)

X—(t)— [ t u)o
3 = XO+ | Aoy

we cansolvefor A(t). Thisis theagumentwhichuses(3.4)to obtain(3.5).
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Example 22.4(Continuation of Example 22.3)

% = exp {_ /Ot r(u, Y (u)) du} u(t, S(1),Y (1))

1/8(¢)

isa martingaleunderﬂND. We have

X0\ _ L[, .
d(m) _ﬁ(t)[ (t,Y (£)o(t, S(t), Y (t)) dt

+ vedt + vedS + vy dY

+ %'vmdS dS + vgydS dY + %vyde dy
1
= — [(—rv + v +rSve + avy + %UQS%M + 07 SVzy + %’yzvyy) dt
+ (0Sve + yuy) dB

The partialdifferentialequationsatisfiedoy v is

122 , 1.2 _
=TV + U + TEVs + QUy + 507 Vg + OYTUy + 57 Uyy =0

whereit shouldbe notedthatv = v(t, z, y), andall othervariablesarefunctionsof (¢, y). We have

& — L agov v B
whereo = o(t,Y (t)),y = v, Y (1)), v =v(t, S(t),Y(¢)), andS = S(t). Wewantto chooseA (¢) sothat
(see(3.2))
XOY _ Aot yin 50 5
d <ﬁ(t) ) =A(t)o(t,Y(2)) dB(t).

Thereforewe shouldtakeA(¢) to be

A(t) = vy (8, S(t),Y (1)) +
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Chapter 23

Recognizinga Brownian Motion

Theorem0.62(Levy) Let B(t),0 < t < T, bea processon (2, F,’), adaptedto a filtration
F(t),0 <t <T,sudthat:

1. thepathsof B(t) are continuous,
2. Bisamartingale,

3. (B)(t) =t,0<t <T,(i.e,informallydB(t) dB(t) = dt).
ThenB is a Brownianmotion.

Proof: (ldea)Let0 < s < ¢t < T begiven. We needto show that B(t) — B(s) is normal,with
meanzeroandvariancel — s, and B(t) — B(s) is independentf F(s). We shallshov thatthe
conditionalmomengeneating functionof B(t) — B(s) is

B [eu(Bu)—B(s))

12
f(s)] = 2w (7o),

Sincethe momentgeneratingunction characterizethe distribution, this shovs that B(t) — B(s)
is normalwith meanO and variancet — s, and conditioningon F(s) doesnot affect this, i.e.,
B(t) — B(s) isindependentf F(s).

We compute(this usesthe continuity condition(1) of thetheorem)

de*B) = ue*BOAB (1) + Lu?e*BDdB(1) dB(1),

SO

N~
usescond.3

1 1
6uB(t) :euB(s)_I_/ ueuB(v) dB(U)—}—%lﬂ/ euB(v) dv.

233



234

Now f! ue“B(")dB(v) is amartingale(by condition2), andso

t
E [/ ue"PdB(v)

7o)

s t
= —/ uwe"POdB@w) + E [/ ue*BVdB(v)
0 0

= 0.

7o)

It followsthat

Eﬂﬁm”f@]:&Mﬂ+%ﬁfﬁﬂﬁm”f@]m.
We define
plv) = B [B0 7 (s)).
sothat
p(s) = Bt
and

Pluggingin s, we get

Therefore,
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23.1 Identifying volatility and correlation

Let B; and B, beindependenBrownianmotionsand

d

% =T dt—}- 011 dB1 + g12 dBQ,
1

d

% =rdt+ o9 dBy + 033 dBy,
2

Define

_ /] 2 2
o1 =011 + iy,
_ /] 2 2
02 = \/ 0% + 03,

011021 + 012022

0102
Defineprocesse$V; andW; by
011 dBy + 013 dB,

dWy =
g1

AW, = 091 dBy + 097 dB2‘
02

ThenW; andW, have continuougpathsaremartingalesand

1
dWl dW1 = ?(OlldBl + UleBQ)Q
1

1
= ;(O’%ldBl dB1 + U%QdBQ dBQ)
1

= dt,
andsimilarly

dWy dWy = dt.

Therefore W, andW, areBrownianmotions.Thestockpriceshave therepresentation

d

i =rdt+ oy dWy,
S1

@ =rdt+ oy dWs.
S2

TheBrownianmotionsi¥; and¥, arecorrelatedindeed,

1
dW1 dW2 = (O'lldBl —|— UleBQ)(UQldBl —|— O'QQdBQ)

0102

1
= (011021 + 012032) dt
0102

= pdt.
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23.2 Reversingthe process

Supposeve aregiventhat

ﬁ =rdt+ o1dWy,
S1

d

ﬁ =rdt + odWs,
57

whereWW; andW, areBrownianmotionswith correlationcoeficient p. We wantto find

021 022

Y — lUu 012]
sothat

VY — _011 012] lffu 021]

021 022| |012 022
I 2 2
_ 011+ 01, 011021 + 012092
= 2 2
011021 + 012022 031 + 0%

[ 52
. 2 pPC102
- 2
_p0'10'2 [}

A simple(but not unique)solutionis (seeChapterl9)
011 =01, o12 =0,
021 = PO2, 022:\/1—,02 g2.
This correspond$o
o1 dWy = 01dBi=—=dB; = dW/,
o9 dWy = poy dBy + /1 — p?oy dBs

dWy — p dW
— dB; = —ZT _,0p2 17 (p # £1)

If p = &1, thenthereis no B, anddW, = p dB; = p dW;.
Continuingin thecasep # +1, we have
dBy dBy; = dW; dW; = dt,

1
2

dB, dB; = - (dW2 AWy — 2p AW, AWy + p*dW, dwz)

- - _1,02 (dt - 2p* dt + p* dt)

= dt,
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soboth B; and B, areBrownianmotions.Furthermore,

1

dBl dB2 = ﬁ (dWl dW2 — deI dWl)
—-p
=Y pdi-pd)=0
BV A e

We cannow apply an Extension of Levy’s Theorem that saysthat Brownian motionswith zero
cross-ariationareindependento concludethat B, By areindependenBrownians.
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Chapter 24

An outsidebarrier option

Barrierprocess:

ay (1)
Yr(t) =A dt—|— g1 dBl(t)
Stockprocess:
ds(t
T(t)) =pdt+ poy dBi(t) + /1 — p? 02 dBs(t),

whereo; > 0, 03 > 0, —1 < p < 1, and B; and B, areindependenBrownianmotionson some
(22, F,P). Theoption paysoff:

(S(T) = K) 1y (ry<ry
attimeT’, where

0<S0)< K, 0<Y(0)<L,

Y*(T) = max Y (t).
(T) 2, (t)

Remark 24.1 The option payof depend®nboththeY andS processesln orderto hedgeit, we
will needthe moneg marketandtwo otherassetswhich we taketo beY andS. Therisk-neutral
measurenustmakethe discountedralue of every tradedassebe a martingale which in this case
meanghediscounted” and.S processes.

We wantto find §; andd, anddefine

dBy = 0, dt + dB;, dBy =05 dt + dB,
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sothat
dy—}j =rdt+ O'ld.él
=rdt+ o160y dt + 01 dBy,
dS = 5
< =rdt+ poy dBy + /1 — p? 02dB;
=rdt + poy 0y dt + /1 — p? 048, di
+ pogy dBy 4+ 1/1 — p? 0y dB;.
We musthave
A=r+o016, (0.2)
p=r1+paafy +1/1 - p* 02;. 0.2)

We solveto get

A —
01: rv
01
j— 1 — poaby

V1-=p?o; '

We shall seethat the formulasfor 8; and#, do not matter What mattersis that (0.1) and(0.2)
uniquelydeterming, andf,. Thisimpliestheexistenceanduniquenessf therisk-neutrameasure.
We define

0, =

2(T) = exp {01 By (1) — 62 B (T) — 5(63 + 63)T},
P(A) = /AZ(T) AP, VAc F.

Under P, B, and B, areindependenBrownian motions(Girsanm/’sTheorem).ﬂ3 is the unique
risk-neutraimeasure.

Remark 24.2 Underboth IP and713, Y hasvolatility o4, S hasvolatility o, and

dYy dSs
YS

= poiog dt,
i.e., thecorrelationbetweert: and % is p.
Thevalueof the optionat time zerois
v(0,8(0),Y(0)) = I [T (S(T) = K)* 1 yw(ry<ry] -

We needto work outa densitywhich permitsusto computetheright-handside.
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Recallthatthebarrier processs

dy—%IT’dtﬁ—Ul dEl,

SO
Y (1) =Y (0)exp{rt+ o1 B () — Lot}
Set
- r/oy —o1/2,
B(t) = 6t + By (1),
M(T) = max B(t)
Then

Y (t) = Y (0) exp{o1 B(t)},
Y (0) exp{oy M(T)}.

P
E
]

Thejoint densityof B(T) andﬂ(T), appearingn Chapter20,is
IP{B(T) € db, M(T) € dn}

_ 2(2im—b 2 — b)?  ~ )
_ 22w )Xp{—w—}—ﬁb—%g?T} db din,

T27xT 2T
m > 0, b < 1.
Thestok process.
d -
; =rdi+ pagdBl +1/1 = p? 02d B>,

o)
S(T) = S(0) exp{rT + poy By (T) — 1p*osT +4/1 - p? oy By (T
= S(0) exp{rT — —02T + pagBl( )+ 1—p? Ung(T)}
Fromtheabove paragraplwe have
By (T) = —8T + B(T),
o)

S(T) = S(0) exp{rT + po, B(T) — LodT — pafT + /1 — p? 03B, (T)}

- )

031}
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24.1 Computing the option value

0(0,5(0),Y(0)) = BB [~ (S(T) = K)*Lyya(ryeny]

~ N N - +
- e—f“TJE[ (S(O) exp {(7‘ — 503 = poaf)T + poa B(T) + /1 - p? 025’2(T)} - K)
Liv) exp[almT)kL}]

We know thejoint densityof (B(T), M (T)). Thedensityof B,(T) is

1 72
Ao
Furthermorethe pair of randomvarlables(B( ), M(T)) isindependenof BQ( ) becauseB, and

B, areindependentinder/P. Thereforethejoint densityof therandonwvector (B, (T), B(T), M(T))
is

IP{By(T) € db} = }db be R.

IP{B,y(T) € db, B(T) € db, M(T) € din,} = IP{By(T) € db}.IP{B(T) € db, M (T) € din}

Theoptionvalueattime zerois

T / / / (S(O) exp{(r — 102 — pood)T + poab + /1 - p2026} - I()+

1 b2
= expd ——
o P\ 2r
2(2in — b) 2m—-0?  ~
———expy —————— + 0b — 20°T
VR ¥ { 2
db db din.
The answerdependn 7', 5(0) andY (0). It alsodependon aq,0z,p,7, K and L. It doesnot

dependn A, i, 61, noré,. Theparamete9 appearingn theanswelis § = o7 — ‘721.

Remark 24.3 If we hadnot regardedY asa tradedassetthenwe would not have tried to setits
meanreturnequalto ». We would have hadonly oneequation(seeEqs(0.1),(0.2))
=1+ poyby +1/1 — p? os6; (1.1)

to determined; and#,. The nonuniquenessf the solutionalertsus thatsomeoptionscannotbe
hedged.Indeed,ary optionwhosepayof depend®nY cannotbe hedgedvhenwe areallowedto
tradeonly in the stock.
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If we have an option whosepayof depend=nly on S, thenY is superfluous.Returningto the
original equatiorfor S,

gzudt—l—pag dB; + /1 — p? 04 dBsy,
we shouldset

dW = P dBl + 1- deB27

soW is aBrownianmotionunder/P (Levy’stheorem)and

d
?S = p dt + odW.

Now we have only Brownianmotion,therewill beonly oneé, namely

p=L""

g2

sowith dW = 6 dt + dW, we have

d _
?S:rdt—l—ag dw,

andwe areon ourway.

24.2 The PDE for the outsidebarrier option

Returningto the caseof the optionwith payof
(S(T) = K) gy ()<
we obtaina formulafor
o(t,z,y) = e TE [(S(T) = KM s, cocr V() < L
by replacing?’, S(0) andY (0) by 17" — ¢, = andy respectiely in theformulafor v (0, 5(0), Y (0)).
Now startattimeO at S(0) andY (0). Usingthe Markov property we canshow thatthe stochastic

process
oL, S(1), Y (1))

is amartingaleunderﬂ? We compute
d[emtu(t, S(1), Y (1))]
= e‘”[ (—fr"v +v+rSv.+rYv, + %U%SQ'UM + po102SY vy, + %U:{YZ'Uyy) dt

+ poeSv, dBy 4+ /1 — p? 0950, dB, + UlY'vydgl
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v(t, x,L)=0, x >= 0

v(t, 0,0) = 0

Figure24.1: Boundaryconditionsfor barrier option. Notethatt¢ € [0, 77 is fixed.

Settingthe dt termequalto O, we obtainthe PDE

1,22
—rv 4 v +reve + ryvy + 5052 VUgg

+ pUIUQJJy/Uzy + %U%yZUyy = O,
0<t<T,

Theterminalconditionis

o(T,z,y)=(z - K)", 2>0,0<y<L,

andtheboundaryconditionsare

v(t,0,0)=0, 0<t<T,
v(t,z,L)=0, 0<t<T, x>0.
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=0
—Tv 4+ U + 1Yy + %U%yZ'vyy =0

This is the usual Black-Scholedormula
iny.

Theboundaryconditionsare
v(t,0,L) =0, v(¢,0,0)=0;
theterminalconditionis
o(T,0,y)=(0— K)* =0, y>0.
Onthez = 0 boundarythe optionvalue
isv(t,0,y)=0, 0<y<L.

y=0

—rv+vs +raev, + %U%JGZ

Vg = 0
This is the usual Black-Scholedormula
inz.

Theboundaryconditionis

v(t,0,0) = e (=90 - K)t =0
theterminalconditionis
o(T,2,0)= (¢ — K)*, z2>0.
Onthey = 0 boundarythe barrieris ir-
relevant,andthe optionvalueis givenby
theusualBlack-Scholesormulafor aEu-
ropeancall.

24.3 The hedge

After settingthe dt termto O, we have theequation

d[emrto(t, 5, V(1)

=e [pagS'vz dBy + /1 = p? 03Sv, dB; + UIY’UydEI] ;

245

wherev, = v,.(t,S(t),Y (1)), v, = v,(t,S(t),Y(t)), and By, By, S, Y arefunctionsof . Note

that

d e S(1)] = e [-rS (1) di+ dS(1)]

=e ! [pUgS(t) dBy (t) + /1 — p? 725(t) dB, (t)] :

dle7ty ()] = e[

rY (t) dt + dY (1))

=e "o Y () dBy(t).

Therefore,

(e, 50).¥ ()] = vadle™S] + vdle Y]

Let Ay (t) denotethe numberof sharesf stockheldattime ¢, andlet A, (¢) denotethe numberof
“shares”of thebarrierprocess’. Thevalue X (¢) of theportfolio hasthe differential

dX = AQdS + Aldyy + T‘[AX - AQS - Alyr] dt.
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Thisis equivalentto
dle "' X (1)] = Ax(t)d[e 'S ()] + Ar(t)d[e Y (1)].
TogetX (t) = v(¢, S(t),Y(t)) for all ¢, we musthave
X (0) =v(0,5(0),Y(0))

and



Chapter 25

American Options

This andthe following chapterdorm part of the courseStotastic Differential Equationsfor Fi-
nancell.

25.1 Preview of perpetual American put

dS=rSdt+o0S5SdB

Intrinsic valueattimet : (K — S(¢))*.
Let L € [0, K] begiven. Supposeve exercisethefirst time thestockpriceis L or lower. We define

ro = min{t > 0:5(1) < L},
vp(z) = Ee” (K — S(rp)) T

K-z if <L,

- {(K _L)Ee iz > L.

Theplanis to comutevy, (z) andthenmaximizeover L to find the optimalexerciseprice. We need
to know thedistributionof ;..

25.2 First passagdaimesfor Brownian motion: first method

(Basedonthereflectionprinciple)
Let B bea Brownianmotionunder/P, let z > 0 begiven,anddefine

T =min{t > 0; B(t) = z}.
7 is calledthefirst passag¢imeto z. We computethe distribution of 7.

247
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Intrinsic value

A
|

'K Stock price

Figure25.1:Intrinsic valueof perpetualAmericanput

Define
M(t) = OlgséitB(u).
Fromthefirst sectionof Chapter20 we have
2(2m — b) (2m — b)?
P{M(t) € dm,B(t) € db} = ————exps ————— rdm db b .
{M(t) € dm, B(t) € db} oz exp{ 5 mdb, m>0,b<m

Therefore,

2t

b=m

P{M(t) Zx}:/gcoo/m Mexp{—w}dbdm

dm

b=—o00

We makethe changeof variablez = % in theintegralto get

(o)

= iex —i dz
N z/\/t V2T P 2 '

T <I<=M(t) >z,



CHAPTERZ25. AmericanOptions

SO
0
P{redt} = . P{r <t} dt
0

= S P{M(1) > 2} dt

a [« 2 22
- l% /z/\/Z V2r GXP{—?}dzl di
2 x? J [z
I‘Eexp{‘a}'%(%) a

T z? &
= exp —— .
2wt P 2t

We alsohave the Laplacetransformformula

Fe o = / e~ IP{r € dt}
0
= e‘zm, a> 0. (SeeHomewvork)

ReferenceKaratzasandShreve, Brownian Motion andStochasticCalculus pp 95-96.

25.3 Dirift adjustment

ReferenceKaratzas/Shree, Brownianmotionand StotasticCalculus pp 196-197.
For0 <t < oo, define

B(t) = 6t + B(t),
Z(t) = exp{—0B(t) —
= exp{—0B(t) +
Define

7 =min{t > 0; B(t) = z}.

249

We fix afinite time 7" andchangethe probability measuréonly upto 7. More specifically with

T fixed,define

P(A) = /A Z(T) dP, A e F(T).

Under713, theprocessé(t), 0 <t < T,isa(nondrifted)Brownianmotion,so

P{7 € dt} = IP{r € dt}

T T
= ———exp{—— dl, 0<t<T.
t/2mt p{ Qt} =
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For0 < ¢ < T wehave

P{t<t}=F {1{7:?5}}
1
B m]

(1<) exp{0B(T) — 16°T}]

= F :1{?St}ﬁ [exp{@E(T) - %HQT}‘]:(% A t)”

I
&

I
St

= I [1(z<ey exp{8B(7 A 1) — 10*(F A1)}
=FE {1{;5,5} exp{fz — %027’}}

¢ —
= / exp{fz — 30°s} IP{7 € ds}
0
t g 22
= p{fx —10*s —— ¢ d
0 5\/27756}\1){ A 25} s
Lo (z — 0s)?
= (py————— ¢ ds.
/0 sv/2ms exp{ 2s } i

Therefore,

(z — 60t)?

xr
P{7 € dt} = ——=exp{ —
{red = eXp{ 2t

}dt, 0<t<T.

SinceT' is arbitrary this mustin factbethecorrectformulafor all ¢ > 0.

25.4 Drift-adjusted Laplacetransform
RecalltheLaplacetransformformulafor
7 =min{t > 0; B(t) =z}

for nondriftedBrownianmotion:

o g 22 V=
Ee_‘”:/ expl —at — — pdt =€ F 2“, a>0,z>0.
0 2wt p{

7 =min{t > 0;6t + B(t) = z},
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the Laplacetransformis

s S (z — 6t)?
Fe 27 = / expl —at — ——~— dt
0o V2wt p{ 2t }

o0 T z2
= exp{ —at — — + 20 — 10%t % di
/0 /27t p{ 2t 2
[o%) 2
z6 < 1,2 <
=e expl —(a+ 20t — — > dt
/0 V2t p{ (ot 38") Qt}
— 61‘9—1‘\/2a+€2

, a>0,z>0,

wherein thelaststepwe have usedtheformulafor Fe~%" with « replacedy « + %02.

If 7(w) < oo, then
lim e~ ®7(W) — 1;
oz\l,O

if 7(w) = oo, thene=27(%) = ( for every o > 0, SO

lime=*7(@) = 0.

oz\l,O

Therefore,

lim e~ ") — lrcoo.
oz\l,O <
Letting o]0 andusingthe MonotoneCorvergenceTheoremn the Laplacetransformformula

Ee—oﬁ' — 61?6’—1‘\/ 20 +62

3

we obtain -
P{f’ < OO} _ ezb’—x\/b’Q _ 6116’—z|9|‘
If 8 > 0, then
P{T < o0} =1.
If 8 < 0,then

P{7 < oo} = ¥ < 1.

(Recallthatz > 0).

25.5 First passagdimes: Secondmethod

(Basedon martingales)

Leto > 0 begiven.Then
Y (t) = exp{oB(t) — 30t}
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isamartingalesoY (¢ A 7) is alsoamartingale We have
1=Y(0AT)
=IEY(tAT)
= Eexp{oB(tAT) — $0*(t AT)}.
= tg%o FEexp{oB(tAT) - 1o*(t AT)}.
We wantto takethelimit insidethe expectation.Since
0 < exp{oB(tAT)—1c*(tAT)} < €,
thisis justified by the BoundedCorvergenceTheorem Therefore,
1= ]Etli>moo exp{oB(t AT) — 10?(t A T)}.
Therearetwo possibilities.For thosew for which(w) < oo,
1
tlignoo exp{oB(t AT) —10?(tAT)} = 73077,
For thosew for which 7(w) = oo,
tlgréo exp{oB(tAT) — Lo?(tAT)} < tlgnoo exp{oz — 1o%t} = 0.
Therefore,

— : ; 1.2
1= ]Etlgnooexp{UB(t/\T) 50 (LAT)}
1
— E 60$—§0'2717<Oo

152
:Eegl‘—QO ’T’

oz—to2 .
wherewe understan@d”“~2“ 7 to bezeroif 7 = cc.
Leta = %02, soo = v/2a. We have againderivedthe Laplacetransformformula
eV Fem 0> 0,z >0,

for thefirst passagé@me for nondriftedBrownian motion.

25.6 Perpetual American put

dS=rSdi+o0S dB
S(0) ==
S(t) = wexp{(r — 10*)t + oB(t)}
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Intrinsic valueof theputattime¢: (K — S(¢))*.
Let L € [0, K] begiven.Definefor z > L,

77, = min{t > 0; S(¢) = L}
1 L
= min{t > 0; 6t + B(t) = —log —}
o “ux

1
= min{t > 0; -0t — B(t) = —log %}
o

Define
v, = (K — L)IFe "
0 1
:(K—L)exp{——log%——log%\/Qr—}—HQ}
g g
_6_1 forgm
T g O
=(K-L)|= .
-1 (7)
We computethe exponent
0 1 r ;1 r 2
—— = =V2r+ ==+ - —y[2r+ | = —0/2
g g g g g
roo, 1 r?
:—g—kg—;\/%—l—;—r—l—a?/él
roo, 1 [r?
SRt gttt
r ;1 r 2
“a—ﬁi‘;\/(;“/?)
r 1 1/
= §+5‘5<;+"/2)
2r
-
Therefore,
(2) (K —z), 0<z<L,
VL\T) =
T wE @, ez

)—27’/0’2

Thecunes(K — L) (£ , areall of theform Cz=27/%”.

We wantto chooseahelargestpossibleconstant.The constanis

C=(K-LL¥,

253
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value

(K - L) (x/Lj2" 0

K Stock price y

Figure25.2: Valueof perpetualAmericanput

value

_ 2
C1X 2r/ o

Stock price x

Figure25.3: Curves.
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and
oC 2 2p 2r
= L[07 + 2 (K - L)Lo?
JL + 02( )
2r 2r 1
=[L0? |-14+ —(K - L)=
-1+ S - nyg]
2r 2r 2r K
- [ (15 5
We solve
2r 2r K
Ut )t =
to get
_ 2rkK
o249
Sincel < 2r < o 4 2r, wehave
0< L<K.

Solutionto the perpetualAmericanput pricing problem(seeFig. 25.4):

(2) (K — z), 0<z< LY,
v(z) =
(K — L) (&)1 > ¥,
where i
« _ 2rK
o242
Notethat
o(z) = -1, 0<2< L,
o _%(I{ _ L)>¢<(L>k)27"/(3'2w—2r/0'2—17 z > L
We have
) T, o 1
xl\lLrE* v'(z) = —2;([& - L )F
- _QL (K— 2rK ) o? 4+ 2r
o o2 o2 4 2r 2rkK
_ r (624 2r—2r\ o2+ 2r
- o? o2 4 2r 2r
=-1
= lim v'(z).

xTL*

255
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2
(K - L Yx I )2r/c

| .
L K Stock price
Figure25.4: Solutionto perpetualAmericanput.

25.7 Value of the perpetual American put

Set 9 o0
= = R T g
o2 o2 4+2r v+1

If0<az< L*thenv(z) =K — z.If L* <z < o0, then

v(z)= (K - L")(L") 27" (7.1)
C
— E° [e—”(K - L*)+1{T<Oo}} , (7.2)
where

S(0)== (7.3)
7 =min{t > 0; S(t) = L*}. (7.4)

If 0 <z < L* then

—rv(z) + rav'(z) + 30%2%0"(2) = —r(K —2)+ra(-1) = —rK.

If L* <z < oo, then

—rv(z) + rav'(z) + 3%z (2
=Cl-ra™” —raya™""" - Lo 2.7027(—7 — a7
=Ca 7 [-r —ry - Loy (-7

ot v (3]

=0.

In otherwords,v solvesthelinear complementaritproblem: (SeeFig. 25.5).
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KA v

Figure25.5: Linear complementarity

Forallz € IR, z # L~,

rv—rzv — %0'2$2‘U” >0, €))
v> (K —a)t, (b)
Oneof theinequalitiega) or (b) is anequality (c)

Thehalf-line [0, co) is dividedinto two regions:

¢ = {z; v(x) > (K - 2)*},

S ={z; rv—rav’ — Jo*2%" > 0},

and L~ is the boundarybetweenthem. If the stockpriceis in C, the owner of the put shouldnot
exercise(should‘continue”). If thestockpriceisin S orat L*, theownerof theput shouldexercise
(should“stop”).

25.8 Hedgingthe put

Let S(0) begiven. Sellthe put attime zerofor v(5(0)). Investthemoney, holding A (¢) sharesof
stockandconsumingatrateC'(¢) attimet. Thevalue X (¢) of this portfolio is governedby

dX(t) = A(t) dS(t) + r(X () — A@)S(t)) dt — C(t) dt,
or equivalently,

d(e X (1) = —e "TC(t) dt + e TP A(t) oS () dB(t).
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Thediscountedralueof the put satisfies

d (e7'o(S(1)) = e [—ro(S (1) + rSEV(S®) + o2 ()" (S (1)) dt
+e St (S(L)) dB(1)
= —rKe " spy<rndt + e oS ()0 (S(1)) dB(t).

We shouldset

C(t) = rK’l{S(t)<L*}7

A(L) =v'(S(1)).
Remark 25.1 If S(t) < L*, then

v(S() =K — S(1), At) =v'(5(t) = —1.

To hedgethe putwhenS(¢) < L*, shortoneshareof stockandhold K in themone market. As
long asthe ownerdoesnot exercise you canconsumeheinterestfrom the money marketposition,
i.e.,

C(t) = TI(]-{S(L‘)<L*}'

Propertieof e~ v (S(t)):
1. e7"'v(S(t)) is asupermartingaléseeits differentialabore).
2. e7"o(S() > eT™(K - S(t)T, 0<t< oo
3. e "w(S(t)) is thesmallesiprocesswith propertiesl and2.
Explanation of property 3. Let Y beasupermartingalsatisfying
Y(t)>e K -St)t, 0<t< 0. (8.1)
Thenproperty3 saysthat
Y (t) > e "w(S(t)), 0<t< oo. (8.2)
We use(8.1)to prove (8.2)fort = 0, i.e.,
Y (0) > o(S(0)). (8.3)

If ¢ is not zero,we cantaket to betheinitial time andS(¢) to betheinitial stockprice,andthen
adaptthe agumentbelow to prove property(8.2).
Proof of (8.3),assumingY is a supermartingale satisfying (8.1).

Casel: 5(0) < L*. We have

Y(0) > (K - 5(0)" = o(S(0).
(8.1)
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Casell: S(0) > L*: ForT > 0, we have
Y(0) > EY(rAT) (Stoppedsupermartingalées asupermartingale)
> B Y (1 AT)1{rcoy] - (SinceY > 0)

Now let T— oo to get

Y(0)> lim Y (F AT Loy

>F [Y(r)l{Koo}} (Fatou's Lemma)

> IE e (I( - S(T))+1{T<OO} (by 8.1)
el
=v(S5(0)). (Seeeq.7.2)

25.9 Perpetual American contingentclaim

Intinsicvalue: 2 (S(t)).
Valueof the Americancontingentlaim:

v(z) = sup B [e7h(S(T))]
wherethe supremunis over all stoppingtimes.

Optimalexerciserule: Any stoppingtime 7 which attainsthe supremum.
Characterization of v:

1. e7"'v(S(t)) isasupermartingale;
2. e "u(S(t) > e h(S(t), 0<t< oo;

3. e "w(S(t)) is thesmallesiprocesswith propertiesl and2.

25.10 Perpetual American call

(o) = sup B [ (S(r) — )]

Theorem 10.63

v(z) =2z Vz>0.
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Proof: Foreveryt,
“ et (S () - K)*]
= e (S (1) - K)
=" e_”S(t)} —-e K
=z —e K.
Lett—oo togetv(z) > z.
Now startwith S(0) = 2 anddefine
Y (t) = e "S(1).
Then:
1. Y isasupermartingalén fact,Y is amartingale);

2.V (1) > e (S(t) - K)t, 0<1< 0.

ThereforeY (0) > v(S5(0)),i.e.,
z > v(z).

Remark 25.2 No matterwhat we choose,
E*[e77(S(r) = K)T] < E*[e777S(r)] < = = v(z).

Thereis no optimalexercisetime.

25.11 Put with expiration

Expirationtime: T > 0.
Intrinsicvalue: (K — S(¢))™*.
Valueof theput:

v(t, z) = (valueof theputattimet if S(t) = z)
= sup FETe (K - S(m)*.
t<7<T

N——
T:Stoppingtime

SeeFig. 25.6. It canbe shown that v, vy, v, arecontinuousacrosshe boundarywhile v,.,. hasa
jump.

Let S(0) begiven.Then
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v> K-z v(T,2)=0, 2> K

—rv+ v+ rave + %O‘2$2UIZ =0

T

e

v=K -z v(lz)=K -2z, 0<z<K
v =0, vy = =1, vz, =0
—rv+ v+ rev, + %0‘2$2Uzz =—rK
{
T

Figure25.6: Value of putwith expiration

1. e "w(t,S(t)), 0<t<T,isasupermartingale;
2. e, S(t) > eTTHK - S(t)T, 0<t<T;

3. e7"w(t, S(t)) is thesmallesprocesawith propertiesl and2.

25.12 American contingentclaim with expiration

Expirationtime: T > 0.
Intrinsicvalue: 2 (S (t)).
Valueof the contingentlaim:

v(t,z) = 75<su£)T E=e " 00h(5(7)).

Then

TV — Uy — rTU; — %UQCEZ’Uzz >0,
v > h(z),
At every point (¢, z) € [0,7] x [0, c0), either(a) or (b) is anequality

Characterization of v: Let S(0) begiven. Then
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(@)
(b)
()
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1. e "w(t,S(t)), 0 <t <T,isasupermartingale;
2. e "u(t,S(t) > e "Th(S(1));
3. e "tw(t, S(t)) is thesmallesprocesswith propertiesl and2.
Theoptimalexercisetimeis
r=min{t > 0; o(t, (1) = h(S())}

If 7(w) = oo, thenthereis no optimalexercisetime alongthe particularpathw.
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Options on dividend-paying stocks

26.1 American option with convex payoff function

Theorem 1.64 Considerthestod price process
dS(t) =r(t)S(t) dt+ o(t)S(t) dB(t),

whee r and o are processesand r(t) > 0, 0 < ¢t < T, a.s. Thisstodk paysno dividends.
Let h(z) bea corvex functionof z > 0, andassume:(0) = 0. (E.g, h(z) = (z — K)*). An
Americancontingentclaim paying 2 (S(¢)) if exercisedat time ¢ doesnot needto be exercised
before expiration,i.e., waiting until expirationto decidewhetherto exerciseentailsnolossof value

Proof: For0 < a < 1 andz > 0, we have

h{oz) = h((1 — )0+ azx)
< (1 - a)h(0)+ ah(z)
= ah(z).

Let 7" bethetime of expirationof thecontingentlaim. For0 < ¢ < T,
B1) /T
0< —% =exps — r{u) dupy <1
< 37 p ) (u) <
andS(7") > 0, so

B(1) 5(1) ,
h (msm) < SEh(s)) )

Considera Europearcontingentclaim payingh(.S(7')) attime 7. Thevalueof this claim attime
tel0,T]is

X(t) = B(t) B [ﬁmsm)\m] .
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(2, h(x))
ah(z)|-----------------—2 | i
hlaz)|----------o~<----—3 : h i
Figure26.1: Corvex payof function
Therefore,
X@ _ 1 s(1)
50 = 5w [y o)
1 s(t) x
> w (58 sw) o] eyen
1 S(T) : :
> mh <ﬂ(t) E [m‘}'(t)]) (Jensersinequality)
= (059D (S s amat
= ﬁ(t)h <ﬂ(t) (t)) 3 is amartingale)
1
= Wh(s (1))

This shaws that the value X (¢) of the Europeancontingentclaim dominatesthe intrinsic value
h(S(t)) of the Americanclaim. In fact, exceptin degenerateasestheinequality

X(t) > h(S(t), 0<t<T,

is strict,i.e., the Americanclaim shouldnot be exercisedprior to expiration. []

26.2 Dividend paying stock

Letr ando beconstantlet § bea“dividendcoeficient” satisfying

0<dé<l.
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Let? > 0 beanexpirationtime,andlet¢; € (0,7") bethetime of dividendpayment.The stock
priceis givenby
(1) = {S(O) exp{(r — 10®)t + o B(1)}, 0<t<ty,
(1= 0)S(t1) exp{(r — 0%)(t — t1) + o(B(t) — B(t1))}, th<t<T.

Consideran Americancall on this stock. At timest € (¢1,7), it is notoptimalto exercise,sothe
valueof thecallis givenby the usualBlack-Scholesormula

v(t,z) = aN(dp (T —t,2)) — Ke " T IN@_(T —t,2)), t,<t<T,
where

1 x 9

At timet,, immediatelyafter paymentf thedividend thevalueof thecall is
v(ty, (1—8)S(t1)).
At timet;, immediatelybefore paymenibf thedividend,thevalueof thecall is
w(ty, S(t1)),

where
w(ty, z) = max {(z — K)t, v(ty, (1 - 8)z}.

Theorem 2.65 For 0 < ¢ < t;, thevalueof the Americancall is w(t, S(t)), whee
w(t,z) = B [e Dty S(t))]
Thisfunctionsatisfieghe usualBladk-Sdolesequation
—rw 4+ wy + rrw, + %UQ,rZwm =0, 0<t<ty, >0,
(whee w = w(t, z)) with terminalcondition
w(ty, r) = max {(z — K)¥, v(ty,(1-8)z)}, = > 0,

andboundarycondition
w(t,0)=0, 0<t<T.

Thehedgingportfolio is

A@:{WWS@% 0<t<ty,
ve(t,8(1), i <t<T.

Proof: We only needto shav thatan Americancontingentlaimwith payof w(t;, S(¢1)) attime
t; neednotbeexercisedbeforetime ¢;. Accordingto Theoreml.64,it sufficesto prove

1. w(ty,0) =0,
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2. w(ty,z) isconvexin z.

Sincev(t;,0) = 0, we haveimmediatelythat
w(t1,0) = max {(0 — K)*, v(ty,(1-6)0)} = 0.

Toprovethatw(ty, z) is corvex in z, weneedto shaw thatwv(ty, (1—6)z) is corvex is z. Obviously,
(z — K)* is convex in z, andthe maximumof two corvex functionsis corvex. The proof of the
convexity of v(ty, (1 — &)z) in  is left asahomevork problem. ]

26.3 Hedgingat time ¢,

Letz = S(tl)

Casel: v(ty,(1—8)z) > (z — K)™*.
The optionneednot be exercisedat time ¢; (shouldnot be exercisedf theinequalityis strict). We
have

w(ty, ) = v(ty, (1 - 0)z),
A(ty) = we(ty,2) = (1 = 8ve(tr, (1= 8)z) = (1 — ) A(L1+),

where
A(ti+) = lim A(¢)

tt1

is thenumberof sharesof stockheld by the hedgemmediatelyafter paymenif thedividend.The
post-dvidendpositioncanbe achieved by reinvestingin stockthe dividendsreceved on the stock
heldin thehedgeIndeed,

Altat) = %A(tl) — At) + %A(tl)

) )
B SA(t1)S(t1)
= A0 )5 )
dividendsreceved

= #of sharesieldwhendividendis paid-+ price persharewhendividendis reirvested

Casell: v(ty, (1 —d)z) < (z — K)*.

Theownerof theoptionshouldexercisebeforethedividendpaymentttimet; andreceve (z — K).
The hedgehasbeenconstructedothesellerof the optionhasz — K beforethe dividendpayment
attimet, . If theoptionis notexercisedijts valuedropsfrom z — K to v(ty, (1 — é)z), andtheseller
of the optioncanpocketthe differenceandcontinuethe hedge.



Chapter 27

Bonds,forward contracts and futur es

Let {W(t), F(¢); 0 < ¢ < T} beaBrownian motion (Wienerprocesspn some(2, 7, ). Con-
sideranassetwhich we call a stock,whosepricesatisfies

dS(t) = r(t)S(t) dt + o(t)S(t) dW (t).

Here,r ando areadaptedprocessesandwe have alreadyswitchedto the risk-neutralmeasure,
which we call IP. Assumethat every martingaleunder /P canbe representedsanintegral with
respecto .

Definetheaccumulatiorfactor

B(t) = exp {/Ot r(u) d.u} .

A zero-couporbond,maturingattime 7', paysl attime 7" andnothingbeforetime 7. According
to therisk-neutralpricing formula,its valueattime ¢ € [0, 7] is

B(t,T) = B(1) I [ﬁ‘f(t)]
—E [%‘m)

=F [exp {—/tTr(u) du} ‘]—'(t)l .

Given B(t, T) dollarsattime ¢, onecanconstructa portfolio of investmenin the stockandmoney
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marketsothatthe portfolio valueattime 7" is 1 almostsurely Indeed for someprocessy,

B(,T) = 8(1) IE [ﬁ‘m)]

martingale
=50 [ (575) + [ 70 awa)]

o [Bo.1+ [0 dW(u)] ,

dB(t,T) = r(t)B( [ 0T+/ ]dt—i—ﬂ()()dW(t)
=r()B(t,T) dt + B(t)y(t) dW(1).

Thevalueof aportfolio satisfies
dX(t)=A@) dS(t)+ r(t)[X () — A(t)S(¢)]dt
*)

We set

If, atary timet, X (t) = B(t,1") andwe usetheportfolio A(u), ¢t <« < T, thenwewill have
X(T)=B(T,T) =

If »(¢) is nonrandonfor all ¢, then

B(t,T) = exp {— /tTr(u) du} )

dB(t,T) = r(t)B(t,T) dt,

i.e.,7 = 0. ThenA givenaboveis zero.lIf, attimet, youaregiven B(¢, T') dollarsandyou always
investonly in themone/ marketthenattimel” you will have

B(t,T) exp{/tTr(u) du} = 1.

If r(¢) is randomfor all ¢, then~ is not zero. One generallyhasthreedifferentinstruments:the
stock,the mong/ market,andthe zerocouponbond. Any two of themaresufficient for hedging,
andthetwo which aremostcornvenientcandependn theinstrumenteinghedged.
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27.1 Forward contracts

We continuewith the set-upfor zero-couporbonds. The T-forward price of the stock at time
t € [0,7] is the F(¢t)-measurablgrice, agreeduponattime ¢, for purchaseof a shareof stockat
time T, chosersotheforwardcontracthasvaluezeroattime. In otherwords,

E [ﬁ (S(T) = F(1)) ‘}'(t)] —0, 0<i<T.

We solvefor F(¢):

0= |55 (5(1) - £0) |70
R
_ % _ %B(t,T).
Thisimpliesthat
PO = 57y

Remark 27.1(Valuevs. Forward price) The T-forward price F'(¢) is not the valueat time ¢ of
the forward contract. The valueof the contractat time ¢ is zero. F'(t) is the price agreeduponat
time ¢ whichwill bepaidfor thestockattimeT'.

27.2 Hedgingaforward contract

Entera forwardcontractattime 0, i.e., agreeto pay F'(0) = %O)T) for a shareof stockattime 7.

At time zero,this contracthasvalue0. At latertimes,however, it doesnot. In fact, its valueattime
tel0,T]is
1

V() = 50) I 555 (5(T) = F0) ()
= o) 1 [ S| 0] - o) [ Fo]
_ )30 _
= ()3 - FO)B.T)

=S() - F(0)B(t,T).
This suggestshefollowing hedgeof a shortpositionin theforwardcontract.At time 0, short#(0)
T-maturityzero-couporbonds.This generategncome
S(0)

FOBO.T) = 5075

B(0,T) = S(0).
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Buy oneshareof stock. This portfolio requiresno initial investment.Maintain this positionuntil
time T, whenthe portfolio is worth

S(T) - F(0)B(T,T) = S(T) — F(0).

Deliver the shareof stockandreceve payment?’(0).

A shortpositionin the forward could alsobe hedgedusingthe stockand monegy market,but the
implementatiorof this hedgewouldrequireaterm-structurenodel.

27.3 Futurecontracts

Futurecontractsaredesignedo remove therisk of defaultinherentin forward contracts.Through
the device of markingto market the valueof the future contractis maintainedat zeroat all times.
Thus,eitherparty cancloseout his/herpositionatary time.

Let usfirst considetthe situationwith discretetradingdates
O=to<ti<...<t,=T.

Oneach(t;, ¢;41), r is constantso

is F (tx)-measurable.

Enterafuture contractat time ¢, takingthelong position,whenthe future priceis ®(¢). At time
tr+1, Whenthefuture priceis ®(¢x+1), youreceve a payment®(t;41) — ®(¢). (If thepricehas
fallen, you makethe payment—(®(¢x4+1) — ®(tx)). ) The mechanisnfor receving andmaking
thesepaymentss themargin accountheld by the broket

By time T = t,,, youhave recevedthe sequencef payments

B(ts1) = B(14), D(liyz) = P(lisr), - B(tn) = B(tny)
attimestyy1,tky2,-..,t,. Thevalueattimet = ¢, of thissequencées
n—1 1
B0 B | T 5 (B(1) - 2(5) \f(t)} .

Becauseét costsnothingto enterthe future contractattime ¢, this expressiormustbe zeroalmost
surely
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Thecontinuous-timeversionof this conditionis
T 1 p
t) I —— dd(u
B[ 5 42w
Notethat5(t;41) appearingn thediscrete-timeversionis 7 (¢;)-measurableasit shouldbe when
approximatinga stochastiéntegral.

}'(t)] =0, 0<t<T.

Definition 27.1 TheT'-future price of the stockis ary F (¢)-adaptedstochastigrocess
{o(t); 0<t < T},
satisfying
¢(T)=S5(T) a.s.,and (@)
S |

E[ t qu)(u)

Theorem 3.66 Theuniqueprocesssatisfying(a) and(b) is

}'(t)] =0, 0<t<T. (b)

o) = IF [S(T)‘}'(t)] 0<t<T.

Proof: We first show that (b) holdsif andonly if ® is a martingale.If ¢ is a martingalethen
I ﬁ d®(u) is alsoamartingale so

E[ Tl e

o }'(t)] _ /0 L o)

(u)

}'(t)] —E [/Ot % 4% (u)

= 0.

Ontheotherhand,if (b) holds,thenthemartingale

T
M) = E VO % 4 () }'(t)]
satisfies
M(l) = /Ot ﬂ(lu) 49 (u) + IE fﬁ 4 () }'(t)]
to1
/0 Gy 48, 0<<T
thisimplies
1
AM (1) = o 4901,
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andso @ is amartingalg(its differentialhasno dt term).

Now define
() =F [S(T)‘f(t)] , 0<t<T.

Clearly(a)is satisfied By thetower property ® is amartingale so(b) is alsosatisfied.Indeed this
® is theonly martingalesatisfying(a). [

27.4 Cashflow from a futur e contract

With aforwardcontractenteredattime 0, thebuyeragreedo pay £'(0) for anassevaluedat S (7).
Theonly payments attimeT".

With a future contract,enteredat time O, the buyer recevesa cashflow (which may at timesbe
negative) betweertimes0 and7'. If hestill holdsthe contractattime7’, thenhe paysS(7) attime
T for anassewvaluedat .S (T"). Thecashflow recevedbetweertimes0 and7’ sumsto

T
/ d®(u) = B(T) — B(0) = S(T) — (0).
0
Thus,if thefuture contractholdertakesdelivery attime 7', hehaspaidatotal of
(@(0) = S(T)) + S(T) = 2(0)

for anassewaluedat S (7).

27.5 Forward-futur espread

Futureprice: ®(t) = I [S(T)‘}‘(t)].

Forwardprice:

If ﬁ andS(T) areuncorrelated,
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If ﬁ andS(T) arepositively correlatedthen

@(0) < F(0).

This is the casethata rise in stockpricetendsto occurwith afall in the interestrate. The owner
of thefuturetendsto receve incomewhenthe stockpricerises,but investsit ata declininginterest
rate. If the stockprice falls, the owner usually must makepaymentson the future contract. He
withdravsfrom themoney marketto dothisjustastheinterestraterises.In short,thelong position
in the future is hurt by positive correlationbetweenﬁ(LT and S(7'). The buyer of the future is
compensatety areductionof the future pricebelow the forwardprice.

27.6 Backwardation and contango

Suppose
dS(t) = pS(t) dt + aS(t) dW (¢).

Defined = 427 W (1) = 0t + W (1),

g

Z(T) = exp{—6W(T) — 16°T7}
P(A) = / Z(T) dIP, VA ¢ F(T).
A
ThenW is a Brownianmotionunder/P, and
dS(t) = rS(t) dt + oS(t) dW (1).

We have

S(t) = S(0) exp{(n — 30°)t + oW (1)}
= S(0) exp{(r — Lot + oW ()}

Becauseﬁ(l—T) = eI isnonrandomS (T) andﬁ areuncorrelatedinder/P. Therefore,
o(t) = E[S(T)|F(1)]
= F(t)
_ S ey
=BT =e S(t).

The expectedfuture spotprice of thestockunder/P is

ES(T) = $(0)e*" I [exp {~L1o™T + oW (1) }]
=e"15(0).
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Thefuturepriceattime0 is
®(0) = e 15(0).

If x> r,then®(0) < IS (7). Thissituationis callednormalbadkwardation(seeHull). If @ < r,
then®(0) > I£S(T). Thisis calledcontango.
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Term-structure models

Throughouthis discussion{W (¢); 0 < ¢ < T*} is aBrownianmotionon someprobabilityspace
(Q, F,P),and{F(t); 0 <t < T} isthefiltration generatedby WW'.

Supposeve aregivenanadaptednterestrate process{r(t); 0 <t < 7™ }. We definetheaccumu-
lation factor

ﬂ(t):exp{/otr(u) du}, 0<t<T™

In aterm-structurenodel,we takethezero-couporbonds(“zeroes”)of variousmaturitiesto bethe
primitive assetsWe assumehesebondsaredefault-freeandpay $1 atmaturity For0 < ¢ < T <
T*, let

B(t,T) = priceattimet of thezero-couporbondpaying$lattimeT'.

Theorem 0.67(Fundamental Theorem of AssetPricing) A termstructure modelis freeof arbi-
trageif andonly if there is a probability measue P on Q2 (a risk-neutal measue) with the same
probability-zeo setsas [P (i.e., equivalentto /P), sud thatfor ead 7" € (0, 7], theprocess

0<t<T,

is a martingaleunder P.
Remark 28.1 We shallalwayshave
dB(t,T) = p(t, T)B(t,T) dt+ p(t, T)B(t,T)dW(t), 0<t<T,
for somefunctionsy(¢,7) andp(t, T'). Therefore
B(t, T)) ( 1 ) 1
d( =B, T)d|— )+ —dB(,T
s ) = PO G ) e Ben)

= (e 1) = r(0) 2 e, 7)

B(t,T)
B(t)

dw (1),

275
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so [P is arisk-neutraimeasuréf andonly if x(¢,7'), themeanrateof returnof B(¢, T") under/P, is
theinterestrater(¢). If themeanrateof returnof B(¢, T') under/P is notr(¢) ateachtime ¢ andfor

eachmaturity 7', we shouldchangeto a measurdP’ underwhich the meanrateof returnis »(t). If
sucha measuraloesnot exist, thenthe modeladmitsanarbitrageby tradingin zero-couporbonds.

28.1 Computing arbitrage-fr eebond prices: first method

Begin with a stochastidifferentialequation(SDE)
dX (t)=al(t, X (1)) dt +b(t, X (t)) dW(1).

The solution X (¢) is the factor. If we wantto have n-factors, we let W be an n-dimensional
Brownianmotionandlet X beann-dimensionaprocessWe let theinterestrater(¢) beafunction
of X (¢). In theusualone-factormodels,we taker(¢) to be X (¢) (e.g.,Cox-Ingersoll-RossHull-

White).

Now thatwe have aninterestrateprocess{r(t); 0 < ¢ < 7™}, we definethe zero-couporbond
pricesto be

B(t,T) = B(1) [%

=F [exp{—/tTfr(u) du} ‘]—'(t)l , 0t <T < T™

20

We shovedin Chapter27 that
dB(t,T)=r(t)B(t,T) dt + p(t)y(t) dW(¢)

for someprocessy. SinceB(t, T') hasmearrateof returnr(¢) underiP, IP is arisk-neutraimeasure
andthereis no arbitrage.

28.2 Someinterest-ratedependentassets

Coupon-payingbond: PaymentsP;, P, ..., P, attimesT,Ts, ... ,T,. Priceattimet is

> BBt Ty).

{k:t<Tk}

Call option on a zero-couponbond: Bond maturesattime 7. Option expiresattime 7y < T.
Priceattimet is

(B(Ty,T) — K)*

}‘(t)], 0<t<T
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28.3 Terminology

Definition 28.1(Term-structure model) Any mathematicainodelwhich determinesat leastthe-
oretically, the stochastiprocesses

B(t,T), 0<t<T,
forall T € (0,77].

Definition 28.2(Yield to maturity) For 0 < ¢t < 7" < T, theyield to maturity Y (¢, T') is the
F (t)-measurableandom-ariablesatisfying

B(t,T)exp {(T - )Y (1, T)} = 1,

or equivalently,
Y(t,T)=-

log B(t,T).
7 loeB(L,T)

Determining
B(t,T), 0<t<7T<T7,

is equivalentto determining
Y(,T), 0<t<T<T™

28.4 Forward rate agreement

Let0 <t < T < T+ e < T* begiven. Supposeg/ouwantto borronv $1 attime 7" with repayment
(plusinterest)attime T + ¢, ataninterestrateagreeduponattime t. To synthesize forward-rate
agreemento dothis, attime ¢ buy a 7-maturity zeroandshort B](BtftT’ﬂ) (T + €)-maturity zeroes.
Thevalueof this portfolio attime ¢ is

B(t,T)

B.T) - B(t,T +¢)

B(t,T +¢€) = 0.

At time T', you receve $1 from the T-maturity zero. At time 7' 4 ¢, you pay $ %. The

t,T+e
effective interestrateon thedollaryoureceve attime 7" is R(t, 1,1 + ¢) givenby

% = exple R(LT,T+ 0},
or equivalently,
RULT, T+ 6) = _log B(t,T + 61 — logB(t,T)‘
Theforward rateis
fi¢,T)= lﬁifg R(t,T,T+¢) = —%log B(t,T). (4.1)
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Thisis theinstantaneousterestrate,agreeduponattime ¢, for mongs borrovedattime7'.
Integratingthe above equationwe obtain

T T 9
/t flt,u) du= —/t a—ulogB(t,u) du
u=T
= —log B(t, u)

u=t

= _IOgB(th)v

SO

B(t,T) = exp{—/tTf(t,u) du}.

Youcanagreeattimet to receveinterestrate f(¢, u) ateachtimew € [¢,T']. If youinvest$ B(¢,T')
attimet¢ andreceve interestrate f (¢, u) ateachtime « betweert and?’, thiswill grow to

B(t,T) exp{/tTf(t,u) du} =1

attimeT'.

28.5 Recovering the interestr(¢) fromthe forward rate

B(t,T)=F -exp{—/tTr(u) du} ‘]—'(t)] ,

%B(t, 1) = | =T exp {— /tT r(w) du} ‘}'(t)] ,

0
8_TB(t7 T)

=k :—r(t)‘}'(t)] _—

Ontheotherhand,

B(t,T) = exp{—/tTf(t,u) a’.u},

%B(t,T) — (T exp{— /tTf(t,u) du} ,
P
G BT =1,

Conclusionr(t) = f(t,t).
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28.6 Computing arbitrage-fr ee bond prices: Heath-Jarr ow-Morton
method

Foreachl’ € (0,77, lettheforwardratebe givenby
t 13

£(t,T) :f(O,T)—|—/ a(u, T) du—}—/ o(u, T) dW(u), 0<t<T.
0 0

Here{a(u,T); 0 < u < T} and{o(u,T); 0 < u < T} areadaptegrocesses.

In otherwords,
df(t,T) = a(t,T) dt + o(t,T) dW (2).

B(t,T) = exp{—/tT ft,u) du}.

d{—/tTf(t,u) du} — f(t,0) dt—/tTdf(t,u) du

T
— (1) a’.t—/t la(t, u) di + o (t, u) dW ()] du

— (1) di — l/Ta(t,u) du] di - l/TU(t,u) du] dw (1)

a*(t,T) o*(t,T)
= r(t) dt — o* (1, T) dt — o*(t,T) dW (2).

Recallthat

Now

Let
g(z) =€, g'(z) =€, ¢"(z) = €".
Then
T
B(t,T) =g (—/t £t ) du) ,
and

dB(t,T) = dg (- /tTf(t, w) du)

:g/(—/Tf( )du) rdt —a* di — o* dW)
_I_

%g” (— du)
L(
5 (¢

= B(t,T) [r(t) - o*(t,T) +
—o*(t, T)B(t,T) dW(t).

T))}d
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28.7 Checkingfor absenceof arbitrage

IP is arisk-neutralmeasuréf andonly if

a*(t,T) =L (*(t,T))*, 0<t<T<T,

T T 2
/ a(t,u) du:%(/ o(t,u) du) , 0<t<T<T". (7.1)
1 1
Differentiatingthisw.r.t. T', we obtain
T
aft, T) = a(t,T)/ o(t,u) du, 0<t<T<T" (7.2)
t

Not only does(7.1)imply (7.2),(7.2) alsoimplies(7.1). Thiswill beahomevork problem.

Suppos€7.1)doesnot hold. Then [P is not a risk-neutralmeasurebut theremight still be a risk-
neutralmeasureLet {#(¢); 0 <t < T*} beanadaptegprocessanddefine

W (1) :/Ote(u) du + W(b),

Z(t) :exp{—/ote(u) AW (u) — %/Ot 02 (u) du},
P(A) :/AZ(T*) AP YA € F(T™).

Then

JB(t,T) dW (t)
r(t) — o (t, 1)+ (o™ (t,T))* + a*(t,T)H(t)} dt
~o*(t, T)B(t,T) dW(t), 0<t<T.
In orderfor B(t, T to have meanrateof returnr(t) under/P, we musthave
o (t,T) = (o™ (t, 7)) + o*(t,1)B(t), 0<t<T <T* (7.3)
Differentiationw.r.t. T' yieldsthe equivalentcondition
at,T)=oc(t,T)o"(t, T)+o(t, T)0(t), 0<t<T <T~. (7.4)

Theorem 7.68(Heath-Jarr ow-Morton) For eah 7" € (0,77, let a(w,7), 0 < » < T, and
o(u,7),0 < u < T, be adaptedprocessesand assumes(u,7’) > 0 for all w and7". Let
£(0,7), 0 <t <T*, beadeterministidunction,anddefine

f(t,T):f(O,T)+/()ta(u,T) du—l—/ota(u,T) aw ().
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Thenf(t,T7), 0 <t < T < T is afamily of forward rate processesor a term-structue model
withoutarbitrage if and only if there is an adaptedprocesd(t), 0 < ¢ < T, satisfying(7.3), or
equivalentlysatisfying(7.4).
Remark 28.2 Under P, the zero-couporbondwith maturity 7 hasmeanrateof return

r(t) = o (1,T) + L(o*(1,T))?
andvolatility o*(¢,7"). Theexcessmeanrateof return,above theinterestrate,is

—Oz*(t, T) + %(U*(tv T))27

andwhennormalizedby thevolatility, this becomeghe marketprice of risk

—Oz*(t, T) + %(U*(tv T))2
o*(t,T)

Theno-arbitrageconditionis thatthis marketpriceof risk attime ¢t doesnotdependnthematurity
T of thebond.We canthenset
—o*(1,T) + H(o™(t,1))?

o*(t,T) ’

o(t) = —

and(7.3)is satisfied.
(Theremaindeiof this chaptemwastaughtMar 21)

Supposdhe marketprice of risk doesnot dependon the maturity 7', sowe cansolve (7.3) for 6.
Pluggingthisinto the stochastidifferentialequatiorfor B(¢, T'), we obtainfor every maturity 7°:

dB(t,T) = r(t)B(t,T) dt — o™ (t,T)B(t,T) diW ().

Becausd7.4)is equivalentto (7.3), we may plug (7.4) into the stochastidifferentialequationfor
f(¢t,T) to obtain,for every maturity 7°:

df (t,T) = [o(t, T)o™(t, T) + o (t, T)B(t)] dt + o (t, T) dW ()

= o(t,T)o™(t,T) dt + o(t,T) dW (t).

28.8 Implementation of the Heath-Jarr ow-Morton model

Choose
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Thesemaybe stochastiprocessedyut areusuallytakento be deterministidunctions.Define

a(t,T) = o(t, T)o"(t,T) + o(t, T)8(L),

Let f(0,7), 0 <7 < 7T*, bedeterminedy themarket;recallfrom equation(4.1):

i
<T<T"
~oplog B(O,T), 0<T<T

f(0,T) =
Thenf(¢,T) for 0 <t < T is determinedy theequation
df(t,T) = o(t,T)o*(t,T) dt + o(t,T) dW (1), (8.1)
this determinegheinterestrateprocess

r(t) = f(t,1), 0<t<T7, (8.2)

andthenthe zero-couporbondpricesaredetermineddy theinitial conditionsB(0,7), 0 < 7' <
T*, gottenfrom the market,combinedwith the stochastidifferentialequation

dB(t,T) = r(t)B(t,T) dt — o™ (t, T)B(t,T) di (). (8.3)

Becausall pricing of interestratedependenassetsill bedoneundertherisk- neutrarneasureﬂD
underwhich W is a Brownian motion, we have written (8.1) and (8.3) in termsof W ratherthan
W. Writtenthisway, it is apparenthatneitherg(¢) nora(t, 7') will entersubsequertomputations.
Theonly processvhichmattersso(¢,7), 0 <t < T < T*, andtheprocess

T
o (t,T) = / o(t,u)du, 0<t<T<T7, (8.4)
t

obtainedrom o (¢, 7).
From (8.3)we seethato*(t,1T') is the volatility attime ¢ of the zerocouponbondmaturingat time
T. Equation(8.4)implies

o (T, T)=0, 0<T<T~ (8.5)
Thisis because3(T',7') = 1 andsoast approached’ (from below), thevolatility in B(¢,7") must
vanish.

In conclusionfo implementheHJM model,it sufficesto have theinitial marketdataB(0,7"), 0 <
T < T, andthevolatilities
o (t,T), 0<t<T<T™
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We requirethato* (¢, 7") bedifferentiablein 7" andsatisfy(8.5). We canthendefine

o(t,T)= (?%U*(t, T),

and(8.4)will besatisfiedbecause

o*(t,T) = o™ (t,T) — o™ (1, 1) = /tT aia*(t, ) du.

U

We thenlet W bea Brownianmotionundera probabilitymeasureP, andwelet B(¢,T), 0 < t <
T < T*, begivenby (8.3), wherer(t) is givenby (8.2)and f(¢,7) by (8.1). In (8.1) we usethe
initial conditions

£(0,T) = —(_%mgB(Oj), 0<T<T"

Remark 28.3 It is customaryin the literatureto write W ratherthan W and IP ratherthan 713,
sothat [P is the symbol usedfor the risk-neutralmeasureand no references ever madeto the
marketmeasureTheonly parametewhich mustbeestimatedrom themarketis thebondvolatility
o*(t,T), andvolatility is unafectedby the changeof measure.
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Chapter 29

Gaussianprocesses

Definition 29.1(GaussianProcess)A GaussiarmprocessX (t), ¢t > 0, is astochastigrocesswith
the propertythatfor every setof times0 < ¢; < ¢y < ... < t,, thesetof randomvariables

X(t1), X(t2),..., X(tn)
is jointly normallydistributed.
Remark 29.1 If X is aGaussiamprocessthenits distributionis determinedy its meanfunction
m(t) = EX(t)
andits covariancefunction
p(s,1) = IE[(X(s) = m(s)) - (X (1) — m(1))].

Indeedthejoint densityof X (1), ..., X (¢,) is

P{X(t1) € dzy,...,X(t,) € dz,,}

= mexp {—%(X —m(t)) - X7 (x - m(t))T} dzy ... dz,,
where}. is the covariancematrix
p(titr) pltta) ... plia,tn)
5= pltat1) plla,ta) ... pliz,tn)
pltnst1) pllnta) o pllastn)
x istherow vector[zy, zo, . .. , z,], t istherowvector(ty, t5, . .. , t,], andm(t) = [m(t1), m(t2), . ..

Themomentgeneratingunctionis

EQXP {Z ukX(tk)} = exp{u m(t)T + %u LY. uT} ’
k=1

whereu = [uy, ug, ..., uy,)].
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29.1 An example: Brownian Motion

BrownianmotionW is aGaussiamproceswith m(¢) = 0 andp(s,t) = sAt. Indeedjf 0 < s < ¢,
then

pls,t) = E[W ()W ()] = IE [W(s) (W (1) — W(s)) + W(s)]
= IEW (s).0E (W (t) — W (s)) + EW?(s)
= EW?(s)
=sAL.

To prove thataprocesss Gaussianpnemustshaov that X (¢4), . .., X (¢,,) haseitheradensityor a
momentgeneratingunctionof the appropriatform. We shallusethe m.g.f.,andshall cheata bit
by consideringonly two times,whichwe usuallycall s andz. We will wantto show that

021 022] |U2

IEexp {u1 X (s) + u2 X (1)} = exp {ulml + ugmy + S[ug us] lan Ul?] [M] } .

Theorem 1.69(Integral w.r.t. a Brownian) Let W (¢) be a Brownianmotionand é(¢) a nonran-
domfunction.Then

t
X (1) = / 5(u) AW (u)
0
is a Gaussiarprocesswith m(t) = 0 and

p(s,t) = /OSM 6% (u) du.

Proof: (Sketch.)We have

dX = 3§ dw.
Therefore,
de" X ) = ue" X5 (s) dW (s) + Lue X952 (s) ds,
X (3) = uX ) 4y, / "X (0) dW (v) +1u? / X () do,
Martingale
EeX®) =1 1 Ly? / "5 (v) X ) do,
diiﬂ;e“X (6) = 14252 (s) e X (e,

EeuX(s) — €uX(O) exp {%UQ /s 62(?]) dU} (ll)
0

:exp{%uQ/o §%(v) dv}.

Thisshavsthat X (s) is normalwith mean0 andvariancef; 6%(v) dv.
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Now let0 < s < ¢ begiven.Justasbefore,
de" X = we XD (1) dW (1) + Lue X M52 (1) dt.
Integratefrom s to ¢ to get
h t t
X () = guX(s) 4 u/ 5('v)e“X(”) dw(v) + %UQ/ 52(’U)GUX(U) dv.

TakelE]. . .|F(s)] conditionalexpectationsindusethe martingaleproperty

E [ / " 5(0)e X gy (v) (s)] —E [ /0 C5(0) e X gy (v) (s)] - /0 T 5(0)e X @) qw (v)

=0
to get
E [e“X(t) f(s)] = "X () 4 1y / 8 (0)E [e“X(U) }'(s)] dv
ZE[ X(1) (s)] — LR ()E [e“x(t) }'(s)] iz
The solutionto this ordinarydifferentialequationwith initial time s is
E [euX@‘) }'(s)] — X (0) exp{%uQ / " 5(w) dv}, t>s. (1.2)

We now computethem.g.f. for (X (s), X (¢)), where0 < s < ¢:

(S)] _ X0 [eng(t) (S)]

(L2 (ur+uz)X <>exp{ / 2(y) d }
E {eulX(s)-}—ng(t)} _ E{E [eul;z( VX ()] 7 ]}

{50} e {1 [ 520) de)
(l—)exp{ (1 + uz)? / §2(v) dv + Lul /5 (v)dv}
_exp{ (u1—|—2u1u2)/0 52 (v) dv + Lu? /Ot&’@) dv}
i £}

This showsthat (X (s), X (t)) is jointly normalwith X (s) = I2X () = 0,

EX?(s) :/0552(1}) dv,  EX(1) :/Ot(s‘é’(v) dv,

E[X(s)X (1)] = /0 52(v) do.

E [eulX(s)+u2X(t)
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Remark 29.2 The hard part of the above agument,and the reasonwe use momentgenerating
functions,is to prove thenormality The computatiorof meansandvariancesloesnot requirethe
useof momentgeneratingunctions.Indeed,

X () = /0 " 5(u) AW (w)
is amartingaleand X (0) = 0, so
m(t)=FEX({t)=0 Vt>0.

For fixeds > 0,
EX?(s) = / 52(v) do

by theltd isometry For 0 < s < ¢,

BLX (s)(X (1) = X(5))]

Il
—
e
o~~~
P
=
»
=
S
|
S
—
=
_—
Kﬁ
S~~~
o
H,—/
—

Therefore,
EIX (s)X (1)] = EIX (s)(X () = X (5)) + X*(s)]
— EX2s) = [ 82(v) do.
0
If § wereastochastiproesstheltd isometrysays

EX%(s) = / E6(v) dv
0
andthe sameargumentusedabore shaovsthatfor 0 < s < ¢,
E[X(5)X ()] = EX%(s) = / E6(v) do.
0

However, when$ is stochastic, X is not necessarilya Gaussiarprocessso its distribution is not
determinedrom its meanandcovariancefunctions.

Remark 29.3 Whené is nonrandom,

X(t) = /0 " 5(u) AW (w)

is alsoMarkov. We provedthisbefore but noteagainthatthe Markov propertyfollowsimmediately
from (1.2). Theequation(1.2) saysthatconditionedon F(s), thedistributionof X (¢) depend®nly
on X (s); in fact, X (¢) is normalwith meanX (s) andvariancef! §(v) dv.
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@) (b)

(©

Figure29.1: Rangeof valuesof y, z, v for theintegralsin the proof of Theoem1.70.

Theorem 1.70 Let W(¢) be a Brownianmotion,andlet §(¢) and &(t) be nonrandomfunctions.
Define

ThenY is a Gaussiarprocesswith meanfunctionmy (¢) = 0 andcovariancefunction

py(s,t) = /OSM 6% (v) (/Ush(y) dy) (/:h(y) dy) dv. (1.3)

Proof: (Partial) Computationof py (s,t): Let0 < s < t begiven. It is shovn in a homevork
problemthat (Y (s), Y (¢)) is ajointly normalpair of randomvariables Herewe obsene that

my (1) = EY (1) = /Ot h(u) EX (u) du = 0,

andwe verify that(1.3) holds.



py (s,t) = IE [Y(s)Y(t)]

We have
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X (u) duis

11
0

6(u) dW (u), the processyY (t) = |,

11
0

Remark 29.4 Unlike the processX (t) = |,
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neitherMarkov noramartingaleFor0 < s < ¢,
mmmﬂmzéwwuwwwwﬂfmmm@m
:Y@+AH@EW@
:Y@+/%wu@mu
t

:Y@+X@/hwm%

S

7o)

F(s)] du

wherewe have usedthefactthat X is a martingale.The conditionalexpectationE'[Y (¢)| F(s)] is
notequalto Y (s), noris it afunctionof Y (s) alone.
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Chapter 30

Hull and White model

Consider

dr(t) = (a(t) = S(t)r(t) dt + o (t) dW(1),
wherea(t), 5(t) ando (t) arenonrandonfunctionsof ¢.
We cansolve the stochastidifferentialequation.Set

KKU::LAtﬂ(u)du.

Then
d (K00 (1)) = K10 (ﬂ(t)r(t) di + dr(t))
= ef® (a(t) dt + o (1) dW (1)).
Integrating,we get
KOy 0)+ / ) du + / W (u),
50

r(t) = e K [ +/ du+/ @ﬂ.

FromTheoreml.69in Chapter29, we seethatr(t) is a Gaussiarprocesswvith meanfunction

my(t) = e KO [r(O) + /Ot ef W (u) du] (0.1)

~ " SAT "
pr(s,t) = e K=K (t)/o 2K (W62 (4) du. 0.2)

andcovariancefunction

Theprocess:(t) is alsoMarkov.
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We wantto study f;| r(t) dt. To dothis, we define

X (1) = /0 " K Wo () dW (W), Y (T) = /0 L KO X (1) au.

Then

- i - -
r(t) = e KO [r 0 —|—/ KW (u) du] +e KO X (1),

/OTr() - —M[ +/ du] di + Y (T).

Accordingto Theoreml.70in Chapte|29,f0T r(t) dt is normal.lts meanis

T
E/ r(t)dt:/ —K( [ +/ ]dt,
0
andits variances
T
var (/ r(t) dt) = EY*(T)
0
T T 2
:/ W52 (y) (/ e KW dy) dv.
0 v
Thepriceattime 0 of azero-couporbondpaying$l attime 7" is
T
B(O,T):]Eexp{ / ()dt}
T
= exp{ ]E/ t) dt + (-1)% var (/ r(t) dt)}
:exp{—r(O)/ —K( dt—/ / ~KO+HEW) o () du di
0
gl / 2K () 52 (/ —Ix()dy) dv}

= exp{—r(0)C(0,T) — A(0,7)},

where

T .
C0,T) = / KO gy,

T T :
A(0,T) / / ~KO+KW) o (u) du dt — / 2K g2 (p) (/ e KW dy) dv.
0 v

(0.3)
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= u
Figure30.1: Rangeof valuesof «, ¢ for theintegral.

30.1 Fiddling with the formulas
Notethat(seeFig 30.1)
T rt . -
/ / e KOTKW) o (4) du dt
0 0

T T - -

= / / e KO+EW) o (4) dt du
0 u
T -

T
(y=t; v=u) = / KW (v) (/ e~ KW dy) dv.
0 v

Therefore,

T - T - - T - 2
A(0,T) :/ KW (o) (/ e~ KW dy) - %GQA(U)O'Q(U) (/ e KW dy) dv,
0 v v

T .
c(0,7) :/ e K@) gy,

B(0,7T) = exp {—r(0)C(0,7) — A(0,T)}.

Considetthepriceattimet € [0, 1'] of thezero-couporbond:

B(t,T)=F [exp{—/tTr(u) du} ‘]—'(t)] .

Because is aMarkov processthis shouldberandomonly througha dependencen r(¢). In fact,

B(t,T)=exp{-r()C(t,T) - A(t,T)},
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where

T - T - - T - 2
A(t,T) = / KW o (v) (/ e KW) dy) — 12K ©) o2 (v) (/ e KW dy) dv,
t v v

. T .
C(t,T) = K0 / KW gy,

t

Thereasorfor thesechangess thefollowing. We arenow takingtheinitial time to bet ratherthan
zero,soit is plausiblethat [ ... dv shouldbereplacedy [ ... dv. Recallthat

andthis shouldbereplacedy

Similarly, K (y) shouldbereplacedvy K (y) — K (¢). Making thesereplacements A(0,7"), we
seethatthe K (¢) termscancel.In C'(0, T'), however, the K (¢) termdoesnot cancel.

30.2 Dynamicsof the bond price

LetCy(¢,T) and A¢(¢, T') denotethe partial derivativeswith respecto ¢. Fromtheformula
B(t,T) =exp{-r(t)C(t,T) — A(t,T)},
we have
dB(t,T) = B(t,T) [~C(t,T) dr(t) = YC*(1,T) dr(t) dr(t) — r(t)Co(t, T) dt — Ay(t, T) di]

— B(,T) [ _C,T) (alt) — B)r(t)) di
- C(t, T)o(t) dW(t) — 2C?(t,T)o*(t) dt
(0Lt T) di — Ay(t, T) dt] .

Becauseve have usedtherisk-neutralpricing formula

B(t,T)=F [exp {—/tTr(u) du} ‘]—'(t)]

to obtainthebondprice, its differentialmustbe of theform

dB(t,T) = r(t)B(t,T) dt + (...) dW (t).



CHAPTERS30. Hull andWhite model 297

Thereforewe musthave
—C(t,T) (a(t) = B)r()) — LC?(t, T)o* (1) — r()Ce(t, T) — Ae(t, T) = r(t).

We leave the verification of this equationto the homevork. After this verification, we have the
formula

dB(t,T) = r(t)B(t,T) dt — c()C(t, T)B(t, T) dW (t).

In particulay thevolatility of thebondpriceis o(t)C'(¢,T').

30.3 Calibration of the Hull & White model

Recall:

dr(t) = (a(t) — A(0)r (1)) di + o(t) dB(1),
K@) = [ Bl du.

T - T - - T - 2
A(t,T) = / KW (v) (/ e~ KW dy) — 12K ©)o2(v) (/ e KW dy) dv,
t v v

. T .
C(t,T) = K0 / KW gy,

t

B(t,T) =exp{—-r(t)C(t,T) — A(t,T)}.

Supposeve obtainB(0, T") for all 7" € [0, 7*] from marketdata(with someinterpolation).Canwe
determinghefunctionsa(t), 3(t), ande(¢) for all ¢ € [0, 7*]? Not quite. Hereis whatwe cando.

We takethefollowing input datafor the calibration:

1. B(0,T), 0<T < T

4. o(t), 0 <t < T (usuallyassumedo beconstant);

5. ¢(0)C(0,7T), 0 < T < T*,i.e.,thevolatility attime zeroof bondsof all maturities.

Stepl. From4 and5 we solvefor
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We canthencompute
4 —K(T)
a_TC(O T)=
= K(T') = —log aiTC(O T),
O_TK aT/ B(T).

We now have 5(T') forall T € [0, T*].
Step2. Fromtheformula

B(0,T) =exp{-r(0)C(0,T) — A(0,T)},

we cansolvefor A(0,7') for all 7" € [0, T*]. Recallthat

Ao = [ [ef"%(v) ([ e >dy) gt ([ v ay) ] .

We canusethis formulato determinex(7’), 0 < 7' < 7™ asfollows:
0 - - T
2 4(0,7) ~K(T) _ 2K @) 62 () ~K(T) / KW gy )| do,
or v
- 0 T
K(T) Y 2]&( ) . —K(y) )
e 8T [ o?(v) (/U € dy)] dv,
2 [eK(T) 0 A0, T) (1), / (2K ()52 () KT g
or orT ’
K1 9 [61&'(T)iA(O T) _ 2K (D) (1) _/T 2K g2 (1) do
or orT T 0 '
9 [ xky 9 [ ka9 ] 1oy 2K (T) 2K(T) _ 2K(T) .2 .
- — —_ — — <T< .
a7 | a7 | aTA(O,T) o' (T)e +2a(T)B(T)e e o*(1), 0<T<T

This givesusanordinarydifferentialequatiorfor «;, i.e.,
of (1) e 4 20(1) 5(1) 2K — 2K 52 (1) = known functionof £.

Fromassumptiort andstepl, we know all the coeficientsin this equation.FromassumptiorB,
we have theinitial conditiona/(0). We cansolve theequatiomumericallyto determinehefunction
a(t), 0 <t <T~

Remark 30.1 The derivation of the ordinary differentialequationfor «(t) requiresthreediffer-
entiations. Differentiationis an unstableprocedurej.e., functionswhich are closecanhave very
differentderivatives.Consideyfor example,

flz)=0 VzelR,

sin(1000z)

g(z) = 100 Vo € IR.
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Then
1
_ <
f(@) —g(@)| < 55 Yz E R,
but because
g'(z) = 10 cos(1000z),
we have

|f'(z) = ¢'(z)| = 10

for mary valuesof z.

Assumptiorb for thecalibrationwasthatwe know thevolatility attime zeroof bondsof all maturi-
ties. Thesevolatilities canbeimplied by the pricesof optionson bonds.We considemow how the
modelpricesoptions.

30.4 Option on abond

Considera Europearcall optiononazero-couporbondwith strikeprice K andexpirationtime 77 .
Thebondmaturesattime 7, > T;. Thepriceof theoptionattime O is

E [6_ Ji rtw a (B(T1,T3) - I{)*’]
= e fOTl r(u) du(exp{—T(Tl)C(Tl, Ty) — A(Ty,Ts)} — I()-I',
- /_o:o /_O; < (QXP{‘?/C (11, Ty) — A(T1, To)} — K)+ flz,y) de dy,

wheref (z, y) is thejoint densityof (fOTl r(u) du, r(Tl)).

We obseredatthe beginningof this Chapter(equatior(o.3))thatfoT1 r(u) du is normalwith
A T1 Tl
wp =IF / r(u) du :/ FEr(u) du
0 0

T . . v
-/ [r(0)6—1«<v>+e—fx<v) [ e Wat du] dv,
0 0

A T T . T . 2
o3 = var / r(u) du| = / e g2 (p) / e KW gy dv.
0 0 v

We alsoobsered (equation(0.1))thatr(77) is normalwith
A —K(T1) , —K(T1) = K(u)
pe = IEr(Ty) =r(0)e V+te ! /0 e\ a(u) du,

. T .
O'% 2 var (r(11)) = e 2K (Tl)/ o2k (U)O'Q(u) du.
0
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In fact, (foTl r(u) du, r(Tl)) is jointly normal,andthe covariances

T
poros = IE l/o (r(u) = Er(w) du. (r(T1) — Er(Ty)
_ /Tl El(r(v) — Er(w) (r(T1) — Er(T1))] du

0
T

- / pr(u, T) du,
0

wherep, (u, 1) is definedin Equation0.2.
Theoptiononthe bondhaspriceattime zeroof

/OO /OO < (eXp{_yC(Tl’ T;) — A(Th, T2) } - K)Jr

— 00 J —00

1 z?  2pay

1
. eX e — _
2n01094/1 — p? p{ 2(1 - p?) [a% 0109

y?
+ —2] } dz dy. (4.1)
93

Thepriceof theoptionattimet € [0, 73] is

T
B e Jo rw (B(T1,T2) — K)*

7o)

= F [e_ St M (exp{—r(11)C(Ty, Ty) — A(Ty, T3)} — K)*

}'(t)] (4.2)

Becauseof the Markov property this is randomonly througha dependencen r(¢). To compute
this optionprice,we needthejoint distribution of ( tTl r(u) du, r(Tl)) conditionedonr(t). This
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pair of randomvariableshasajointly normalconditionaldistribution,and
F (t)]

1 - o [k
:/ I:r(t)e—lx(u)+lx(t)+€—Ix(v)/ KW (u) du] dv,
. t
o 5
o) = E (/t r(u) du_ﬂl(t)) f(t)]
Tl_ . T . 2
:/ K52 () (/ oK) dy) dv,
t v

palt) = I [+(1) ()

_ r(t)e—K(Tl)-}—K(t) + e_K(Tl) /Tl e]{(u)a(u) du,
t

pi(t) =IE /tTl r(u) du

730) = B |(r(T) - ma(0))*|F(0)

= e " K02 (4 d,
t

T
p0o1)020) = 8 | [ 106) = 1)) (5 = st 10

_ /Tl e—K(u)—K(Tl)/u K@) o2 () dv du.,
t t

The variancesand covariancesare not random. The meansarerandomthrougha dependencen
r(t).
Advantage®f the Hull & White model:

1. Leadsto closed-formpricing formulas.
2. Allowscalibrationto fit initial yield curve exactly.
Short-coming®f the Hull & White model:

1. One-factorsoonly allows parallelshiftsof theyield curwe,i.e.,
B(t,T) = exp {-r(t)C(1,T) = A(1,T)},
sobondpricesof all maturitiesareperfectlycorrelated.

2. Interestrateis normally distributed,and hencecantakenegative values. Consequentlythe

bondprice
T
B(t,T)=F [exp{—/t r(u) du} ‘]—'(t)]

canexceedl.
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Chapter 31

Cox-Ingersoll-Rossmodel

In theHull & Whitemodel,r(t) is aGaussiaprocessSince for each, r(¢) is normallydistributed,
thereis apositiveprobabilitythatr(¢) < 0. TheCox-Ingersoll-Rosmodelis thesimplestonewhich
avoidsnegative interestrates.

We begin with a d-dimensionaBrownian motion (W, W, ... ,W,). Let 3 > 0 ando > 0 be
constantsForj = 1,...,d, let X;(0) € IR begivensothat

X7(0) + XZ(0) + ...+ X7(0) > 0,
andlet X; bethesolutionto the stochastialifferentialequation
dX;(t) = —3BX;(1) dt + Lo dW;(1).

X is calledthe Orstein-Uhlenbekprocesslt alwayshasadrift towardthe origin. The solutionto
this stochastidifferentialequationis

1 t o1
X, (1) = 17 [X]-(O) n %a/ ¢ dwj(u)] .
0
This solutionis a Gaussiarprocesswith meanfunction

mj (1) = e~ 27X (0)

andcovariancefunction

Define
A

r(t) = XE) + X3() 4+ ...+ X3(1).
If d =1,wehaver(t) = X2(t) andfor eacht, IP{r(t) > 0} = 1, but (seeFig. 31.1)

P{Thereareinfinitely mary valuesof ¢ > 0 for whichr(t) = 0} =1

303
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r(t) = X5(t)

g/ (X O X ®)

Figure31.1:r(¢) canbezemo.

If d > 2, (seeFig. 31.1)
IP{Thereis atleastonevalueof ¢ > 0 for whichr(t) = 0} = 0.
Let f(z1,22,...,2q) = 2i + 23+ ...+ 22 Then

2 ifi=j

Joi =220 Jain, {O if ¢ # 7.

Itd’sformulaimplies

d d

d d
1
- 2 2X; (~ 30X di + So dWi(t)) + 3 (0 dW; aW,

= —ﬁr(t) dt + Uzd:XZ‘ dW; + %ﬂ dt
do? X;(t
- (T - ﬁr(t)) dt—l—am; r((t)) dwi(t).

Define
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ThenW is amartingale,

dW =Y —= dW;,
=1 \/F

d ng
dW dw =Y =L dt = dt,

y r
=1

soW is a Brownianmotion. We have

dr(t) = (‘%‘2 - ﬂr(t)) dt + o/ (1) AW (1).

The Cox-Ingersoll-Ros€CIR) processds givenby
dr(t) = (o — pr(t)) dt + or/r(t) dW (1),

We define

but we do notrequired to beaninteger. If d < 2 (i.e.,a < %02), then
IP{Thereareinfinitely mary valuesof ¢ > 0 for whichr(¢t) =0} = 1.

Thisis notagoodparametechoice.
If d > 2 (i.e.,a > Lo0?), then

IP{Thereis atleastonevalueof ¢ > 0 for whichr(t) = 0} = 0.

With the CIR processpne canderive formulasunderthe assumptiorthatd = fj—% is a positive
integer, andthey arestill correctevenwhend is notaninteger.

For example hereis thedistributionof r(¢) for fixedt > 0. Letr(0) > 0 begiven. Take
X1(0) =0, X2(0) =0, ..., X4-1(0) =0, X4(0) = 4/7(0).

Fori=1,2,...,d — 1, X;(t) is normalwith meanzeroandvariance

0.2
p(t ) = E(l —e .



306

X4(t) is normalwith mean

andvariancep(t, t). Then

d—1 ) 2
= 0y ( j%) ¥ X3() 0.1)

Normalsquaredaindindependenof the other

2
2=~ degreesf term

Chi-squarewithd — 1 =
freedom

Thusr(¢) hasanon-cental chi-squae distribution.

31.1 Equilibrium distrib ution of r(¢)

As t—o0, mq(t)—0. We have

r(t) = p(t,t) Z (\/);Z((t_t)t)) :

As t—oo0, we have p(t,t) = % andso thelimiting distribution of (¢) is Z—; timesa chi-square

with d = % degreesof freedom.The chi-squaredensitywith fj—% degreesof freedomis

1 2&—0'2 _
= ey ¢
2/7°T (33)

f(y)
We makethe changeof variabler = ‘Z—;y. Thelimiting densityfor r(¢) is

20—
W)= G (Br) T
0?2 92a/02T (2_a)

2

2a
oz a—0?
- (2)" sy
o

o2 2_a)
o2

We computedhe meanandvarianceof r(¢) in Section15.7.

31.2 Kolmogorov forward equation

Considera Markov procesgjovernedby the stochastidifferentialequation

dX (1) = b(X (1)) dt + o(X (1)) dW (2).
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Figure31.2: Thefunctioni(y)

Becausewe are going to apply the following analysisto the caseX (¢) = r(t), we assumehat
X(t) > 0forall ¢.

We startat X (0) = = > 0 attime 0. ThenX (¢) is randomwith densityp(0,¢,z,y) (in they
variable).Since0 andz will notchangeduringthefollowing, we omit themandwrite p(¢, y) rather
thanp(0,¢, z,y). We have

BHX W)= [ h)p(t.y) dy

for ary functionh.

TheKolmogorw forwardequation KFE) is a partialdifferentialequatiorin the“forward” variables
t andy. We deriveit below.

Let 2(y) beasmoothfunctionof y > 0 whichvanisheseary = 0 andfor all largevaluesof y (see
Fig. 31.2).1t6'sformulaimplies

dh(X (1)) = [ (X (0)B(X (1)) + SA(X ()0 (X (1))] de+ W(X (1) o(X (1)) dW (),

SO

POX@) = HXO) + [ WX DB )+ 37X () (X ()] ds+
[ e aw ),

BACXW) = WX O)+ 1 [ 100X 6) e+ 1 (X () (X ()] s,
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or equivalently,

/Oooh(y)p(t y) dy = +/ / W (y (s,y) dy ds +

// R (y p(s,y) dy ds.

Differentiatewith respecto¢ to get

[t dy= [ w@bpe) dy+ 3 [T 10 ) dy.

Integrationby partsyields

y=o0

| W @@ty dy = Kbw(,y

/0 TRy (y)p(t, ) dy = B (y)0? ()p(t, v)

- mh(y)% (b(y)p(t,v)) dy,

y=0

- [Trg (Pwn) d

y=0

Therefore,
[ mpe sy dy=— [ ) 2 @) dyt [T )2 (@) dy
13 o ay ’ 2 o 0y2 ’ ’
or equivalently,
92

/OOO h(y) lpt(t, y) + % (b(y)p(t,y)) - %;—2 (o*ww(t, y))] dy = 0.

y

Thislastequatiorholdsfor every function’ of theform in Figure31.2.1t impliesthat

92

plt,) + 5 (G 9) - b5 (Wit ) =0, (KFE)

If therewerea placewhere(KFE) did not hold, thenwe couldtake(y) > 0 at thatandnearby
points,but takeh to be zeroelsavhere andwe would obtain

/Oooh [pt—l— ai(bp) - —;—2(0 p)] dy # 0.
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If theprocessX (¢) hasanequilibriumdensity it will be
ply) = lim p(t,y).
In orderfor thislimit to exist, we musthave
0= lim pi(t,y).
Lettingt— o0 in (KFE), we obtainthe equilibriumKolmogoros forwardequation

55 ()~ b (W) = 0.

Whenanequilibriumdensityexists, it is the uniquesolutionto this equationsatisfying

ply) 20 Vy >0,

/Ooop(y) dy = 1.

31.3 Cox-Ingersoll-Rossequilibrium density

We computedhisto be

20—02 _ﬂr

p(r)=Cr 0% e 072,

where
28\ o7 1
C = ) .
)"
We compute
20 — o2 9
pin = 2T 2
= % (Oé %0'2 _ ﬂr) p(r)’
2
p(r) = 02,2 (a — 157 gr) p(r) + ﬁ(_ﬂ)p(r) +— (a ~Ly? ﬁr) P ()
2 1 9
o <_;(0‘ — 0% —pr) -8+ E(a ~ 102 ﬁr)Q) p(r)

We wantto verify the equilibriumKolmogoros forwardequatiorfor the CIR process:

% (v = Br)p(r)) - %;%(U%(r)) =0. (EKFE)
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Now

A (e = Brip(r)) = () + (@ = )P (),
S erp(r)) = o-(e%p(r) + Pl ()
=202/ (r) + o*rp" (7).

TheLHS of (EKFE) becomes

= ()|~ + (a = Br - o) ——(a — Lo — pr)
+ %(a 3o” = )+ - %(a -0 - ﬁr)2]
= o) (&~ 3o — ) (e~ bo* ~ )
10?2 (0 bo* — )
+ %(a — 30 = pr) - %(a — 0% - ﬁr)Q]

asexpected.

31.4 Bond pricesin the CIR model
Theinterestrateprocess:(¢) is givenby

dr(t) = (a - Br(t)) dt + oy/r(t) dW (1),

wherer(0) is given. Thebondprice processs

B(t,T)=F [exp{—/tTr(u) du} ‘]—'(t)] .

exp{— /Otr(u) du} B(,T) = IF [exp {— /OTr(u) du} ‘}'(t)] ,

the tower propertyimplies thatthis is a martingale. The Markov propertyimpliesthat B(¢,1') is
randomonly throughadependencenr(t). Thus,thereis afunction B(r, ¢, T') of thethreedummy
variablesr, ¢, 7" suchthatthe processB(¢, T') is thefunction B(r, ¢, T") evaluatedatr(t), ¢, 7', i.e.,

Because

B(t,T) = B(r(t),t,T).
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Becausexp {— for(u) du} B(r(t),t,T) isamartingalejts differentialhasno dt term. We com-

pute

t r(u) du} B(r(t),t, T))

— exp {— Ot () du} [—r(t)B(r(t),t,T) dt+ B, (r(1),4,T) dr(t) +

=9
TN
@
54
hol
—
|
:D\

~

B (r(8), 4, T) dr(t) dr(t) + Bu(r(t),¢,T) dt|.

Theexpressionn [...] equals

= —rBdt+ B.(o— (r) dt + B,o\/r dW
+ %BMUQT dt + B; dt.

Settingthe dt termto zero,we obtainthe partial differentialequation

—rB(r,t,T) + By(r,t,T) + (a = Br) B, (r,t,T) + 30°r B, (r, 1, T) = 0,

0<t<T, r>0.

Theterminalconditionis
B(r,T,7)=1, r>0.

(4.1)

Surprisingly this equationhasa closedform solution. Using the Hull & White modelasa guide,

we look for asolutionof theform
B(T, t, T) — e—rC(t,T)—A(t,T)’
whereC(T,7T) =0, A(T,T) = 0. Thenwe have

Bt = (—T’Ct — At)B,
B, =-CB, B, =C"B,

andthepartialdifferentialequatiorbecomes

0=-rB+ (-rC;— Ay)B — (o — Br)CB + *rC*B
=rB(-1-Cy+ BC 4 $0°C?*) — B(A¢ 4 oC)

We first solve the ordinarydifferentialequation
-1-Cy(t,T)+ BC(t,T) + 36°C*(t,T)=0; C(T,T)=0,

andthenset .
A(L,T) :a/ C(u,T) du,
t
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SOA(T,T)=0and
A, T) = —aC(L,T).

It is tediousbut straightforwardo checkthatthe solutionsaregivenby
sinh(y(T —t))
yeosh(y(T = 1)) + 3B sinh(y(T = 1))’
B )
vcosh(y(T = t)) + 1Bsinh(y(T —t))

v = %\/ﬁQ + 202, sinhu= %, coshu = %.

Thusin the CIR model,we have

C(t,T) =

2
ALT) = —U—‘z‘log

7

where

T
E lexp{—/t r(u) du} ‘}'(t)] — B(r(1),1,T),
where
B(r,t,T) =exp{-rC(t,T)—- A, 1)}, 0<t<T, r>0,

andC'(t,1") andA(t, T') aregivenby theformulasabore. Becausehe coeficientsin

dr(t) = (a - Br(t) di + oy/r(t) dW (1)

do notdependon ¢, the function B(r,t,1') dependont and1 only throughtheir differencer =
T —t. Similarly, C'(¢t,T) and A(¢, T') arefunctionsof - = T' — t. We write B(r, 7) insteadof
B(r,t,T),andwe have

B(r,7) = exp{-rC(r) = A(1)}, 720, r>0,

where
sinh (y7)
C =
) v cosh(y7) + 1Bsinh(y7)’
1
2 ve2PT
Alr) = —-=1
(7) oz 8 [7 cosh(y7) + 18 sinh('yr)] ’
v = %\/ﬁQ + 202,
We have

B(r(0),T) = Eexp{— /OTr(u) du} .

Now r(u«) > 0 for eachu, almostsurely so B(r(0),1') is strictly decreasingn 7'. Moreover,
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lim B(r(0),7) = IFexp {— /OOO r(u) du} =0.

T—ro0
But also,
B(r(0),T) = exp{-r(0)C(T) — A(T)},
SO
r(0)C(0)+ A(0) =0,
Tli_r}noo r(0)C(T) + A(T)] = oo,
and

r(0)C(T) + A(T)

is strictly inreasingn 7T'.

31.5 Option onabond

Thevalueattimet of anoptiononabondin the CIR modelis

T
o(t,r(t) = IE lexp {—/t r(u) du} (B(T),Ty) — K)* }'(t)] ,

whereT} is theexpirationtime of theoption,T5 is thematuritytime of thebond,and0 < ¢ < T <
T5. As usualexp {— o r(u) du} v(t, r(t)) isamartingaleandthis leadsto the partialdifferential
equation

—rv+ v+ (o — fr)v. + %UZT"UM, =0, 0<t<Ty, r>0.

(wherev = v(t,r).) Theterminalconditionis
o(Ty,r) = (B(r, T, Tz) — K)*, r>0.

OtherEuropearderivative securitieonthebondarepricedusingthe samepartial differentialequa-
tion with theterminalconditionappropriatdor the particularsecurity

31.6 Deterministic time changeof CIR model

Procesdimescale: In this time scale theinterestrater(t) is givenby the constantoeficient CIR
equation

dr(t) = (a - Br(t) dt+ oy/r(t) dW (1).

Realtimescale: In thistime scale theinterestrater(f) is givenby atime-dependentIR equation

ai(f) = (a(d) - BE)A(D) di + 6(0)\/i(0) AV ().
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i+ Realtime

A pe-
riod of high inter-
estratevolatility

Figure31.3: Time changefunction.

Thereis astrictly increasingime changeunctiont = (i) which relatesthe two time scalegSee
Fig. 31.3).

Let B(#,,T) denotethepriceatrealtime{ of abondwith maturity?’ whentheinterestrateattime
¢ is #. We wantto setthingsup so

B(#, 1, T) = B(r,t,T) = erOT)=A(T),

wheret = (i), T = ¢(T), andC'(t, T) and A(t, T) areasdefinedpreviously.
We needto determingherelationshipbetweery andr. We have

B(r(0),0,T) = [Eexp {— /Tr(t) dt} ,
B(#(0),0,T) = IE exp {— /Tf(f) di} .

With T = ¢(T'), makethechangeof variablet = (%), dt = ¢'(#) di in thefirstintegralto get

T PN ~
B(r(0),0,T) = Eexp{— | retine dt} ,

andthiswill be B(7(0), 0, T) if we set

#(0) = r(e(d) ¢(0).
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31.7 Calibration

where

do not depenobni and?’ only throughT — {, since,in therealtime scale the modelcoeficients
aretime dependent.

Supposave know 7#(0) and B(#(0), 0, T) for all T € [0, 7%]. We calibrateby writing theequation
B(#(0),0,7) = exp {=#(0)C(0,7) = A(0,7) },
or equivalently,

610,610 + Alo(0), £10)

Takew, 5 ando sothe equilibriumdistribution of r(¢) seemgeasonableThesevaluesdetermine
the functionsC, A. Take¢'(0) = 1 (we justify this in the next section). For each?’, solve the
equatiorfor ¢(7'):

—log B(#(0),0,T) =

—log B(#(0),0,T) = #(0)C (0, (1)) + A(0, o(T)). (*)

The right-handside of this equationis increasingn the ¢(7') variable,startingat O at time 0 and
having limit co atoo, i.e.,

7(0)C(0,0) + A(0,0) = 0,
Jim [#(0)C(0,7) 4 A(0,T)] = oc.

Sinced < — log B(#(0),0,T) < oo, (*) hasa uniquesolutionfor each’. For T’ = 0, this solution

is (0) = 0. If Ty < Ty, then
—log B(r(0),0,11) < —log B(r(0),0,13),

soMT]) < @(Tg). Thusy is astrictly increasingime-change-functiowith theright properties.
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31.8 Tracking down ¢'(0) in the time changeof the CIR model

Resultfor generatermstructuremodels:

0

=r(0).
T=0

Justification:
T
B(0,T) = IEexp {—/ r(u) du} .
0

—log B(0,7") = —logIEeXp{—/OTr(u) du}

F [T(T)e_ foT r(w) du]

0
—,—10 B O,T =
o1 & ( ) Ee—fOTr(u) du
0
_a_T lOg B(O,T) o = T'(O)

In therealtime scaleassociatedvith the calibrationof CIR by time changeywe write thebondprice
as

B(#(0),0,7),
therebyindicatingexplicitly theinitial interestrate. Theabove saysthat
0 . .
——log B(#(0),0,T = 7(0).
SFloe BI0),0.7)| =#(0)

The calibrationof CIR by time changerequiresthat we find a strictly increasingfunction ¢ with
©(0) = 0 suchthat
- . 1
—log B(7(0),0,7T) =
(70),0.1) = —

whereB(#(0),0, T), determinedy marketdata,is strictly increasingn 7', startsat 1 when7” = 0,
andgoesto zeroas!'—oo. Therefore— log B(7(0), 0, 1) is asshovnin Fig. 31.4.

F0)C (o(D) + Ae(T)), T 20, (cal)

Considerthefunction

F0)C(T) + A(T),
HereC'(17') andA(1") aregivenby
sinh (47T
C(T) - ( 1 ) . ’
v cosh(yT") + 53 sinh(y7)
1
2 e2°T
A(T) = -~ log e ,
o v cosh(yT') + 58sinh (1)
v =1/p? + 202
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— log B(#(0),0,7)
Goesto oo

Strictly increasing

Figure31.4:Bondpricein CIRmodel

#(0)C(T)+ A(T)

—log B(

=3

(0),0,7) -f-------;

Figure31.5: Calibration

The function #(0)C'(1') + A(T’) is zeroatl’ = 0, is strictly increasingn 7', and goesto co as
T—oo. Thisis becauseheinterestrateis positive in the CIR model(seelastparagraplof Section
31.4).

To solve (cal), let usfirst considertherelatedequation
~log B(#(0),0,7) = #0)C(o(T)) + A((T)). (cal)
Fix 7" anddefinex(T’) to betheuniquel’ for which (seeFig. 31.5)
—log B(#(0),0,7) = #(0)C(T) 4+ A(T)

If 7 =0, theng(T) = 0. If T, < Ty, thenp(Ty) < ¢(T2). As T—o0, ¢(T)—00. We have thus
definedatime-changdunction ¢ which hasall theright propertiesexceptit satisfiegcal’) rather
than(cal).
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We concludeby showing that¢’(0) = 1 sop alsosatisfieqcal). From(cal’) we compute

F(0) = - log B((0).0,1)]

(
T=0
= #(0)C"((0))#'(0) + A((0))#'(0)
= #(0)C"(0)#'(0) + A'(0)¢'(0)

We shav in amomentthatC”’(0) = 1, A’(0) = 0, sowe have

#(0) = #(0)¢(0).

Notethatr(0) is theinitial interestrate,obsenedin the market,andis striclty positive. Dividing by
7(0), we obtain
¢'(0) = 1.
Computatiorof C’(0):
1
C'(r) = 5 [fy cosh(y7) (’y cosh(vy1) + %ﬁ sinh('yr))
('y cosh(y71) + %ﬁ sinh(’yr))

_Shﬂwyr)(72gnhtwﬁ—+557coﬂW7TD]

Computatiorof A’(0):
/ 2a |y cosh(y7) + LB sinh(y7)
Alr)=-=5 [ P ]
. 1 |7/ (veosh y7) + $psinh (7))

<fy cosh(y7) + 18 Siﬂh(’ﬂ)) ’
_ 7657’/2 (72 Sinh('YT) + %ﬂ'y COSh(’YT))] )

2 = -5 s [+ 0) -0+ 369)]

o*l v 1(v+0)?
2 1 (32 1.2
PP 277



Chapter 32

A two-factor model (Duffie & Kan)

Let usdefine:

X1(t) = Interestrateattime¢
X,(t) = Yield attimet onabondmaturingattime¢ + g

Let X;(0) > 0, X2(0) > 0 begiven,andlet X, (¢) and X;(¢) begivenby thecoupledstochastic
differentialequations

d)(l (t) = ((111)(1 (t) + alng(t) + bl) dt + g1 \/ﬁl)(l (t) + ﬁg)(g (t) +« dWl (t), (SDE].)
d)(g(t) = ((121)(1 (t) + a22AX72(t) + bg) dt + UQ\/ﬁl)(l (t) + ﬁg)(g(t) +« (p dW1 (t) + A/ 1- p2 dW2 (t)),
(SDE2)

whereWW; andW, areindependenBrownianmotions.To simplify notation,we define

Y(t) = BiX1(t) + B2X2(t) + @,
W) 2 pWi(t) + /1 — p2Wa(1).

ThenWs is a Brownianmotionwith
dWi(t) dWs(t) = p dt,
and
dX, dX, = oY dt, dX,dX,=o03Y dt, dX;dX,; = poio,Y dt.

319
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32.1 Non-negatvity of Y

dY = 31 dX; + 3 dX,
= (Bra11 X1 + Bra1zXg + B1b1) dt + (Bra21 X1 + Baage Xo + B2bs) dt

+ VY (Bro1 AWy + Bopos AWy + Bar/1 — p2ay dWs)
= [(Bra11 + B2a21) X1 + (Brarz + Baagz) Xo] dt + (8101 + B2b2) di

1
+ (8202 + 281 Baporos + B202) 2\ /Y (1) dWia(1)
where

(Bro1 + Bapoa) Wi (t) + Ba/1 — p2oaWa(t)

W4(t) - 2 2 2 2
\/ﬁ1 o1+ 201 B2p0102 + ﬁ202

is a Brownianmotion. We shallchoosethe parametersothat:

Assumptionl: For somey, (a1 + fP2a21 = Y61, Praig + Baaze = 5.
Then
d}/r = [P)/ﬁle —I_ P)/ﬁQXQ + Oé’)/] dt + (ﬁlbl —I— ﬁ2b2 — Oé")/) dt
1
+ (810} + 2B1B2p0102 + B303) 2VY AW,
1
= 7Y dt + (Biby + Babs — a) dt + (B0} + 28182p010 + §305)2VY dWa.

Fromour discussiorof the CIR processwerecallthatY will staystrictly positive providedthat:
Assumption2: Y (0) = 51X1(0) + S2X2(0) + a > 0,

and
Assumption 3: ﬁlbl + ﬂQbQ —ya > %(ﬁfc% + Qﬂlﬂgpolag + ﬂ%a%)

UnderAssumptionsl,2,and3,
Y(t) >0, 0<1t< oo, almostsurely
and(SDE1)and(SDE2)makesenseThesecanberewritten as

d)(l (t) = ((111)(1 (t) + (112X2 (t) + bl) dt + Uly/i’y(t) dW1 (t), (SDE].’)
d)(g(t) = ((121X1 (t) + a22X2 (t) + bg) dt + 024/ Yy(t) de(t) (SDE21)
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32.2 Zero-couponbond prices

Thevalueattimet < 7' of azero-couporbondpaying$lattime 7 is

T
B(,T) = lexp{—/ X, (u) du} ‘}'(t)] .
t
Sincethe pair (X1, X3) of processess Markov, this is randomonly througha dependencen
X1(t), X2(t). Sincethe coeficientsin (SDE1)and(SDE2)do not dependon time, the bondprice

depend®n¢ and?’ only throughtheir differencer = 7" — ¢. Thus,thereis afunction B(zy, z3, 7)
of thedummyvariableszy, z, andr, sothat

B(X1(t), Xa(t), T — 1) = IE lexp {— /tT X, (u) du} ‘}'(t)] .
Theusualtower propertyagumentshowvs that
exp {— /Ot X1 () du} B(X1(t), Xa(), T — 1)
is amartingale We computeits stochastidifferentialandsetthedt termequalto zero.
d <exp {— /Ot X1 () du} B(X1(t), Xa(t), T — t))
= exp {— /Ot X1 (u) du} [—XlB dt + Bz, dX1+ B;, dX; — B; dt
+ 3By, dX1 dX1 + Bpyo, dX1 dX; + $Boys, dXo dXQ]

= exp {— /Ot X1(u) du} [(—XlB + (@11 X1 + a12X2 4+ b1) Bz, + (a21 X1 + a2 X3 + b2) By, — B

+ 101Y By o, + po102Y Byo, + §U§YBI2$2) dt

+ 01VY By, dWy + 03VY B, dwg]

Thepartialdifferentialequatiorfor B(zy, z2, ) is

—wlB—BT+(G11$1+G12$2+51)BI1+(a21$1+a229€2+b2)3x2+%U%(51$1+52$2+&)Bz1z1
+ poroa(frzy + Paza + @) Byys, + %U%(ﬁll'l + f2z2 + &) Byye, = 0. (PDE)

We seeka solutionof theform
Bz, 29, 7) = exp{—z1C1(1) — 22C3(7) — A(7)},
valid for all 7 > 0 andall z, x, satisfying

ﬂll‘l + ﬁg.fg +a> 0. (*)



322

We musthave
B(z1,22,0) =1, Va2, satisfying(*),
because = 0 correspond$o ¢ = T'. Thisimpliestheinitial conditions
C1(0) = Cq(0) = A(0) = 0. (IC)
We wantto find C (1), Cy(7), A(r) for 7 > 0. We have

(PDE)becomes
0= B(zy,z2,7) [—xl + 2101 () + 22C5(7) + A'(7) — (a1171 + a1222 + b1)C1(7)

— (az1z1 + agzz2 + b3)Ca(7)
+ %U%(ﬁlﬂh + Bazg + 04)012(7') + po1oa(Bizr + Bara + ) Cr(1)Co(T)

+ 305 (Bray + Braa + 04)022(7')]
= z1B(z1, 22, 7) [ — 14+ C(7) — annC1(7) — az1Ca(7)
+ 301B1C (1) + po121Ci () Ca(T) + 50351022(7)-
+ z2B(x1, 22, 7) [CQ(T) — a12C1(7) — az2Co(7)

+ 3018207 (1) + po10252C1 (T)Ca(T) + £05682C5 (7)

+ Bla1, 22,7) [A’(T) — BC () — byC(7)

+ 207aCH(7) + po1o2aCy (1)Ca(T) 4 $050C5(7)

We getthreeequations:
Cl(1) = 14 anC1 (1) + anCy(1) — 3016:CH(T) — po10261C1(1)Ca(7) — $056:C3 (),
)
Cl 0) = O;

Cy(1) = a12C1(7) + azCy (1) — 3016207 (1) — po102f2C1 (1) Ca(T) — $0356:C5(T),  (2)

a
0

= b1C1(7) + b2C3(7) — $01aCi (1) — po1o2aCy (T)Ca(T) — 205aC3(T), (3)
0
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We first solve (1) and(2) simultaneoushynumerically andthenintegrate(3) to obtainthe function
A(T).

32.3 Calibration

Let 7y > 0 begiven.Thevalueattimet of abondmaturingattimet + 7y is
B(Xl (t), Xz(t), To) = eXp{—AXl (t)Cl(To) — XQ(t)CQ(TO) — A(Tg)}

andtheyieldis

— L og BOX1 (1), Xa(t), 70) = = [X1(1)Ch(70) + Xa(t)Ca(70) + A(70)].

To To

But we have setup themodelsothat X;(¢) is theyield attime ¢ of abondmaturingattime ¢ + 7.
Thus

Xa(t) = T—lo [X1(t)C1(m0) + Xa(t)Ca(70) + A(7o)] -
This equatiormusthold for every valueof X, (¢) and X (¢), whichimpliesthat
Ci(m0) =0, Cy(r) =10, A(T)=0.
We mustchoosdhe parameters

aii, @12, 017 agi, a2, by; By, Boy 0 o1, p,09;

sothatthesethreeequationsaresatisfied.
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Chapter 33

Changeof numeraire

Considera Brownian motion driven marketmodelwith time horizonT*. For now, we will have
oneassetwhich we call a “stock” eventhoughin applicationsit will usuallybe aninterestrate
dependentlaim. Thepriceof the stockis modeledby

dS(t) = r(t) S(t) dt + o(1)S(t) dW (1), (0.1)

wherethe interestrate process-(¢) andthe volatility processo () areadaptedto somefiltration
{F(t); 0 <t <T*}. WisaBrownianmotionrelative to thisfiltration, but { F(¢); 0 < ¢ < T*}
may belargerthanthefiltration generatedby .

This is not a geometridBrownian motion model. We areparticularlyinterestedn the casethatthe
interestrateis stochasticgivenby atermstructuremodelwe have not yet specified.

We shallwork only undertherisk-neutralmeasurewhichis reflectedby thefactthatthe meanrate
of returnfor thestockis r(t).

We definetheaccumulatiorfactor

50 =exp{ [ rw au},

sothatthe discountedstockprice % is amartingale.Indeed,

S\ _ S()
d <W> = S0 ),

Thezero-couporbondpricesaregivenby

B(t,T)=F [exp {— /tTr(u) du} ‘]—'(t)]
-+l
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SO

Bg s [ﬁ ‘f )

is alsoa martingalg(tower property).

TheT'-forward price F'(¢,T') of thestockis the pricesetattime¢ for delivery of oneshareof stock
attime T’ with paymentattimeI’. Thevalueof theforwardcontractattimet is zero,so

0= 12 [ 288 (5(r) = Ple.1) [0
B S(T)
= s (S |] - ru i [ S o)
:ﬂ()% F(,T)B(1,T)
— S(1) — F(1,T)B(L.T)
Therefore,
PO = g

Definition 33.1(Numéraire) Any assein the modelwhosepriceis alwaysstrictly positive canbe
takenasthenuméraire.We thendenominatall otherassetsn unitsof this numéraire.

Example 33. 1(Money market asnuméraire) The mong/ marketcould be the numéraire. At time ¢, the

stockis worth E D unitsof moneg/ marketandthe7-maturitybondis worth (( )) unitsof money market.
|

Example 33.2(Bond asnuméraire) TheT-maturitybondcouldbethenuméraire.At timet¢ < T', thestock
isworth (¢, T') unitsof T-maturitybondandthe T-maturitybondis worth 1 unit. [ |

We will saythata probabilitymeasurdPy is risk-neutal for thenuneraire N if every asseprice,
dividedby N, is amartingaleunder/Py . Theoriginal probabilitymeasurdP is risk-neutrafor the
numéraires (Example33.1).

Theorem0.71 Let N bea nuneraire, i.e., the price processor someassetwhoseprice is always
strictly positive Then/Py definedoy

_ 1 N(T7) .
Pr(A) = ()/Aﬁ( 5 I, VA€ F(T),

is risk-neutial for V.
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Note: IP and [Py areequivalent,i.e., have the sameprobabilityzerosets,and

s(T)

P(4) = NO) [

APy, YA€ F(T*).

Proof: BecauseV isthepriceprocesdor someassetN/j is amartingaleunderP. Therefore,

Py =5 0) /Q Aﬁ(T*)

andwe seethat [Py is aprobabilitymeasure.

Let Y be anassetprice. Under IP, Y/ is a martingale. We mustshow thatunder Py, Y/N is
a martingale.For this, we needto recallhow to combineconditionalexpectationsvith changeof
measurdLemmal.54).If 0 < ¢ <7 < 7T* andX is F(1')-measurablehen

o] = “Siff”ﬂf[w% Xl

-5 (5o ]

Therefore,
Y (T t) N(T) Y (T)
EN[%‘M] §(< E[ﬂT T‘ o)
CIORA0)
N(t) (1)
Y
N(t)’
whichis themartingalepropertyfor Y/N underPy. [

33.1 Bond price asnuméraire

Fix " € (0,7*] andlet B(¢, T') bethenuméraire.Therisk-neutralmeasurdor this numéraireis

o B(T,T)
P = 507y, sy

_B(l )/Aﬁ( T)

dlP YA€ F(T).
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Becausehis bondis not definedaftertime 7', we changethe measureonly “up to time 77, i.e.,

using%ﬂﬁ%2 andonly for A € F(T).

IPr is calledthe T-forward measue. Denominatedn units of T-maturity bond,the value of the
stockis

S() , 0<
B,T)

F(t,T) = t< T

Thisis amartingaleunder Py, andsohasa differentialof theform
dF(th) = UF(th)F(th) dWT(t)v 0<t<T, (ll)

i.e., adifferentialwithouta dt term. The process{Wr; 0 < ¢ < T} is aBrownianmotionunder
IPr. We mayassumevithoutlossof generalitythato (¢, 7') > 0.

We write F'(t) ratherthan (¢, T") from now on.

33.2 Stockprice asnumeraire

Let S(t) bethe numéraire. In termsof this numéraire,the stockpriceis identically 1. The risk-
neutralmeasureinderthis numéraireis

Ps(A) = ﬁ/A % AP, VA€ F(T%).

Denominatedn shareof stock,the valueof the T'-maturitybondis

Thisis amartingaleunder/Ps, andsohasa differentialof the form

d (ﬁ) (1, T) (ﬁ) AWs(t), 2.1)

where{Ws(t); 0 <t < 7™} is aBrownian motionunder Ps. We may assumevithout loss of
generalitythat~(¢,7') > 0.

Theorem 2.72 Thevolatility v(¢,7") in (2.1) is equalto the volatility oz (¢,7") in (1.1). In other
words,(2.1) canberewritten as

d (ﬁ) — op(t,T) (ﬁ) AWs(t), @.1)
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Proof: Letg(z) = 1/z,s0¢'(z) = —1/2?%, ¢"(z) = 2/2>. Then

— ¢/(F(1) dF (1) + 39" (F(1)) dF (1) dF (1)

1 1 2 2
_FQ—(t)UF(tv TP, T) dWr(t) + FS—(t)UF(t, TYF(t,T) dt

_ ﬁ [or (6, T) dWr(t) + o3(1,T) di]

— op(t,T) (ﬁ) [—dWr(t) + o (i, T) di].

1

Under Py, —Wr is aBrownianmotion. Underthis measureg hasvolatility o (¢, 7)) andmean

rateof returno.(¢, T’). The changeof measurdrom /Py to IPs makes4r a martingalej.e., it
changeshemeanreturnto zero,but the changeof measureloesnot affectthevolatility. Therefore,
v(t,T)in (2.1)mustbeo (t,17') andWs mustbe

Ws(t) = —Wr(t) + /Ot or(u,T) du.

33.3 Merton option pricing formula

Thepriceattime zeroof a Europearcall is

V(0) = IE [ﬁ(sm _ K)+]
S .
=F [%1{5@)%’}] - KIE [ﬁl{smﬂ{}]
S(T) , 1

0 /{S(T)>K} S(0)3(T) b~ KB, 1) /{S(T)>K} B(0,T)6(T) i
0)Ps{S(T) > K} — KB(0,T)Pr{S(T) > K}

0)Ps{F(T) > K} — KB(0, T)Pr{F(T) > K}

1 1

0) PPs {m < E} — KB(0, T)IPp{F(T) > K}.



330

Thisis acompletelygeneraformulawhich permitscomputatiorassoonaswe specifyo (¢, T'). If
we assumehato (¢, 7") is aconstant -, we have thefollowing:
1 B(0,T

7 = sy oo {orsn) - ok},

B(
. , 5(0)
P (zy < 1) = B {orWst) - 4obt <on g

_ Ws(T) 1 S5(0) 1
= N(p1),

where

1 S(0)
= 1 : QT].
M= T [Og KB, T) T 27F

Similarly,

) 12
= B0.1) exp {O‘FWT(T) 2O'FT},

Pr{F(T) > K} = IPr {UFWT(T) - %U%T > log %}
)

Wr(T) 1 KB(0,T

= {Z7E s g e

. { —Wr(T) < 1 |:
VT orVT

= N(p2),

where

_ 1 5(0) 1 2 ]
Pr= T [1Og KB0,7) ~2°F]-

If r is constantthenB(0,7) = "1,

_ 1 5(0) 1 2 ]
M T [log x Tt
_ 1 5(0) 1 2 ]
P T [log x Troeon]

andwe have the usualBlack-Scholedormula. Whenr is not constantwe still have the explicit
formula
V(0) = S(0)N(p1) — KB(0,T)N (pa).
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As thisformulasuggestsf o is constantthenfor 0 < ¢ < T', thevalueof aEuropeartall expiring
attimeT is

V(t) =S{t)N(pi(t)) — KB(L, T)N (p2(1)),
where

_ ! F) 1 a ]
pl(t) - O'F\/m [log K + QUF(T - t) )
_ 1 F) 1 s ]
pQ(t) - O'F\/m [log K - QUF(T - t) :
This formula also suggests hedge: at eachtime ¢, hold N (p;(t)) sharesof stock and short
K N (p2(t)) bonds.

We wantto verify thatthis hedgeis self-financing Supposeve begin with $ V'(0) andateachtime
t hold N (p1(t)) sharesof stock. We shortbondsasnecessaryo financethis. Will the positionin
thebondalwaysbe — K'N (p2(t))? If so,thevalueof the portfolio will alwaysbe

SON(p(t)) = KB(L, T)N (p2(1)) = V (1),

andwe will have ahedge.
Mathematicallythis questiontakesthe following form. Let

A(t) = N(pi(1))-
At time ¢, hold A(t) sharesof stock. If X (¢) is the valueof the portfolio at time ¢, then X (¢) —
A(t)S(t) will be investedin the bond, so the numberof bondsownedis ﬁ%ﬂsu) andthe
portfolio valueevolvesaccordingo
X(0) - AQ)

AX(0) = A1) dS () + =5

S(t) dB(L,T). (3.1)

Thevalueof the optionevolvesaccordingo
AV (1) = N(pa(t)) dS(t) + S(t) AN (pr(1)) + dS(2) N (pa (1))
— KN(p2(t)) dB(t,T) — K dB(t,T) dN(p2(t)) — KB(t,T) dN (p2(t)). (3.2)
If X(0)=V(0),will X(¢)=V(t)for0<t<T?
Formulas(3.1) and(3.2) aredifficult to compare so we simplify themby a changeof numéraire.
This changss justifiedby thefollowing theorem.

Theorem 3.73 Changeof nuneraire affectportfolio valuesin thewayyouwouldexpect.

Proof: Supposeve have a modelwith k£ assetswith pricesSy, Sy, ..., Sx. At eachtime¢, hold
A, (t) shareof asset, i = 1,2,...,k — 1, andinvesttheremainingwealthin asset:. Begin with
anonrandomnitial wealth X (0), andlet X (¢) bethevalueof the portfolio attime ¢. Thenumber
of sharef asset heldattime is
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and X evolvesaccordingto theequation

k-1
:ZAidSr}—( ZAS) 45

=1

k
= Z A; dS;.
=1
Notethat
Xy (t Z Ay(
andwe only getto specifyAy, ..., Ax_1, notAg, in advance.

Let N beanuméraire,anddefine

(t) j\/v(t)’ Sl(t) ]V(t)’ t= 1727' 7k
Then
~ 1 1 1
dX = —dX+Xd|—= dX d | —
v ixexa(y)raxa(g)
:—ZA ds; +(ZAS) ( ) ZA ds; d(N)
(L asirsa (L) vasa (L)
=1
k o~
=Y A; dS;.
=1
Now
A (X -2k ais)
k= S
(X/N = iz Aisi/N)
X - Zf:_f Ai@
— S .
Therefore,

Xk:A dS; +( EAS) 45

=1
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Thisistheformulafor theevolutionof aportfoliowhichholdsA; share®fasset,: = 1,2, ..., k—
1, andall asset@ndthe portfolio aredenominatedh unitsof N. []

We returnto the Europearcall hedgingproblem(comparisorof (3.1) and (3.2)), but we now use
the zero-couporbondasnuméraire.We still hold A(¢) = N (py(t)) shareof stockateachtime¢.
In termsof the new numéraire the assetvaluesare

Stock: S() = F(t),

B(t,T)
Bond: B, T) =1.
B(t,T)
The portfolio valueevolvesaccordingo
dX () = A(t) dF(t) + (X (t) — A(t))@ = A(t) dF(t). (3.1)

1

In the new numéraire the optionvalueformula
V(t) = N(p1(8))S(t) = KB(t, T)N(pa2(t))

becomes

Vi(t) = = N(p1(t))F(t) — KN (p2(t)),
and

4V = N (pa(t)) dE(t) + F(t) dN (p (1)) + dN (pa(t)) dF (1) — K dN (pa(t).
(3.2))

To shaw thatthe hedgeworks,we mustshow that
F(t) dN(p1(t)) + dN(p1(t)) dF(t) — K dN (p2(t)) = 0.

Thisis ahomevork problem.
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Chapter 34

Brace-Gatarek-Musiela model

34.1 Review of HIJM under risk-neutral IP

f(t,T)= Forwardrateattimet for borroving attime 7'.
df(t,T)= o, T)o"(t,T) dt +o(t,T) dW(t),
where
T
o (t,T) :/ o(t,u) du
t

Theinterestrateis r(t) = f(¢,t). Thebondprices

B(t,T)=F [exp{— /tTr(u) du}
= exp{—/tTf(t,u) du}

dB(t,T)=r(t) B(t,T) dt — o*(t,T) B(t,T) dW(t).
N—_——
volatility of 7"-maturitybond.
To implementHJM, you specifyafunction

o(t,T7), 0<t<T.

f(t)]

satisfy

A simplechoicewe would like to useis
o(t,T) = of(L,T)

wheres > 0 is theconstantvolatility of theforwardrate”. Thisis not possiblebecausdt leadsto
T
o (t,T) = O'/ ft,u) du,
i
T
AL, T) = o2 f(t,T) (/ f(t, u) du) di + o f (1, T) dW (1),
t
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andHeath Jarrav andMorton shaw thatsolutionsto this equationexplodebeforeT’.

The problemwith the aborve equationis thatthe dt term grows like the squareof theforwardrate.
To seewhatproblemthis causesgonsiderthe similar deterministicordinarydifferentialequation

Iy = (),
wheref(0) = ¢ > 0. We have
/')
20,
a1 _
Sdef(r)
1 1 t
—m‘}'m:/o ldu=t
—L:zt——:zt—l/c:mﬁ_1
() 1(0) ’
10 =10

This solutionexplodesatt = 1/c.

34.2 Brace-Gatarek-Musielamodel

New variables:

Currenttime
Timeto maturityr =T — ¢.

Forwardrates:
r(t,7) = ft,t+71), r(t0)=f(tt)=r(),
J J
8—Tr(t, T) = G_Tf(t’ t+7)
Bondprices:

(2.1)
(2.2)

(2.3)

(2.4)
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We will now write o (¢, 7) = o(t,1 — t) ratherthano (¢, 7'). In this notation,the HIM modelis

df(t,T) = o(t, 7)o" (t,7) di + o (1, 7) AW (0), 2.5)
dB(1,T) = r(1)B(t, T) di — o*(t, ) B(t,T) dW (1), 2.6)
where
o (t,7) = /0 o(t, u) du, @2.7)
a%o*(t, ) = o(t, 7). 2.8)

We now derive thedifferentialsof r (¢, 7) and D (¢, 7), analogoudo (2.5)and(2.6) We have

dr(t,7) = df(t,t+ 1) + ()i (t,t+7)dt
- T
differentialappliesonly to first agument
(2.5&(2.2)0_(& T)O'* (t, T) dt + O'(t, 7—) dW(t) + ;’f‘(t, T) dt
T
8 0 x
() + 307 (4, )] dt+ o(t ) W (). (2.9)
Also,

0
dD(t, 1) = dB(t,t + 1) +3_TB(t’ t+7)dt
differentialappliesonly to first agument

@COCDL ) Blt,t +7) dt — o (t, ) B(t, t + 7) dW(t) — r(t, 7)D(t, ) dt

EDr(t,0) = r(t, 7)) D(t, 7) dt — o™ (t, ) D(t, 7) dW (2). (2.10)

34.3 LIBOR

Fix § > 0 (say § = % year).$ D(t,§) investedattime in a (¢ + &)-maturitybondgrowsto $ 1 at
timet + §. L(¢,0) is definedto bethe correspondingateof simpleinterest:

D(t,8)(1+ §L(t,0)) = 1,

1 9
14 6L(t,0) = D, 9) :exp{ : r(t,u) du},




338

34.4 Forward LIBOR

d > 0 is still fixed. At time ¢, agreeto invest$ LJ’)‘” attime ¢ + 7, with paybackof $1 attime

t+ 7+ 4. Candothisattime ¢ by shorting—7, -+~ D(t.r+9) bondsmaturingattime ¢ + = andgoinglong

onebondmaturingattimet + 7 + 4. Thevalueo;‘rthls portfolio attime is
D(t, 7+ 9)

D(t,T)
Theforward LIBOR L (¢, 7) is definedto be thesimple(forward)interestratefor this investment:
D(t, 7+ 6)

D(t,T)

D(t,7)+ D(t,7+6) = 0.

(1+6L(t, 7)) =1,

D(t,7) _ exp{— [y r(t,u) du}
D(t,7+9)  exp {— foﬂ'é r(t, u) d.u}

T+6
= exp / r(t,u) du gy,

ex Tt u) du b —
L(t,7) = at (; ) du} L (4.1)

14+ 0L(t, )=

Connectionwith forwardrates:

T+6
=r(t,7+9) exp{/ r(t,u) du}
§=0 T

=r(t, 1),

§=0

SO
. T+6 7 d ]
f(t7 t+ T) = r(t7 7—) — lim exp {f‘T T(t ’U,) u}
§lo 5

exp {f:+6r(t, ) du} -1
5 ;

L(t,T)= 6 >0 fixed

(4.2)
r(t, 7) is thecontinuouslycompoundedate. L (¢, ) is the simplerateover a periodof durations.

We cannothave alog-normalmodelfor (¢, 7) becauseolutionsexplodeaswe saw in Section34.1.
For fixed positive §, we canhave alog-normalmodelfor L(¢, 7).

34.5 Thedynamicsof L(t, 1)

We wantto chooses (¢, 7), t > 0, 7 > 0, appearingn (2.5)sothat
dL(t,7) = (...)dt+ L(t, ) v(t,7) dW (1)
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for somev(¢,7), t > 0,7 > 0. Thisis the BGM model, andis a subclassof HIM models,
correspondingo particularchoicesof o (t, 7).

Recall(2.9):
dr(t,7) = a% [t w) + L(o™ (8, w)?] dt+ o (t,u) AW (1),
Therefore,
d (/T+5 r(t,u) du) = /T-I_(8 dr(t,u) du (5.1)
15 s 48
= /T ’ % {r(t,u) + L(o*(t, u)ﬂ du dt +/T ' o(t,u) du dW(t)
= [r(t 4+ 6) = r(t,7) + 30" (4,7 + 8)? = Lo (t,7))?] dt
+[o"(t, 7+ 6) — o™ (t,7)] dW(¥)

and

dL(t,7) = 3

1 T+6 T+6
= s exp {/ r(t, u) du} d/ r(t,u) du

T+6 T+6 2
—|—%exp{/7 ' r(t,u) du} (d/T " r(t,u) du)

41,61 1
)

(4.1) d l:eXP {f:+57'(t, ) du} - 1]

[1+46L(t, )] X (5.2)
X {[r(t, T4+68)—r(t )+ %(U*(t, T+ 5))2 - %(U*(t, T))Q] dt

+[o*(t, 7+ 6) — o™ (¢t, )] dW (1)

4 o™ (74 8) — o™ (t, 1) dt}

= <[1+dL(¢, T)]{[T(t, T+9)—r(t,0)]dt
+o*(t, T+ 0)[o"(t, 7+ ) — o¥(t, )] dt

= +o*(t, T+ 8) — o™ (¢, T)] dW(t)}.

S
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But
9 9 exp{f:+5r(t,u) du}—l
ot =52 { 5
T+6
— exp {/ ") du} [r(t, 7+ 8) — r(t, 6)]
= <[ OL( (e, 7+ ) — (1, 6))
Therefore,

dL(t,7) = ,QL(t7 T) dt + 1[1 +SL(L, 7)o" (t, T+ 6) — o™ (t, 7)].[o" (t, T + &) dt + AW (1)].

or )
Take~ (¢, 7) to begivenby
y(t, T)L(t, T) = %[1 +O0L(t,T)][e"(t, T+ 8) — o™(t, T)]. (5.3)

Then

dL(t,7) = [%L(t, )+, )L, 7)o" (6, 7+ 8)] dt + (¢, 7)L(t, 7) dW(1). 5

Notethat(5.3)is equivalentto

SL(t,T)v(t,7)

O_(t’T_I_(S):O'(th)—I_ 1—|—(SL(t7T) ‘

(5.3)

Pluggingthisinto (5.4)yields
OL2(t, 7)v*(t, 7)
14+ 68L(¢t,T)
+(t, T)L(t,T) dW (). (5.4

dL(t,7) = iL(t, )+, )L, 7)o" (¢, ) + dt

or

34.6 Implementation of BGM

Obtaintheinitial forward LIBORcurve
L(0,7), T2>0,
from marketdata.Chooseaforward LIBOR volatility function(usuallynonrandom)

y(t,7), t>0,7>0.
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Becausd IBOR givesno rateinformationon time periodssmallerthané, we mustalsochoosea
partial bondvolatility function

o*(t,7), t>0,0<7<$

for maturitieslessthand from the currenttime variablet.

With thesefunctions,we canfor eachr € [0, §) solve (5.4’) to obtain
Lt,7), t>0,0<71 <.

Pluggingthesolutioninto (5.3’), we obtaino™ (¢, 7) for § < 7 < 2§. We thensolve (5.4’) to obtain
L(t,7), t>0,8<T <20,

andwe continuerecursvely.

Remark 34.1 BGM is a specialcaseof HIM with HIM's o*(¢, 7) generatedecursvely by (5.3’).
In BGM, 7(¢, 7) is usuallytakento be nonrandomtheresultinge* (¢, 7) is random.

Remark 34.2 (5.4) (equivalently, (5.4")) is a stochastigartial differentialequatiorbecausef the
%L(t, 7) term. This is not asterrible asit first appearsReturningto the HIM variablest and7’,
set
K(t,T)=L(t,T-1).
Then )
dK(t,T)=dL(t,T —t) — %L(t,T —1)dt

and(5.4)and(5.4’) become

AK (4, T) = ~v(t, T — )K(t,T) [0 (t, T — t + &) dt + dW (1)]
SK(t,T)v(t,T - 1)
1+ 0K, T)

= y(t, T - OK(t,T) |o*(t,T — t) dt + dt + dw (1) .

(6.1)

Remark 34.3 From(5.3)we have

(L)L, 7) = [L4 8L, ) T (b T)
If weleté|0, then

7(t,7’)L(t,r)—>ia*(t,T—|—5) =o(t, 1),
o1 5=0

andso
vy, T - t)K(t,T)—>o(t, T —t).

We saw before(eq.4.2)thatass |0,

L(t,m)—=r(t,7)= f(t,t+ 1),
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SO
K(t,T)=f(t,T).

Thereforethelimit asé |0 of (6.1)is givenby equation(2.5):
df(t,T)=o(t, T —t)[o"(t, T —t) dt + dW (1)].

5y (¢, T—t)K2(t,T

) . . -9 .
TR T involving K ¢, solutions

Remark 34.4 Althoughthe dt termin (6.1) hastheterm
to this equationdo not explodebecause

§vEt, T — t)K%(¢,T) < Sy, T — t)K2(¢,T)
1+6K(t,T)  — SK(L,T)
<A, T - )K(L,T).

34.7 Bond prices

Let 3(t) = exp {fg r(u) du} . From(2.6)we have

d(B(t’T)) :ﬁl () B(L,T) dt + dB(t, T)]

(1) (t)
B(t,T)
= o*(t, T — t) dW (t).
(1) ( ) AW (1)
Thesolution Bﬁ(zt)T) to this stochastidlifferentialequatioris givenby
B(t,T) o .
st = (= [t -0 ave -1 [ -0,

Thisis amartingaleandwe canuseit to switchto theforward measue

1 1
Pr(d = 5.7 J, 3y 4F
B(T,T)

~ JaBT)B0,T)

Girsana’s Theoremimpliesthat

dIP VYA € F(T).

—I—/ (v, T —u)du, 0<t<T,

is aBrownianmotionunderPr.



CHAPTER34. Brace-Gatarek-Musielmodel 343
34.8 Forward LIBOR under more forward measume

From(6.1)we have

AK (1, T) =~ (t, T = K (t,T) [o"(t, T — t + ) dt + dW (t)]
=~t,T - )K(,T)dWrys(t),

SO
t ¢
K(t,T)=K(0,T) exp{/ Y(u, T —u) dWrys(u) — %/ v (u, T — u) du}
0 0
and
T T
K(T,T)= K(0,T) exp{/ Y(u, T —u) dWrys(u) — %/ Y (u, T — u) du}
0 0
(8.1)
T T
=K(t,T) exp{/ Y(u, T —u) dWrys(u) — %/ v (u, T — u) du
t
We assumehat~ is nonrandomThen
T T
X (t) :/ Y(u, T —u) dWrys(u) — %/ v (u, T — u) du (8.2)
t t

is normalwith variance

andmean—1p?(t).

34.9 Pricing aninterestrate caplet

Considerafloatingrateinterestpaymentsettledin arrears At time T' + 4, thefloatingrateinterest
paymentdueis L (7,0) = $K(1,7), the LIBOR attime 7. A capletprotectsits owner by
requiringhim to payonly thecapéc if SK(7',1) > éc. Thus,thevalueof thecapletattime 7" + §
isd(K(T,T) — ¢)*. We determinats valueattimes0 < ¢ < 7'+ 4.

Casel: T <t <T+6.

Cris(t) = E %5(1{(1 T)— o)

_S(K(T,T) - ) IE [%‘m)]

}'(t)] 9.)

=§(K(T,T)— )" B(t,T + 6).
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Casell: 0 <t <T.
Recallthat

Pris(A) = /A Z(T 4 6) dIP, VYA€ F(T +6),

where
B(t, T +9)
0= 500, T+
We have
Cra) = 18 | 5 LK (1.1) - |70
B B(t)B(0,T +9) B(T + 6, T+ 9) .
= 6B(t,T + 6) BT T BT 1 9BOTL S (K(T,T) - )*|F (1)
A Z(T+85)

Z(t)

= 0B(t, T+ 8) Erys [(K(T,T) — )t | F(t)

From(8.1)and(8.2) we have
K(T,T)=K(t,T)exp{X (1)},

whereX (¢) is normalunderPr s with variancep®(t) = [;" v*(u, T — u) du andmean—1p2(1).
FurthermoreX (¢) is independenof F(t).

Cris(t) = 6B(t, T + 8) Erys |(K(t, T) exp{X (t)} — ¢)T

f(t)] .

Set
9(y) = Brys |(yexp{X (1)} - )]
_ LYt Cen( e Y 1
_y]V(p(t)lgC—I—Qp(t)) N(p(t)lg 2p(t))
Then

Cris(t) =6 B(t,T+6) g(K(t,T)), 0<t<T 4. (9.2)

In the caseof constanty, we have
p(t) = VT -1,
and(9.2)is calledtheBladk capletformula.
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34.10 Pricing an interestrate cap

Let
TOIO, T1:5, T2:25, ,TnITL(S

A capis a seriesof payments
§(K(Ty, Ty) — )t attimeTyiq, k=0,1,...,n— 1.

Thevalueattimet of thecapis thevalueof all remainingcapletsj.e.,

)= 3, Cr().

k’:tSTk

34.11 Calibration of BGM

Theinterestratecapletc on L(0,7") attime 1’ + § hastime-zerovalue
CT+5(O) = 5B(07 T+ '5) g(l((ov T))v

whereg (definedin thelastsection)depend®n

T
/ Y (u, T — u) du.
0
Let ussupposey is adeterministidunctionof its secondargument;.e.,

vt ) =7(7).

Theng depend®n

T T
/ YT — ) du :/ v (v) dv.
0

0

If we know the capletprice C'45(0), we can“back out” the squaredrolatility fOT 72 (v) do. If we
know capletprices

CT0_|_5 (0)7 CT1_|_5 (0)7 L) CTn+5(O)7

wherely < 17 < ... < 1, we can“back out”

/OTO 7*(v) dv, /Tl 73 (v) dv = /Tl +*(v) dv — /To +2(0) dv,

Ty 0 0

Tn
oy / 3 (v) dv. (11.1)

Tn—l

In this casewe mayassumehat~y is constanbn eachof theintervals

(OvTO)v (T07T1)7 e (Tn—th)v



346

andchoosedheseconstantso maketheabove integralshave thevaluesimplied by the capletprices.

If we know capletpricesCT+5( ) for aII T > 0, wecan“backout” OT’y?(v) dv andthendifferen-
tiateto discovery%(7) andy(7) = /42(r) forall = > 0.

To implementBGM, we needbothy(r), 7> 0,and
o*(t,7), t>0,0<7<é.

Now ¢*(t, 7) is the volatility attime ¢ of a zerocouponbondmaturingattime ¢ + = (see(2.6)).
Sinced is small(say% year),and0 < 7 < 4, it isreasonabléo set

o*(t,7)=0, t>0, 0<7<4.
We cannow solve (or simulate)to get
L(t,7), t=0,7>0,

or equivalently,
K(t,T), t>0,T>0,

usingtherecursve procedureoutlinedat the startof Section34.6.

34.12 Long rates

Thelongrateis determinedy long maturitybondprices.Let » be alargefixed positiveinteger, so
thatné is 20 or 30years.Then

1 né
D, ) = exp{/o r(t, u) du}

ké
exp {/ r(t, u) du}
(k=18

[L+6L(, (k= 1)d)],

1
b

o
I

1

::3

o
Il
—

wherethelastequalityfollowsfrom (4.1). Thelong rateis

1 n
n(slogD( Z [1+6L(t, (k- 1)8)].

34.13 Pricing aswap

Let7y > 0 begiven,andset

T1:T0—|—($, TQITO—I‘Q(S, ey Tn:T0—|—TL(S



CHAPTER?34. Brace-Gatarek-Musielamodel 347

The swapis the seriesof payments
8 L(Ty,0)—c) attimeTyyq,k=0,1,...,n—1.
For 0 < ¢ < Ty, thevalueof theswapis

Z E [ﬁ Tk—i—l L(T},0) —¢) (t)] :
Now
14 SL(T}, 0) = 7B(Tk,1Tk+1)’
SO
1 1
L(Tk,0)= 5 [m - 1] .
We compute
B(t)
E [ﬁ(TkH)&(L(Tk, 0) — ) (t)]

- :ﬁ%zl) (arm %) #0)

_ B(t) B(T) ) )

-* B(Tk) B(Tk, Tht1) " [ﬁ(TkH) (Tk)] ‘f(t) (1+6¢)B(t, Th1)
- B(Tx,Tx41)

_ [ B0 B .

= B 57,70 - 0+ 8B T

= B(t,T%) — (1 + 6¢)B(t, Tht1)-
Thevalueof theswapattime is

ZIE[ LSBT0~ )

]

- Z (t,T) — (14 8¢)B(t, Try1)]

= B(t To) — (1 +c)B(t, 1) + B(t,1Th) — (1 +6¢)B(t,13) + ...+ B(t,T,,-1) — (1 + 6¢)B(t, 1},)
= B(t,Ty) — 6¢B(t,Ty) — 6eB(t,T3) — ... — dcB(t,T,,) — B(t,T),).
The forward swaprate wr, (¢) attime ¢ for maturity 7 is the value of ¢ which makesthe time+
valueof the swapequalto zero:
B B(t,Ty) — B(t,T,)
nl) = STBL T + .+ BU. T

In contrasto the capformula, which depend®on the term structuremodelandrequiresestimation
of v, theswapformulais generic.
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Chapter 35

Notesand References

35.1 Probability theory and martingales.

Probabilitytheoryis usuallylearnedn two stagesin thefirst stage onelearnsthata discreteran-
domvariablehasa probabilitymasgunctionanda continuougandomvariablehasadensity These
canbeusedio computexpectationsandvariancesandevenconditionalexpectationsFurthermore,
onelearnshow transformation®f continuougandomvariablescausechangesn their densities A
well-written bookwhich containsall thesethingsis DeGroot(1986).

The secondstageof probability theoryis measureheoretic. In this stageone views a random
variableasafunctionfrom a samplespace? to the setof realnumbersik. Certainsubset®f €2 are
calledevents andthecollectionof all eventsformsac-algebraF. EachsetA in F hasaprobability
IP(A). This pointof view handlesoth discreteandcontinuousandomvariableswithin the same
unifying framework. A conditionalexpectationis itself arandomvariable measurablevith respect
to theconditionings-algebra.This point of view is indispensibéfor treatingtherathercomplicated
conditionalexpectationsvhicharisein martingaleheory A well-writtenbookonmeasure-theoretic
probabilityis Billingsley (1986).A succinctbookon measure-theoretjgrobabilityandmartingales
in discretdime is Williams (1991).A moredetailedbookis Chung(1968).

The measure-theoretigiew of probability theorywas begun by Kolmogoros (1933). The term
martingalewasapparenthfirst usedby Ville (1939),althoughthe concepdateshackto 1934work
of Lévy. Thefirst completeaccountof martingaletheoryis Doob (1953).

35.2 Binomial assetpricing model.

The binomialassepricing modelwasdevelopedby Cox, Ross& Rubinstein(1979). Accountsof
this modelcanbefoundin severalplacesjncludingCox & Rubinstein(1985),Dothan(1990)and
Ritchken(1987). Many modelsare first developedand understoodn continuoustime, andthen
binomialversionsaredevelopedfor purpose®f implementation.

349
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35.3 Brownian motion.

In 1828 RaobertBrown obseredirregular movementof pollensuspendeth water This motionis
now known to becausedy the buffeting of the pollenby watermoleculesasexplainedby Einstein
(1905). Bachelier(1900) usedBrownian motion (not geometricBrownian motion) asa model of
stock prices,even thoughBrownian motion cantake negative values. Lévy (1939, 1948)discov-
eredmary of the nonintuitive propertiesof Brownian motion. The first mathematicallyrigorous
constructiorof Brownianmotionwascarriedout by Wiener(1923,1924).

Brownianmotionandits propertiesarepresenteih anumerougexts, includingBillingsley (1986).
Thedevelopmenin this courseis asummaryof thatfoundin Karatzast Shreve (1991).

35.4 Stochasticintegrals.

The integral with respectto Brownian motion wasdevelopedby 1td (1944). It wasintroducedto
financeby Merton(1969).A mathematicatonstructiorof thisintegral, with a minimumof fuss,is
givenby @ksenda(1995).

The quadraticvariationof martingalesvasintroducedby Fisk (1966)anddevelopedinto theform
usedin this courseby Kunita& Watanab&1967).

35.5 Stochasticcalculusand financial markets.

Stochasticcalculusbeginswith 1td (1944). Mary financebooks,including (in orderof increasing
mathematicadifficulty) Hull (1993), Dothan(1990)and Duffie (1992), include sectionson Itd’s
integralandformula. Someotherbooksondynamicmodelsin financeareCox & Rubinstein1985),
Huang& Litzenbeger (1988), Ingersoll (1987), and Jarrav (1988). An excellent referencefor

practitionersnow in preprintform, is Musiela& Rutkowski (1996). Somemathematicgexts on
stochasticalculusare@ksendal(1995),Chung& Williams (1983),Protter(1990)andKaratzas&

Shreve (1991).

Samuelsor{1965, 1973) presentghe argumentthat geometricBrownian motion is a good model
for stockprices. This is often confusedwith the efficient markethypothesiswhich assertghatall
informationwhich canbelearnedromtechnicalanalysisof stockpricesis alreadyreflectedn those
prices.Accordingto this hypothesispaststockpricesmay be usefulto estimatehe parametersf
thedistribution of future returns but they do not provide informationwhich permitsaninvestorto
outperformthemarket. Themathematicalormulationof theefficientmarkethypothesiss thatthere
is a probability measuraunderwhich all discountedstock pricesare martingalesa muchweaker
conditionthanthe claim that stock pricesfollow a geometricBrownian motion. Someempirical
studiessupportingthe efficient markethypothesisare Kendall (1953), Osborne(1959), Sprenkle
(1961), Boness(1964), Alexander(1961) and Fama (1965). The last of thesepapersdiscusses
otherdistributionswhichfit stockpricesbetterthangeometridBrownianmaotion. A criticismof the
efficient markethypothesids provided by LeRoy (1989). A provocative article on the sourceof
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stockprice movementds Black (1986).

The first derivation of the Black-Scholedormula givenin this course,usingonly Itd’s formula,
is similar to that originally given by Black & Scholes(1973). An importantcompanionpaperis
Merton (1973), which makesgoodreadingeven today (This andmary otherpapersby Merton
are collectedin Merton (1990).) Even thoughgeometricBrownian motion is a lessthanperfect
modelfor stockprices,the Black-Schole®ptionhedgingformulaseemsotto bevery sensitve to
deficienciesn themodel.

35.6 Mark ov processes.

Markov processesvhich aresolutionsto stochastidifferentialequationsare calleddiffusionpro-
cesses A goodintroductionto this topic, including discussion®f the Kolmogorw forward and
backwardequationsjs Chapterl5 of Karlin & Taylor (1981). The otherbookscited previously,
@ksendal(1995),Protter(1990),Chung& Williams (1983),andKaratzast. Shreve (1991),all treat
this subject. Kloeden& Platen(1992)is a thoroughstudyof the numericalsolutionof stochastic
differentialequations.

Theconstantlasticityof variancemodelfor optionpricingappearén Cox & Ross(1976).Another
alternatve modelfor the stockprice underlyingoptions,dueto Follmer & Schweizer(1993),has
thegeometricOrnstein-Uhlenbeckgrocessasa specialcase.

TheFeynman-KacTheoremgonnectingstochastidifferentialequationgo partialdifferentialequa-
tions, is dueto Feyman(1948)andKac (1951). A numericaltreatmentof the partial differential
equationsarisingin financeis containedn Wilmott, DewynneandHowison(1993,1995)andalso
Duffie (1992).

35.7 Girsanov'stheorem,the martingale representationtheorem,and
risk-neutral measuees.

Girsana’s Theoremin the generalitystatedhereis dueto Girsanw (1960),althoughthe resultfor
constanty was establishednuch earlierby Cameron& Martin (1944). The theoremrequiresa
technicalconditionto ensurghat 27 (T') = 1, sothat [P is a probabilitymeasureseeKaratzas&
Shreve (1991),pagel98.

The form of the martingalerepresentatiotheorempresentechereis from Kunita & Watanabe
(1967).1t canalsobefoundin Karatzas% Shreve (1991),pagel82.

Theapplicationof the Girsana Theoremandthe martingalerepresentatiotheoremto risk-neutral
pricing is dueto Harrison& Pliska(1981). This methodologyfreesthe Brownian-motiondriven
modelfrom theassumptiorof constaninterestrateandvolatility; theseparametersanberandom
throughdependencenthepathof theunderlyingassetpr eventhroughdependencenthe pathsof
otherassetsWhenboththeinterestrateandvolatility of anassetareallowedto be stochasticthe
Brownian-motiondrivenmodelis mathematicallfhe mostgenerapossiblefor assepriceswithout
jumps.
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When assetprocessediave jumps, risk-free hedgingis generallynot possible. Someworks on
hedgingand/oroptimizationin modelswhich allow for jumpsareAase(1993),Back(1991),Bates
(1988,1992)Beinert& Trautman(1991),Elliott & Kopp(1990),Jarrav & Madan(1991b,c) Jones
(1984),Madan& Senetg1990),Madan& Milne (1991),Mercurio& Runggaldie(1993),Merton
(1976),Naik & Lee(1990),Schweize(1992a,b) Shirakava (1990,1991andXue (1992).

TheFundamentalrheorenof AssetPricing,asstatechere canbefoundin Harrison& Pliska(1981,
1983). 1t is temptingto believe the corverseof Partl, i.e., thatthe absencef arbitrageimpliesthe
existenceof arisk-neutralmeasure.This is truein discrete-timemodels,but in continuous-tine
models aslightly strongerconditionis neededo guaranteexistenceof arisk-neutraimeasureFor
the continuous-timecase resultshave beenobtainedby mary authors,ncluding Stricker(1990),
Delbaen(1992),Lakner(1993),Delbaent Schachermaydi994a,b)andFritelli & Lakner(1994,
1995).

In additionto the fundamentapapersof Harrison& Kreps(1979),andHarrison& Pliska(1981,
1983),someotherworks on the relationshipbetweemrmarketcompletenesanduniquenessf the
risk-neutralmeasurere Artzner & Heath(1990),Delbaen(1992),Jacka(1992),Jarrav & Madan
(1991a) Miiller (1989)andTaqqu& Willinger (1987).

35.8 Exotic options.

Thereflectionprinciple,adjustedo accounfor drift, is takenfrom Karatzas. Shreve (1991),pages
196-197.

Explicit formulasfor thepricesof barrieroptionshave beenobtainedy Rubinsteing& Reiner(1991)
andKunitomo& lkeda(1992). Lookbackoptionshave beenstudiedby Goldman,Sosin& Gatto
(1979),Goldman,Sosin& Shepp(1979)andConz & Viswanathar{1991).

Becausadt is difficult to obtain explicit formulasfor the pricesof Asian options,mostwork has
beendevotedto approximationsWe do not provide an explicit pricing formulahere,althoughthe
partial differentialequationgivenhereby the Feynman-KacTheoremcharacterizethe exactprice.
Bouaziz,Bryis & Crouhy(1994) provide an approximatepricing formula, Rogers& Shi (1995)
provide alower bound,andGeman& Yor (1993)obtainthe Laplacetransformof theprice.

35.9 American options.

A generahbrbitrage-basetheoryfor the pricing of Americancontingentclaimsandoptionsbegins
with the articlesof Bensoussafil984)and Karatzag(1988); seeMyneni (1992)for a surney and
additionalreferencesThe perpetualAmericanput problemwassolvedby McKean(1965).

Approximationand/ornumericalsolutionsfor the Americanoption problemhave beenproposed
by several authors,including Black (1975),Brennan& Schwartz(1977) (seeJaillet et al. (1990)
for atreatmenbf the Americanoptionoptimalstoppingproblemvia variationalinequalitieswhich
leadsto ajustificationof the Brennan-Schwartalgorithm),by Cox, Ross& Rubinstein(1979)(see
Lamberton(1993)for the corvergenceof theassociatethinomialand/orfinite differenceschemes)
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andby Parkinson(1977),Johnson(1983), Geske& Johnson(1984),MacMillan (1986),0mbeg
(1987),Barone-Adesk Whalley (1987),Barone-Ades& Elliott (1991),Bunch& Johnsor(1992),
Broadie& Detemple(1994),andCarr& Faguet(1994).

35.10 Forward and futur escontracts.

The distinction betweenfuturescontractsand daily resettledforward contractshasonly recently
beenrecognized seeMargrabe(1976), Black (1976)) and even more recentlyunderstood.Cox,

Ingersoll& Ross(1981)andJarrav & Oldfield (1981)provide adiscrete-timarbitrage-basednal-
ysisof therelationshipbetweerforwardsandfutures whereaRichard& Sundaresa(l981)study
theseclaimsin a continuous-tine,equilibriumsetting.Our presentatiof thismaterialis similarto

thatof Duffie & Stanton(1992),which alsoconsideroptionson futures,andto Chapte7 of Duffie

(1992).For additionalreadingon forward andfuturescontractspnemay consultDuffie (1989).

35.11 Term structur e models.

TheHull & White (1990)modelis ageneralizatiof theconstant-codicentVasicek(1977)model.
Implementationsf the modelappeain Hull & White (1994a,b) The Cox-Ingersoll-Rosmodelis
presentedn (1985a,b).The presentationsf thesegivenmodelshereis takenfrom Rogers(1995).
Othersuneys of termstructuremodelsareDuffie & Kan(1994)andVetzal(1994).A partiallist of
othertermstructuremodelsis Black, Derman& Toy (1990),Brace& Musiela(1994a,b)Brennan
& Schwart21979,1982)(but seeHogan(1993)for discussiorof aproblemwith thismodel),Duffie
& Kan(1993),Ho & Lee(1986),Jamshidiar{1990),andLongstaf & SchwartZ1992a,b).

The continuous-timeHeath-Jarre-Morton modelappearsn Heath,Jarrav & Morton (1992),and
a discrete-timeversionis provided by Heath,Jarrav & Morton (1990). Canerhill & Pang(1995)
discussimplementation. The Brace-Gatarek-Musielgariation of the HIM modelis takenfrom
Brace,etal. (1995). A summaryof this modelappearsasReed(1995). Relatedworks on term
structuremodelsandswapsareFlesake®& Hughston(1995)andJamshidiar{1996).

35.12 Changeof numéraire.

This materialin this courses takenfrom Geman El KarouiandRochet(1995). Similarideaswere
usedby by Jamshidiar{1989). The Mertonoption pricing formulaappearsn Merton(1973).

35.13 Foreignexchangemodels.

Foreignexchangeoptionswerepricedby Biger & Hull (1983)andGarman& Kohlhagen(1983).
Thepricesfor differentialswapshave beenworkedout by Jamshidiarf1993a,1993b)andBrace&
Musiela(1994a).
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